




Oberwolfach Seminars
 Volume 41



Classification of  
Higher Dimensional  
Algebraic Varieties

Christopher D. Hacon
Sándor J. Kovács

Birkhäuser



2000 Mathematics Subject Classification: Primary 14E30, 14D22; Secondary 14B05, 14C20, 14D20, 14E05, 
14E15, 14F17, 14F18, 14J17

Library of Congress Control Number: 2010924096

Bibliographic information published by Die Deutsche Bibliothek
Die Deutsche Bibliothek lists this publication in the Deutsche Nationalbibliografie; 
detailed bibliographic data is available in the Internet at <http://dnb.ddb.de>.

ISBN 978-3-0346-0289-1

This work is subject to copyright. All rights are reserved, whether the whole or part of the material is concerned, 
specifically the rights of translation, reprinting, re-use of illustrations, recitation, broadcasting, reproduction on 
microfilms or in other ways, and storage in data banks. For any kind of use permission of the copyright owner 
must be obtained. 

© 2010 Springer Basel AG
Basel · Boston · Berlin
P.O. Box 133, CH-4010 Basel, Switzerland
Part of Springer Science+Business Media
Printed on acid-free paper produced from chlorine-free pulp. TCF ∞ 
Printed in Germany

ISBN 978-3-0346-0289-1     e-ISBN 978-3-0346-0290-7

9 8 7 6 5 4 3 2 1      www.birkhauser.ch

Authors:

Christopher D. Hacon
Department of Mathematics
University of Utah
Salt Lake City, UT 84112-0090
USA
e-mail: hacon@math.utah.edu

Sándor Kovács
Department of Mathematics
University of Washington
Box 354350
Seattle, WA 98195
USA
e-mail: skovacs@uw.edu



Preface

This book grew out of the Oberwolfach-Seminar Higher Dimensional Algebraic Geome-
try organized by the two authors in October 2008. The aim of the seminar was to introduce
advanced PhD students and young researchers to recent advances and research topics in
higher dimensional algebraic geometry. The main emphasis was on the minimal model
program and on the theory of moduli spaces.

The authors would like to thank the Mathematishes Forshunginstitut Oberwolfach
for its hospitality and for making the above mentioned seminar possible, the participants
to the seminar for their useful comments, and Alex Küronya, Max Lieblich, and Karl
Schwede for valuable suggestions and conversations.

The first named author was partially supported by the National Science Foundation
under grant number DMS-0757897 and would like to thank Aleksandra, Stefan, Ana,
Sasha, Kristina and Daniela Jovanovic-Hacon for their love and continuos support.

The second named author was partially supported by the National Science Founda-
tion under grant numbers DMS-0554697 and DMS-0856185, and the Craig McKibben
and Sarah Merner Endowed Professorship in Mathematics at the University of Wash-
ington. He would also like to thank Tímea Tihanyi for her enduring love and support
throughout and beyond this project and his other co-authors for their patience and under-
standing.



Contents

I Basics 1

1 INTRODUCTION 3

1.A. CLASSIFICATION 3

2 PRELIMINARIES 17

2.A. NOTATION 17

2.B. DIVISORS 18

2.C. REFLEXIVE SHEAVES 20

2.D. CYCLIC COVERS 21

2.E. R-DIVISORS IN THE RELATIVE SETTING 22

2.F. FAMILIES AND BASE CHANGE 24

2.G. PARAMETER SPACES AND DEFORMATIONS OF FAMILIES 25

3 SINGULARITIES 27

3.A. CANONICAL SINGULARITIES 27





viii Contents

3.B. CONES 29

3.C. LOG CANONICAL SINGULARITIES 30

3.D. NORMAL CROSSINGS 32

3.E. PINCH POINTS 32

3.F. SEMI-LOG CANONICAL SINGULARITIES 34

3.G. PAIRS 36

3.H. VANISHING THEOREMS 39

3.I. RATIONAL AND DU BOIS SINGULARITIES 41

II Recent advances in the minimal model program 47

4 INTRODUCTION 49

5 THE MAIN RESULT 51

5.A. THE CONE AND BASEPOINT-FREE THEOREMS 51

5.B. FLIPS AND DIVISORIAL CONTRACTIONS 53

5.C. THE MINIMAL MODEL PROGRAM FOR SURFACES 58

5.D. THE MAIN THEOREM AND SKETCH OF PROOF 59

5.E. THE MINIMAL MODEL PROGRAM WITH SCALING 61

5.F. PL-FLIPS 62

5.G. COROLLARIES 63

6 MULTIPLIER IDEAL SHEAVES 67

6.A. ASYMPTOTIC MULTIPLIER IDEAL SHEAVES 70

6.B. EXTENDING PLURICANONICAL FORMS 73

7 FINITE GENERATION OF THE RESTRICTED ALGEBRA 79

7.A. RATIONALITY OF THE RESTRICTED ALGEBRA 79

7.B. PROOF OF (5.69) 80



Contents ix

8 LOG TERMINAL MODELS 83

8.A. SPECIAL TERMINATION 83

8.B. EXISTENCE OF LOG TERMINAL MODELS 85

9 NON-VANISHING 89

9.A. NAKAYAMA-ZARISKI DECOMPOSITION 89

9.B. NON-VANISHING 93

10 FINITENESS OF LOG TERMINAL MODELS 99

III Compact moduli spaces of canonically
polarized varieties 103

11 MODULI PROBLEMS 105

11.A. REPRESENTING FUNCTORS 105

11.B. MODULI FUNCTORS 105

11.C. COARSE MODULI SPACES 108

12 HILBERT SCHEMES 111

12.A. THE GRASSMANNIAN FUNCTOR 111

12.B. THE HILBERT FUNCTOR 114

13 THE CONSTRUCTION OF THE MODULI SPACE 117

13.A. BOUNDEDNESS 117

13.B. CONSTRUCTING THE MODULI SPACE 123

13.C. LOCAL CLOSEDNESS 124

13.D. SEPARATEDNESS 126

13.E. PROPERNESS 130



x Contents

14 FAMILIES AND MODULI FUNCTORS 133

14.A. AN IMPORTANT EXAMPLE 133

14.B. Q-GORENSTEIN FAMILIES 135

14.C. PROJECTIVE MODULI SCHEMES 139

14.D. MODULI OF PAIRS AND OTHER GENERALIZATIONS 140

15 SINGULARITIES OF STABLE VARIETIES 141

15.A. SINGULARITY CRITERIA 142

15.B. APPLICATIONS TO MODULI SPACES AND VANISHING THEOREMS 144

15.C. DEFORMATIONS OF DB SINGULARITIES 146

16 SUBVARIETIES OF MODULI SPACES 149

16.A. SHAFAREVICH’S CONJECTURE 152

16.B. THE PARSHIN-ARAKELOV REFORMULATION 152

16.C. SHAFAREVICH’S CONJECTURE FOR NUMBER FIELDS 153

16.D. FROM SHAFAREVICH TO MORDELL: PARSHIN’S TRICK 154

16.E. HYPERBOLICITY AND BOUNDEDNESS 155

16.F. HIGHER DIMENSIONAL FIBERS 158

16.G. HIGHER DIMENSIONAL BASES 160

16.H. UNIFORM AND EFFECTIVE BOUNDS 162

16.I. TECHNIQUES 163

16.J. ALLOWING MORE GENERAL FIBERS 166

16.K. ITERATED KODAIRA-SPENCER MAPS AND STRONG NON-ISOTRIVIALITY 168

IV Solutions and hints to some of the exercises 171

BIBLIOGRAPHY 185

INDEX 203





Part I

Basics





CHAPTER 1

Introduction

1.A Classification

Algebraic geometry is the study of zeros of polynomial equations, for example the solu-
tion to r equations in n variables

P1.x1; : : : ; xn/; : : : ; Pr .x1; : : : ; xn/:

The ultimate goal is to describe these solution sets as precisely as possible. Of course the
set of solutions depends on where the variables x i are allowed to take their values. For
example, one could look for solutions of

P.x; y; z/ D xn C yn � zn

where x; y; z are integers. By Wiles’ celebrated proof of Fermat’s last theorem, there are
very few solutions (the obvious ones) for n � 3. If instead we consider solutions which
are complex numbers, then by the fundamental theorem of algebra, there are (infinitely)
many solutions. In fact the solution set may be visualized as a cone over a Riemann
surface of genus .n2 � 3nC 2/=2.

In this book we will study solutions to polynomial equations over the complex num-
bers C. In general it is very hard (or even impossible) to find explicit solutions to certain
systems of polynomial equations (for example consider the simple case of one irreducible
polynomial in one variable of degree � 5). So we will focus instead on trying to achieve
a qualitative understanding of the possible solution sets.

It is well known that a polynomial P.x/ of degree n in one variable has exactly
n (complex) solutions when counted with the appropriate multiplicity. More generally,
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given a system of n polynomial equations in n variables

P1.x1; : : : ; xn/; : : : ; Pn.x1; : : : ; xn/;

if the set of solutions is finite, then there are at most N1 � � �Nn solutions where Ni D
degPi . Notice however that even if we count the solutions with the appropriate multi-
plicity, their number might not add up to N1 � � �Nn. If however, we consider solutions
at infinity (i.e., if we compactify Cn � Pn), then by Bezout’s theorem, we have exactly
N1 � � �Nn solutions when counted with the appropriate multiplicity.

From now on we will then focus on infinite sets of solutions in projective space
Pn (and hence on the solutions of the corresponding homogeneous polynomials). Every
such set of solutions is the union of irreducible subsets, i.e., sets that are not the union
of two proper subsets of solutions to polynomial equations. We will begin by considering
smooth varieties (i.e., submanifolds of Pn). This may seem to be a very restrictive point
of view, however notice that for a general choice of the system of polynomial equations,
the solution set is a smooth variety. Moreover, given any singular set of solutions, by
Hironaka’s celebrated result, one can “remove the singularities”.

1.A.1 Curves

The first nontrivial case to consider is of course the case when the solution set is 1-
dimensional, i.e., the case of curves. We begin with the following.

EXAMPLE 1.1 (Plane Curves). Let X � P2 be a projective plane curve defined by a ho-
mogeneous polynomial of degree d in three variables. It is easy to see that plane curves of

degree d are parameterized by P
d.dC3/

2 . The continuous parameters are (up to multiplica-
tion by non-zero scalars) the coefficients of the defining equation of the curve. Note that

the set of singular plane curves of degree d corresponds to a closed subset of P
d.dC3/

2 and
that two different equations might define isomorphic curves (for example any two smooth
plane curves of degree 2).

REMARK 1.2. Note that this parameter space for plane curves is not a moduli space as
isomorphic curves are parameterized by several different points. In other words, there is
an action of the projective linear group by which one needs to take the quotient.

However, this is not the only possible way one can get isomorphic curves embedded
differently in the same space. For instance, in Pn one has a rational normal curve for
each degree up to n. These curves are all isomorphic to P1 but they are not projectively
equivalent.

Finally note that most curves do not arise as plane curves.
We will address these issues in the sequel.

Regarding the problem that the same curve may be embedded in ways that are not
projectively equivalent we need to ask:

Question 1.3. Is there a natural way to embed our varieties?

Recall that an embedding f W X ,! Pn corresponds to a set of global sections
s0; : : : ; sn generating a very ample line bundle L and separating points and tangent di-
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rections. ExplicitlyL D f �OPn.1/ and si D xi ıf , or if we forget about automorphisms
of the ambient space for a moment, this brings up yet another question:

Question 1.4. How do we find (very) ample line bundles on a variety?

The problem is that our variety may not be given with a specific embedding, or even
if it is given as a subvariety of a projective space, that given embedding may not be the
natural one (if there is any such).

If a variety X , even if it is smooth, is given without additional information, it is
really hard to find non-trivial ample line bundles, or for that matter, any non-trivial line
bundles. There is practically only one possible series of non-trivial choices: tensor pow-
ers of the canonical line bundle, i.e., if X is smooth, we can take powers of !X , the
determinant of the cotangent bundle �X D T �X . Of course, one may also consider the
determinant of the tangent bundle, but note that this is simply the inverse of the canonical
bundle and so it does not give an independent line bundle.

At this point it may seem to be an arbitrary choice between positive or negative
powers, that is, whether we consider the canonical or the anticanonical bundle as our
candidate for an ample line bundle. It turns out that positive powers are useful when
studying “most” varieties (those of general type) and negative powers are useful when
studying other varieties (eg. Fano varieties), and neither choice gives a satisfactory answer
for certain other sets of varieties. However, in somemeasure the canonical bundle is useful
when studying an even larger class of varieties. This will hopefully be apparent in what
follows. Therefore, we will focus on the canonical bundle, but one may instead repeat the
following questions for the anticanonical bundle (e.g., when studying Fano varieties).

Now that we have identified a natural line bundle, the next question is whether it
carries useful information about the variety in question. Ideally, we would like it to be
very ample or at least sufficiently ample that a tensor power will define an embedding
into projective space. Therefore, we ask:

Question 1.5. Is the canonical bundle ample?

In the case of curves, the answer is quite straightforward: there are three types of
behavior corresponding to the cases of genus g D 0, g D 1 and g � 2.
� X D P1: !X D OP1.�2/ is anti-ample,

� X is an elliptic curve: !X ' OX ,

� X is any other smooth projective curve:!X is ample of degree 2g�2 D 2�.X; !X /.

In this last case !˝3
X is always very ample and thus X can be embedded by the

global sections of that line bundle:

�3 W X ,! PN D PH 0.X; !˝3
X /:

(Recall that if s0; : : : ; sN is a basis of H 0.X; !˝3
X /, then �3 is defined by x ! Œs0.x/ W

: : : W sN .x/�.) The obvious discrete invariant to consider now is the degree of this embed-
ding, i.e.,

d D 3 deg!X D 6�.X; !X /:
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Using Kodaira vanishing (3.37), Riemann-Roch and Serre duality we can compute N :

N C 1 D h0.X; !˝3
X / D �.X;!˝3

X / D d C �.X;OX / D 5�.X; !X /:

REMARK 1.6. In fact, for most curves (i.e., g � 2), we can recoverX from its canonical
ringR.!X/ D ˚m�0H

0.X; !˝m
X /. We have that R.!X / is finitely generated over C and

X ' Proj.R.!X //. Notice moreover that R.!P1/ ' C and if X is an elliptic curve, then
R.!X / ' CŒt � and so R.!X / is finitely generated for any curveX .

Therefore, we are interested in classifying smooth projective curves of degree 6� in
P5��1, where � D �.X;!X /. In this case the discrete invariant we need (in addition to
dim D 1) is the degree of the third pluricanonical embedding.

The fact that we found a fixed power of the canonical bundle that is very ample, and
whose space of global sections has the same dimension independently of the actual curve,
means that one may embed all the curves into a single projective space. Then a subset of
an appropriate Hilbert scheme (cf. Chapter 12) parameterizes these curves. Unfortunately,
this set is not yet a moduli space for several reasons; one of them is that the embedding of
a curve into the ambient projective space is not unique. However, due to the nature of the
construction the different embeddings are projectively equivalent, hence after factoring
out by the action of the automorphism group of the projective space one does obtain a
moduli space. Note that this is actually not as easy as it may seem as the above parameter
set is not necessarily a subscheme, so taking the quotient is not a trivial operation. The
same procedure can be followed using stable curves instead of smooth ones to obtain a
compact moduli space which is a compactification of the moduli space of smooth curves.
Finally, keep in mind that even though the construction works and we do end up with a
moduli space and its modular compactification, there are still many unsolved problems
regarding curves and their moduli spaces.

Given the success with curves, one would like to generalize these results to higher
dimensions (the next case to consider is of course the case of surfaces, i.e., dimX D 2).

EXERCISE 1.7. Show that if X is a curve of genus 0, then X ' P1.

EXERCISE 1.8. Show that all curves of genus 1 are isomorphic to a plane cubic.

EXERCISE 1.9. Show that not all curves of genus � 1 are isomorphic. (In fact there is a
1-parameter family of curves of genus 1 and a 3g�3 parameter family of curves of genus
� 2.)
EXERCISE 1.10. Show that for all curves X of genus � 2, jKX j is basepoint-free and
jKX j is very ample if and only if X is not hyperelliptic (i.e., if and only if X does not
admit a finite morphism f W X ! P1 of degree 2).

EXERCISE 1.11. Show that X is a non-hyperelliptic curve of genus 3 if and only if X is
isomorphic to a quartic curve. Deduce from this that not all curves of genus 3 are plane
curves.

EXERCISE 1.12. Show that there is a 9-dimensional family of curves of genus 4.

EXERCISE 1.13. Show that any curve may be embedded as a smooth curve in P 3 and
has a birational map to a nodal curve in P2.
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EXERCISE 1.14. Show that curves of genus g � 2 have finite automorphism groups.

1.A.2 Kodaira Dimension

The first question is how to generalize the invariant given by the genus g (or equivalently
by �.!X / D g� 1). If X is a smooth variety of dimension n > 1, then the natural choice
might seem to be pg.X/ D h0.X; !X /. Notice however that there are surfaces such that
!X is ample, but pg.X/ D 0. This problem can be solved by considering the plurigenera
Pm.X/ D h0.X; !˝m

X /. If !X is ample, then Pm.X/ grows like a polynomial of degree
n. In fact the following coarser invariant is useful.

Let X be a smooth projective variety and consider the rational map induced by a set
of generators ofH 0.X; !˝m

X / :

�m W X Ü PN D PH 0.X; !˝m
X /:

DEFINITION 1.15. The Kodaira dimension of X is denoted by �.X/ and defined as

�.X/ WD maxfdim�m.X/ for m > 0g:
REMARK 1.16. Equivalently, one can define the Kodaira dimension �.X/ as the tran-
scendence degree of R.!X / D ˚m�0H

0.X; !˝m
X / over C minus 1. Note that some au-

thors define �.X/ D �1 if Pm.X/ D 0 for all m > 0. We will often say that �.X/ < 0
in this case.

DEFINITION 1.17. X is of general type, if �.X/ D dimX . In particular, if !X is ample,
then X is of general type.

EXAMPLE 1.18. �.Pn/ D dim; < 0. In fact, for any Fano variety X , �.X/ < 0.

EXAMPLE 1.19. For curves we have (again) three cases:
� � < 0 : X ' P1 (� < 0),
� � D 0 : X is an elliptic curve (� D 0),
� � D 1 : X is a curve with !X ample (� > 0).

EXAMPLE 1.20. Let X be a uniruled variety. Then X does not admit any global pluri-
canonical forms and hence �.X/ < 0. It is conjectured that this characterizes uniruled
varieties.

For more on the classification of uniruled varieties see [Mor87, §11] and [Kol96].

EXERCISE 1.21. Let L be a line bundle on a smooth projective variety. Show that if
�.L / D 0, then there exists an integer d > 0 such that if m > 0, then h0.L˝m/ D 1 if
and only if d divides m.

EXERCISE 1.22. Let L be a line bundle on a smooth projective variety. Show that there
exists constants a; b > 0 such that

a �m�.L / � h0.L˝m/ � b �m�.L /

for all m > 0 sufficiently divisible. (Moreover, if L is big, the above inequality holds for
anym	 0.)
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1.A.3 Surfaces

In the case of surfaces (smooth complex projective varieties of dimension 2), there is a
new phenomenon: given a smooth surface X and a point x 2 X , we can produce a new
surfaceX 0 D BlxX known as the blow-up ofX at x which is obtained by replacing x by
a rational curve E ' P1 � X 0. More precisely, there is a morphism of smooth surfaces
� W X 0 ! X such that the induced morphism X 0 � E ! X � x is an isomorphism and
��1.x/ D E is a rational curvewithE2 D KX �E D �1whereKX is a canonical divisor,
i.e., a divisor corresponding to the line bundle !X . This process can be repeated infinitely
many times with arbitrary choice of the point to be blown up, however it is clear that if Y
is obtained fromX by a finite sequence of blow-ups, then the geometry ofX and Y share
many common features. The most obvious one is that f W Y Ü X is a birational map
(more informally X and Y are birational), i.e., that f induces an isomorphism between
open subsets (namely the complement of the blown-up loci). Recall that equivalently we
say that a rational map f W Y Ü X is birational if it induces an isomorphism between
function fields f � W K.X/! K.Y /. It is also the case that the plurigenera are birational
invariants, i.e., Pm.X/ D Pm.Y / for any m � 0 and any birational surfaces X and Y . It
turns out that two surfaces X and Y are birational if and only if they are connected by a
finite sequence of blow-ups, i.e., if there are sequences of blow-ups

X 0 D Xn ! Xn�1 ! � � � ! X1 ! X and Y 0 D Ym ! Ym�1 ! � � � ! Y1 ! Y

such that X 0 and Y 0 are isomorphic. It is therefore natural to study surfaces modulo bira-
tional equivalence.

There is another reason to study surfaces up to birational equivalence. Suppose that
!X is ample, and that f W Y ! X is the blow-up of X at a point x 2 X with exceptional
curve E D f �1.x/ � Y . Then KY � E D �1 and so !Y is not ample. One may still
hope that for most surfaces X , there is a birational surface X 0 such that !X 0 is ample. A
necessary condition is that �.X/ D dimX , i.e., that X is of general type. As observed
above, another necessary condition is that X 0 is not the blow-up of another surface. We
have the following theorem of Castelnuovo.

Theorem 1.23. LetE � X be a�1 curve in a smooth projective surface so thatKX �E D
E2 D �1 and E ' P1. Then there is a morphism of smooth surfaces f W X ! Y such
that f is the blow-up of Y at y D f .E/. We say that Y is obtained by blowing down E.

So ifX is a surface of general type containing a�1 curveE, then we simply replace
X by the surface obtained by blowing down E. Since this decreases the second Betti
number, after finitely many blow-downs, we may assume that X is minimal, i.e., that it
contains no�1 curves. Unfortunately, it is not true that ifX is minimal, then!X is ample,
however we have the following.

Theorem 1.24. If X is a surface with �.X/ � 0, then there exists a unique minimal
surface Xmin birational to X and a morphism X ! Xmin given by blowing down finitely
many �1 curves. Moreover !Xmin is semiample (that is !˝m

Xmin
is basepoint-free for some

m > 0).
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Note that R.!X / ' R.!Xmin/ and as �m W Xmin ! PH0.X; !˝m
Xmin

/ is a morphism,

!˝m
Xmin

is the pull-back of an ample line bundle. It follows that R.!Xmin/ is finitely gener-
ated cf. (5.75). We have the following possibilities:

� �.X/ D 2. Then �5 W Xmin ! PH 0.X; !˝5
X / is a birational morphism that contracts

curvesE such that E �KX D 0, the imageXcan has Du Val singularities andXcan D
ProjR.!X /. See (3.1) for an example where Xcan is not smooth.

� �.X/ D 1. Then for m 	 0, �m W Xmin ! PH 0.X; !˝m
X / is a morphism whose

image is a curve C D ProjR.!X / and whose general fiber is an elliptic curve
(moreover h0.!˝m

X / > 0 for some m 2 f4; 6g and h0.!˝m
X / � 2 for some m � 42

cf. [Rei97, E.7.1]).

� �.X/ D 0. There are four possibilities for Xmin known as Abelian surfaces, K3-
surfaces, Enriques surfaces and bi-elliptic surfaces. In any event !˝m

Xmin
' OXmin for

m 2 f4; 6g cf. [Rei97, E.7.1].
If �.X/ < 0, then the minimal model is not unique (but it is well understood how two
minimal models are related). For any minimal modelXmin, eitherXmin ' P2 or we have a
morphism f W Xmin ! C to a curve C of genus h0.�1

X / whose general fiber is a rational
curve. Notice conversely that if a surface admits a fibration by rational curves F , then as
KX � F D �2, any section of !˝m

X must vanish along F and hence R.!X / ' C.
The above classification, gives a very precise description of surfaces with �.X/ < 2

and a qualitative understanding of surfaces of general type.
We would like to remark that a complete classification of surfaces of general type

is not feasible. In fact, even if one fixes certain invariants such as the plurigenera Pm.X/

and the irregularity q.X/ D h0.�1
X /, it is very hard to determine if a surface with the

given invariants exists; let alone to actually describe the moduli space of such surfaces.
On the positive side we have the following.

Theorem 1.25. Minimal surfaces of general type with fixed volume K 2
Xmin

belong to a
bounded family.

The idea behind the proof is as follows: since !˝5
Xmin

is generated and �5.Xmin/ D
Xcan, it follows that Xcan is a surface in PN of degree 25K2

Xmin
. By a Hilbert scheme

argument these belong to finitely many families. The corresponding minimal surface is
then uniquely determined as the minimal resolution of the canonical model X can.

In fact we can construct a moduli space for canonical (and for minimal) surfaces.
Since we are able to use a fixed (bounded) power of the canonical bundle to embed all va-
rieties under consideration, the problem of projectively non-equivalent embeddings ( 1.2)
does not arise. Studying the appropriate Hilbert scheme then shows that the Hilbert points
parameterizing the canonical models of surfaces of general type form a locally closed
subscheme. This is of finite type because of the above mentioned boundedness and one
may prove that it is also separated. The projective linear group of P N acts on this Hilbert
scheme naturally and the constructed locally closed subscheme is invariant under this ac-
tion. The quotient, whose existence one still needs to prove, is then a moduli space for the
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canonical models. Since minimal models of surfaces of general type are unique in their
birational class, we also obtain a moduli space for minimal surfaces of general type.

1.A.4 Higher dimensional varieties

In view of the classification results for surfaces, one might hope that for any variety X ,
we have that either

� �.X/ � 0. X has a (birational) minimal model Xmin such that R.!X / ' R.!Xmin/

is finitely generated, and !Xmin is semiample so that for some multiple m > 0, we
have that �m W Xmin ! PH 0.X; !˝m

Xmin
/ is a morphism whose image is Xcan '

ProjR.!X /; or

� �.X/ < 0. X has a (birational) minimal model Xmin such that there is a morphism
Xmin ! Z with dimZ < dimX whose fibers are covered by rational curves.

Notice that if X is covered by rational curves, then �.X/ < 0. This gives a nice “geomet-
ric” (conjectural) characterization of varieties with �.X/ < 0.

Not surprisingly, in dimension� 3 several new phenomena occur. First of all, there
are 3-folds that do not admit a smooth minimal model as shown by the following example:

EXAMPLE 1.26. Let A be an abelian variety of dimension 3 and let X be its quotient
by the Z2 action generated by the involution x ! �x. Then X has 2 6 isolated terminal
singularities of index 2 so that !˝2

X D OX is a line bundle. A resolution of X is given by
blowing up these singularities.We obtain a morphismf W X 0 ! X from a smooth variety
X 0 such that !˝2

X 0 D OX 0.E/ whereE denotes the exceptional divisor. Suppose thatXmin

is a smooth minimal model of X 0, then as X is itself a minimal model, X and Xmin are
isomorphic in codimension 1 cf. (5.37). Consider a common resolution p W Y ! X and
q W Y ! Xmin. Then (as computed above) the multiplicity along E of 2K Y � p�.2KX/

is 1 whereas (since Xmin is smooth and hence !Xmin is a line bundle) one sees that the
multiplicity along E of 2KY � q�.2KXmin/ is an even integer. This is impossible and so
X has no smooth minimal model.

This forces us to allow varieties with mild singularities. It turns out that there are
several fairly natural classes of singularities to work with, see Chapter 3. A second issue,
is that even if X is birational to a smooth variety X 0 with ample canonical bundle, the
rational map X Ü X 0 may not be a morphism.

Therefore, if we are to factor the rational map X Ü X 0 via a finite sequence
of (hopefully) well-understood rational maps (that generalize blowing down �1-curves),
we must allow maps that are not contraction morphisms and hence are not immediate
generalizations of contractions of �1-curves.

Never-the-less, one may try and mimic the strategy that worked so well with sur-
faces.

� We start with a variety with mild singularities (in particular such that !X makes
sense at least as a Q-line bundle).

� We identify !X -negative curves and remove them “one at a time”.
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� After finitely many steps we obtain either a contraction morphism X ! Z whose
fibers are covered by rational curves or we obtain a minimal model Xmin such that
!Xmin is semiample.

It is in general quite hard to show that a line bundle L is semiample. A necessary
and hopefully more tractable condition is that the line bundle be nef (i.e., c 1.L / � C � 0
for any curve C � X ).

The first input for this ambitious strategy is provided by the following Contraction
theorem (cf. [Mor82], [Kaw84], [Kol84], [KM98, §3]).

Theorem 1.27. Let X be a variety with mild singularities such that !X is not nef. Then
there is a curve C and contraction morphism f W X ! Z such that c1.!X / � C < 0 and
if D � X is a curve, then f contracts D if and only if D is numerically equivalent to a
positive multiple of C .

In other words, just as in the case of contracting �1-curves, the morphism f con-
tracts some !X -negative curves.

We can now attempt to use the Contraction theorem to produce minimal models.

1.28 MINIMAL MODEL PROGRAM.

� Start: We begin with a variety X with mild singularities (eg. smooth).

� Minimal Model: If !X is nef, then we declare that X is a minimal model and we
stop.

Otherwise, by the Contraction theorem, there is a morphism f W X ! Z such
that %.X=Z/ D 1 and !�X is relatively ample (equivalently c1.!X / � C < 0 for any
contracted curve C � X ).

� Mori Fiber Space: If dimZ < dimX , then one can show that the fibersF are Fano
varieties (i.e., !�F is ample and %.F / D 1) which are covered by rational curves.
This can happen only if �.X/ < 0. This is considered a positive outcome and we
stop.

� Divisorial Contraction: If dimZ D dimX and f contracts a divisor, then Z has
mild singularities. We may replace X by Z and repeat the process (go back to the
Start). Since this step decreases the Picard number by 1, we may repeat this step
only finitely many times.

� Flip: If dimZ D dimX and f does not contract a divisor, then Z does not have
mild singularities. In this case in fact c1.!Z/ � C is undefined and so we can not
even ask if !Z is nef. The only logical choice is to replace Z by the “smallest
partial resolution” f C W XC ! Z such that !XC becomes a Q-line bundle which
is ample overZ. An easy computation shows that then

XC WD ProjZ.R.!Z// ' ProjZ.
M
m�0

f�!˝m
X /:

The bad news is that f C W XC ! Z exists if and only if˚m�0f�!˝m
X is a finitely

generated OZ algebra, which is a hard problem closely related to our original ques-
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tions (however note that we need only finite generation over O Z rather than C!).
The good news is that if XC exists, then it is uniquely determined, it automatically
has mild singularities and !XC is ample overZ.

The rational map X Ü XC is called a flip. It may be viewed as a surgery
which is an isomorphism in codimension 1 and replaces some !X -negative curves
by !XC -positive curves.

At any rate, assuming that the flip X Ü XC exists, we replace X by XC
and repeat the procedure (go back to the Start). Note that %.X/ D %.X C/ and so it
is not a priori clear that we can not repeat this step infinitely many times.

Assuming that flips always exist, one hopes that after iterating this procedure finitely
many times, we either produce a Mori fiber space (i.e., a fibration f W X ! Z whose
fibers are covered by rational curves) or we remove all !X -negative curves and so we
have that !X is nef, i.e., X is a minimal model (moreover we hope to show that !X is
semiample). The goal is therefore to prove that:

� Existence: Flips always exist.

� Termination: There is no infinite sequence of flips.

� Abundance: Show that if X is a minimal model (i.e., it has mild singularities and
!X is nef), then !X is semiample.

In dimension 3, Mori constructed flips in [Mor88] and termination is fairly straight-
forward. Abundance was established in [Miy88], [Kaw92a] and [KMMc94]. Recently,
there has been much progress in dimension � 4. By [Sho03] flips exist in dimension 4
and by [Sho06] minimal models for varieties with �.X/ � 0 exist in dimension 4. By
[BCHM10], [HM08] and [YT06], it is known that:

� If X has mild singularities (eg. X is smooth), then R.!X / is finitely generated.

� If X is of general type and it has mild singularities, then it has a minimal model
Xmin such that !Xmin is semiample.

� Flips always exist.

� In many cases we can choose our sequence of flips so that it terminates.

Therefore, for varieties of general type, the picture is quite satisfactory as far as
obtaining a minimal model is concerned. The next step is then to construct moduli spaces
for these varieties. See (1.A.8) for more details.

Before discussing moduli theory, we will consider, at least briefly, the case of vari-
eties with �.X/ < dimX .

The first case to consider is the case when KX is not pseudo-effective:

Theorem 1.29 [BDPP03]. KX is not pseudo-effective if and only if X is uniruled.

In fact we will show (cf. 5.57) that if KX is not pseudo-effective, then there is a
birational map X Ü NX and a Mori fiber space � W NX ! Z. In particular a general
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fiber NX� of � is a Fano variety (so that �K NX�
is ample and in particular X� is uniruled).

Therefore, we can think of Fano varieties as being the building blocks of varieties with
non pseudo-effective canonical class.

If KX is pseudo-effective, then by the abundance conjecture mentioned above one
expects that X has a minimal model X Ü NX and ! NX is semiample. In particular, one
expects the following:

Conjecture 1.30. Let X be a smooth projective variety.
(1.30.1) If KX is pseudo-effective, then �.X/ � 0.
(1.30.2) If KX is nef and KX 6
 0, then �.X/ > 0.

In higher dimensions, the main known case of the above conjecture is the following
result.

Theorem 1.31 [Nak04]. If �� .X/ D 0 (i.e., if KX is pseudo-effective and if for any
ample divisorH onX , h0.OX .mKXCH// is a bounded function ofm), then �.X/ D 0.

REMARK 1.32. (1.30) in fact implies the abundance conjecture mentioned above.

1.A.5 Fano varieties

Fano varieties, are projective varieties with mild singularities such that ! �X is ample.
Since they have a natural ample line bundle; namely ! �X , there is hope to classify

these varieties. For instance it is known that smooth Fano varieties of a given dimension
form a bounded family.

Considering singular Fano varieties; it is conjectured (by Borisov-Alexeev-Borisov)
that for any " > 0, "-log terminal Fano varieties of a given dimension form a bounded
family. The condition on the singularities is necessary because of the following.

EXAMPLE 1.33. Let Xn be the cone over a rational normal curve of degree n, then X n

has a resolution f W Yn ! Xn such that Yn is the P1-bundle over P1 given by the
projectivization of the vector bundle OP1 ˚ OP1.�n/ and f contracts a section E of self
intersection E2 D �n. An easy computation shows that KYn

D f �KXn
� .1 � 2=n/E

so that Xn is "-log terminal for any " < 2=n. Since �KXn
is ample, this shows that the

"-log terminal condition is necessary, even in dimension 2.

We remark that the above conjecture is known to be true in dimension 2 by [Ale94],
but in dimension� 3 it appears to be very difficult and only partial results are known (cf.
[AB04], [BB92], [Bor01], [Kaw92b], [KMMT00]).

1.A.6 Varieties with Kodaira dimension 0

One of the main open problems is to understand and classify varieties of Kodaira dimen-
sion 0. The first natural problem is to show that these have a good minimal model, i.e., a
minimal model such that !˝m

X ' OX for somem > 0. Hopefully one can then show that
suchm is determined by the dimension ofX . In dimension 2 it suffices to choosem D 12

and in dimension 3, ifX has canonical singularities, thenm D 2 5 �33 �52 �7 �11 �13 �17 �19
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suffices by [Kaw86] and [Mor86]. Note that even for K3 surfaces, the moduli space has
infinitely many components.

A major difficulty in constructing and analyzing moduli spaces of varieties of Ko-
daira dimension 0 is that there is no natural choice of an ample line bundle, hence there
is no natural embedding independent of the varieties. To remedy this issue the usual ap-
proach is to study polarized varieties, that is, pairs .X;L / whereL is an ample line bun-
dle onX . Morphisms of polarized varieties are assumed to preserve the polarization (i.e.,
the choice of the ample line bundle). The downside of this approach is that in this way
a given X appears many times, essentially for all the possible choices of L . Of course,
these choices may or may not give very different polarizations. This issue is closely re-
lated to the study of automorphisms of these varieties and can lead to connections with
non-commutative geometry.

1.A.7 The Iitaka Fibration

Once the classification of Fano varieties, varieties of Kodaira dimension 0 and varieties
of general type is settled, the next step is to study the fibrations that naturally occur as the
end product of the minimal model program for varieties not of general type:

� fibrations whose general fiber is a Fano variety; and

� fibrations whose general fiber has Kodaira dimension 0.

Note that if KX is not pseudo-effective, then it is known that there is a minimal
model program that ends in a fibration of Fano type. If �.X/ � 0, then a weak version of
the fibration of Kodaira dimension 0 is always known to exist:

1.34 IITAKA FIBRATION [Iit82, §11.6], [Mor87, 2.4], [Laz04a, 2.1.C]. Let X be a
smooth projective variety with �.X/ � 0. Then there exists a birational model X [ for
X and a fibration ' [ W X [ ! Y [ such that Y [ is a smooth projective variety with
dimY [ D �.X/ and �.F [/ D 0, where F [ is the generic geometric fiber of ' [. Fur-
thermore, the birational class of Y [ is uniquely determined by these properties.

1.A.8 Moduli spaces of varieties of general type

These are the varieties for which the techniques of the minimal model program yield
the most information. One of the main applications of the minimal model program is the
construction of moduli spaces for varieties of general type. Similarly to the case of curves,
this is indeed the “general” case.

As explained in (1.28), the minimal model program is now known to work for va-
rieties of general type. In other words, a variety of general type admits a minimal model.
Then by the Basepoint-free Theorem 5.1, it also admits a canonical model. Yet in other
words, we obtain that every variety of general type is birational to a canonically polarized
variety, i.e., a variety with an ample canonical bundle.

Unfortunately this canonical model may be singular, but fortunately, the singulari-
ties forced by the canonical model are not worse than the ones we must allow in order to
have a compact moduli space.
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Here is a step-by-step description of the process of obtaining a canonical model of
an arbitrary variety X :

� Apply Nagata’s theorem [Nag62] to get OX , a proper closure of X .

� Apply Chow’s lemma [Har77, Ex.II.4.10] if necessary to obtain NX , a projectiviza-
tion of OX .

� Apply Hironaka’s theorem [Hir64] to get zX , a resolution of singularities of NX .

� Apply the minimal model program (1.28) (including Mori fiber spaces) to get Xmin,
a minimal model of eX . Restrict to the case �.Xmin/ � 0.

� The ring R.!Xmin/ D
L
H 0.Xmin; !

˝m
Xmin

/ is finitely generated and we let Xcan D
ProjR.!Xmin/. In this book we will focus on the case when Xmin is of general type.
In this case the map

Xmin ! Xcan D Proj
1M

mD0

H 0.X; !˝m
Xmin

/

is a birational morphism.

REMARK 1.35. Notice however, that if Xmin is not of general type, then by the abun-
dance conjecture, one expects that !Xmin is semiample so that for some m > 0, there is a
morphism (the Iitaka fibration)

�m W Xmin ! Xcan � PH 0.X; !˝m
X /:

By a result of Fujino and Mori cf. [FM00], the ring
L
H 0.Xmin; !

˝m
Xmin

/ is isomorphic
(after passing to appropriate truncations) to the ring

L
H 0.Xcan;OXcan.m.KXcan C	///

of a klt pair1 .Xcan; 	/ whereKXcan C	 is ample. Therefore, the above assumption (that
Xmin is of general type) is not too restrictive if one is willing to work with klt pairs.

Once we obtain the canonical model and settle on the class of singularities we allow,
we have everything ready to construct a moduli space. In order to accomplish this we will
need to prove a few properties. These will be explained in more detail in Chapter 13. Here
we only mention them briefly.

As in the case of curves, we need to fix a discrete invariant. This will be the Hilbert
polynomial of the canonical bundle of the canonical model. This is the analog of the genus
of curves, in fact, it is equivalent to it in the case of curves.

We classify the canonical models of our original varieties by constructing a moduli
space. This requires the following steps:

� Apply boundedness (13.A) to prove that it is possible to embed all canonical models
with a fixed Hilbert polynomial into a fixed projective space.

1defined on page 37
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� Apply local closedness (13.C) to prove that the locus of points in the Hilbert scheme
(cf. Chapter 12) of this fixed projective space that parameterizes our canonical mod-
els forms a locally closed subset, so we can consider the action of the automorphism
group of the ambient projective space on this set.

� Form the quotient of this set by the above group action [Vie91], [KeM97], [Kol97a].

� Apply separatedness (13.D) and properness (13.E) of the moduli functor to con-
clude that the resulting space is separated and proper.



CHAPTER 2

Preliminaries

2.A Notation

As usual, we denote by Z, Q, R and C the integers, the rational numbers, the real num-
bers, and the complex numbers. We let Q�0 D fx 2 Qjx � 0g, and we adopt similar
conventions for Z, Q, R and C and � 0, � 0, > 0 and < 0. We will write m	 0 for any
sufficiently big integerm 2 Z and 0 < "� 1 for any sufficiently small positive real num-
ber " 2 R>0. The round down of di 2 R is bdic D maxfm 2 Zjm � di g. The round up
of di 2 R is ddie D �b�dic and the fractional part of d i 2 R is fdig D di � bdic.

Let k be an algebraically closed field of characteristic 0. Unless otherwise stated,
all objects will be assumed to be defined over k. A scheme will refer to a scheme of finite
type over k and unless stated otherwise a point refers to a closed point.

For a functor ˆ, R̂ denotes its derived functor on the (appropriate) derived cate-
gory and Riˆ WD hi ı R̂ where hi .C

�

/ is the cohomology of the complex C � at the
i th term. Note that if C

�

is a complex of sheaves, then hi .C
�

/ is a sheaf as well. For
a scheme X , Hi .X;C

�

/ denotes the hypercohomology of the complex of sheaves C
�

,
i.e., Hi D hi ıR
 . Similarly, Hi

Z WD hi ıR
Z where 
Z is the functor of cohomology
with supports along a subschemeZ. Finally, Hom stands for the sheaf-Hom functor and
Exti WD hi ıRHom.

For a sheaf F on the scheme X , H i.X;F / denotes the usual i -th cohomology
group of F which is, of course, the same as H i .X;F / if one considers F as a complex.
We will also adopt the commonly used convention that h i.X;F / WD dimH i .X;F /.
Even though this would seem to conflict with the notation used in the above definition of
hi .C

�

/, we believe that it will not cause any confusion.



18 Chapter 2. Preliminaries

2.B Divisors

Let X be a normal variety. In particular X is smooth in codimension 1.
A prime divisor P on X is a codimension 1 irreducible and reduced subvariety of

X .
The group of Weil divisors on X , WDiv.X/ is the torsion free Z-module given

by the set of all formal linear combinations D D P
diPi of prime divisors on X

with integral coefficients. We let WDivQ.X/ D WDiv.X/ ˝Z Q and WDivR.X/ D
WDiv.X/˝Z R.

A divisorD 2 WDivR.X/ is effective, i.e.,D � 0 ifD D P
diPi and di � 0 for

all i . IfD DP
diPi 2 WDivR.X/, then we define kDk D supfjdi jg.

A principal divisor is a divisor of the formD D .f / where f 2 C.X/ is a rational
function onX and .f / is the divisor given by the difference between the zeroes and poles
of f (counted with the appropriate multiplicity).

The support of a divisorD 2WDivR.X/ is the subset Supp.D/ � X given by the
union of the components ofD D P

diPi appearing with coefficient di ¤ 0.
For any D 2 WDiv.X/ the associated Weil divisorial sheaf is the OX -module

OX .D/ defined by


.U;OX.D// D fD C .f / � 0 where f 2 C.U /g:
A divisor D 2 WDiv.X/ is Cartier if it is locally principal, i.e. if there is a cover

of X by open subsets Uj such that DjUj
D .fj / for some rational function fj on Uj .

We let Div.X/ �WDiv.X/ be the subgroup of Cartier divisors. If Div.X/ DWDiv.X/,
then we say that X is factorial. We let DivQ.X/ D Div.X/ ˝Z Q and DivR.X/ D
Div.X/ ˝Z R and similarly for WDivR.X/. If DivQ.X/ D WDivQ.X/, then we say
that X is Q-factorial. If D 2 Div.X/, then OX .D/ is invertible. We will often refer to
invertible sheaves as line bundles.

Two divisorsDi 2WDiv.X/ are linearly equivalentD1 � D2 ifD1 �D2 D .f /

is a principal divisor. Note that D1 � D2 if and only if OX .D1/ ' OX .D2/. We let
jDj D fD0 � 0jD0 � Dg be the linear series associated to D. Note that jDj '
PH 0.OX .D//.

IfD is a Weil divisor and V � jDj is a linear series, then the base locus of V is

Bs.V / WD
\

C2V

Supp.C /

(here we adopt the convention that Bs.V / D X if V D ;). If Bs.V / D ;, we say that V
is basepoint-free. If V ¤ ;, then the fixed divisor Fix.V / is the biggest divisor F � 0

such that F � D 0 for allD0 2 V . Note that Supp.Fix.V // is the divisorial component of
Bs.V /. We will abuse notation and we will denote Fix.jDj/ simply by Fix.D/ (similarly
for Bs.D/ etc.). The divisor Mob.D/ D D � Fix.D/ is the mobile part of D. We will
say thatD is mobile if Fix.D/ D 0.

Similarly, if L is a line bundle, we let Bs.L / be the intersection of the zero sets
of global sections of L (if H 0.X;L / D 0, we let Bs.L / D X ). In particular, if L D
OX .D/, then Bs.L / D Bs.D/.
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Let L be a line bundle, then there is a rational map �L W X Ü PH 0.X;L / which
is defined on the complement of the base locus of L . More concretely, let s 0; : : : ; sN be
a basis of H 0.X;L /, then �L .x/ D Œs0.x/ W � � � W sN .x/� for any x 2 X � Bs.X/.
If L is generated by global sections, or equivalently when the corresponding divisor is
basepoint-free, then �L is a morphism and L ' ��L OPN .1/. In particular L is Cartier.

A line bundle L is called semiample if L ˝m is generated by global sections for
m 	 0. L is very ample if �L is an embedding and it is ample if L ˝m is very am-
ple for some integer m > 0. A line bundle L on X is called big if the rational map
�L ˝m WX Ü PN is birational (on to �L ˝m.X/) for m 	 0. Note that in this case
L˝m is not necessarily generated by global sections, so �L ˝m is not necessarily defined
everywhere.

Note that ifD 2 Div.X/ and C � X is a curve, then we can define the intersection
number D � C D deg.OX.D/jC /. If D D P

djDj 2 DivR.X/ and C D P
ciCi 2

A1.X;R/, then we let D � C D P
dj ciDj � Ci . Two R-Cartier divisors D1 and D2 are

numerically equivalentD1 
 D2 if .D1�D2/�C D 0 for any irreducible curveC � X .
We say thatD 2 DivR.X/ is nef (i.e. numerically eventually effective) ifD �C � 0 for
any irreducible curve C � X . Note that if D is semiample, thenD is nef, but if E is an
elliptic curve andP is a non-torsion element of Pic0.E/, thenP is nef but not semiample.

The Néron-Severi group of X is the quotient of the group of Cartier divisors by
numerical equivalences

N 1.X/ D Div.X/= 
 :

N 1.X/ is a free abelian group of finite rank. The rank of this group is %.X/, the Picard
number of X . If � W Y ! X is a resolution, then %.Y / is computed by the sum of %.X/
and the number of exceptional divisors of � cf. [AHK07].

If D D P
diDi 2 WDivR.X/ and D0 D P

d 0iDi 2 WDivR.X/, then we let
D^D0 DP

minfdi ; d
0
i gDi . The round up of a divisor is defined by dDe DP ddieDi ,

the round down is defined by bDc D P bdicDi and the fractional part is defined by
fDg D PfdigDi . The strata of the support of a divisor D are given by the irreducible
components of the intersections of the irreducible components of Supp.D/.

If � W X Ü Y is a rational map and D 2 WDivR.X/, then we let ��D 2
WDivR.Y / be the push-forward ofD. Recall that ifD is a prime divisor, then ��D D 0

if dim.�.D// < dim.D/ and otherwise ��D D .deg�jD/D0 whereD0 is the prime divi-
sor corresponding to �.D/. IfD is a prime divisor and ��D D 0, we say that � contracts
D. If � is birational and D 2 WDivR.Y /, then we let ��1� D be the strict transform of
D. We say that a birational map � W X Ü Y extracts no divisors if ��1 contracts no
divisors.

EXERCISE 2.1. Let A; B 2 WDivQ.X/. Show that if A �R B , then A �Q B . In
particular if KX is R-Cartier, then it is Q-Cartier.

EXERCISE 2.2. Show that if D � 0 is a Cartier divisor, then there is an integer m > 0

such that B.D/ D Bs.mD/. See Section 2.E for the definition of B.D/.

EXERCISE 2.3. Let A; B 2 DivR.X/.
(2.3.1) Show that bAC Bc � bAc C bBc;
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(2.3.2) show that bf �Ac � f � bAc and give an example where bf �Ac ¤ f � bAc for
some morphism f W Y ! X ; and

(2.3.3) give an example where A �R B but bAc is not R-linearly equivalent to bBc.
EXERCISE 2.4. Show: IfD2Div.X/ is semiample, thenR.D/ D ˚m�0H

0.OX .mD//

is finitely generated.

2.C Reflexive sheaves

LetX be a scheme andF anOX -module. The dual ofF is F � WD HomX .F ;OX / and
the m-th reflexive power of F is the double dual (or reflexive hull) of the m-th tensor
power of F :

F Œm� WD .F˝m/��:

Observe that since taking the dual is a (contravariant) functor, there is always a natural
map,

F˝m ! F Œm�:

This map is injective if and only if F˝m is torsion free. F is called a reflexive OX -
module or simply reflexive if F D F Œ1� D F��.

As we declared earlier, a line bundle on X is an invertible OX -module. A Q-line
bundle L on X is a reflexive OX -module of rank 1 such that one of its reflexive powers
is a line bundle, i.e., there exists anm 2 Z>0 such thatL Œm� is a line bundle. The smallest
suchm is called the index of L .

On a normal variety (or more generally on an S 2 variety), Weil divisorial sheaves
are in one to one correspondence with reflexive OX -modules of rank 1. In particular, a
reflexive OX -module of rank 1 is a line bundle on X n SingX .

A Weil divisor D on X is a Cartier divisor, if its associated Weil divisorial sheaf,
OX .D/ is a line bundle. This is equivalent to the definition we gave earlier.

If the associated Weil divisorial sheaf, OX .D/ is a Q-line bundle, then D is called
a Q-Cartier divisor. This is equivalent to the property that there exists an m 2 Z >0 such
that mD is a Cartier divisor.

Let L be a reflexive OX -module of rank 1, then since it is a line bundle on the
dense open set X n SingX , similarly to the case of line bundles, there is a rational map
�L W X Ü P.H 0.X;L //.

The Kodaira dimension of L , a reflexive OX -module of rank 1 is

�.L / D maxfdim�L Œm�.X/jm > 0g:

If H 0.X;L Œm�/ D 0 for all m > 0 we let �.L / D �1. Equivalently we have �.L / D
tr: deg:CR.X;L / � 1 where R.X;L / D ˚m�0H

0.X;L Œm�/ and that

�.L / D max

(
k

ˇ̌̌̌
ˇlim sup

h0.X;L Œm�/

mk
> 0

)
:
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We say that L is big if �.L / D dimX . If L is a line bundle, this is equivalent to the
earlier definition. The Kodaira dimension of a reduced pair .X;D/ is defined as the Ko-
daira dimension of the Weil divisorial sheaf associated toD, i.e., �.X;D/ WD �.OX .D//.
Similarly,D is big, if OX .D/ is big. In addition, if D 2 Div.X/ is nef, then D is big if
and only ifDdimX > 0.

If X is a smooth variety of dimension n, then the tangent bundle TX is a vector
bundle of rank n and the canonical line bundle is defined by !X D ^nT �X . If X is
normal, we let !X D j�!Xreg where Xreg D X n SingX is the open subset of smooth
points on X and j W Xreg ! X is the corresponding inclusion. It follows that !X is a
reflexive OX -module of rank 1 and hence a Weil divisorial sheaf. A canonical divisor
KX 2 WDiv.X/ is a divisor such that OX .KX/ ' !X . Note that KX is only defined
modulo linear equivalence, nevertheless it is often called the canonical divisor.

A smooth projective variety X is of general type if !X is big, or equivalently if
�.X/ D dimX . It is easy to see that this condition is invariant under birational equiva-
lence between smooth projective varieties. An arbitrary projective variety is of general
type if so is any one of its desingularizations. A projective variety is canonically polar-
ized if !X is ample. Notice that if a smooth projective variety is canonically polarized,
then it is of general type. A reduced pair .X;D/ is of log general type if !X .D/ is big,
or equivalently �.X;D/ D dimX .

2.D Cyclic covers

Let X be a normal variety and L a Q-line bundle of index m. Assume that L Œm� ' OX

and let # W OX ! L Œm� be a trivialization. Consider the OX -algebra

A D
m�1M
jD0

L Œ�j � '
1M

jD0

L Œ�j �tj
��

tm � #�
so that for i C j � m multiplication is defined by the rule

L Œ�i � ˝L Œ�j � �� L Œ�i�j �
# �� L Œ�i�j � ˝L Œm�

' �� L Œm�i�j �

as in [KM98, 2.50]. Let � W Y WD SpecX A ! X be the induced finite cover.

EXERCISE 2.5. Prove that .� �L /��, the reflexive pull-back ofL , is a line bundle on Y .

If L D !X , then the corresponding � W Y ! X is called the (local) index 1 cover of X .
The previous exercise explains the name and implies that � �KX is a Cartier divisor.

EXERCISE 2.6. Prove that if L is a line bundle, then � W Y ! X is étale.

EXERCISE 2.7. Formulate the global version of this construction: Let X be a quasi-
projective variety, L a Q-line bundle of indexm. IfH 0.X;L Œm�/ ¤ 0, then there exists
a finite morphism � W Y ! X of degreem such that .� �L /�� is a line bundle.
REMARK 2.8. The problemwith the construction in (2.7) is that in this generality one has
no control over the singularities of Y . However, if L Œm� is generated by global sections,
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then it is usually possible to choose � in such a way that the singularities of Y are not
worse than those of X . For more on this, see [KM98, 2.51, 5.21].

2.E R-divisors in the relative setting

If f W X ! U is a proper morphism of normal varieties and D i 2 WDivR.X/, then
D1 �R;U D2 (i.e. D1 and D2 are R-linearly equivalent over U ) if D1 � D2 DP
ri .qi / C f �C where ri 2 R, qi are rational functions on X and C is an R-Cartier

divisor on U .
Two R-Cartier divisors D1 and D2 are numerically equivalent over U , D1 
U

D2 if .D1 �D2/ � C D 0 for any irreducible curve C � X which is contained in a fiber.
An R-Cartier divisorD is nef over U ifD �C � 0 for any curveC � X contracted

by f .
An R-Cartier divisor D is ample over U if D �R;U

P
riDi where ri 2 R�0 and

Di are ample Cartier divisors over U . An R-Cartier divisor D is semiample over U if
there is a morphism gWX ! Y over U such thatD �R;U g�D0 whereD0 is ample over
U . An R-Cartier divisorD is big over U if

lim sup
rkf�OX .mD/

mdimf
> 0

where dimf denotes the dimension of a general fiber of f . Note thatD is big over U if
and only if D �R;U A C B where A is ample over U and B � 0. An R-Cartier divisor
D is pseudo-effective over U if its numerical class belongs to the closure of the cone of
big divisors over U .

The real linear system over U associated to an R-divisorD on X is

jD=U jR D fD0 � 0jD0 �R;U Dg:
Similarly we let jD=U jQ D fD0 � 0jD0 �Q;U Dg.

The stable base locus ofD over U is the Zariski closed subset

B.D=U / WD
\

C2jD=U jR
Supp.C /:

Note that if jD=U jR D 0, then we let B.D=U / D X . WhenD is Q-Cartier thenB.D=U /
is the usual stable base locus.

The stable fixed divisor ofD over U is Fix.D=U / the biggest divisor F � 0 such
thatD0 � F for allD0 2 jD=U jR.

The augmented stable base locus ofD over U is given by B.D � "A=U / for any
divisor A ample over U and any 0 < "� 1. This set is denoted by BC.D=U /.

The diminished stable base locus ofD overU is given by[">0B.DC"A=U / for
any divisor A ample over U . This set is denoted by B�.D=U /. Note that B�.D=U / is a
countable union of Zariski closed subsets of X .



2.E. R-divisors in the relative setting 23

Proposition 2.9. Let D � 0 be an R-Cartier divisor, then there exists an R-Cartier
divisor D0 � 0 such that D0 �R;U D and if G is an irreducible component of Supp.D 0/
then either mG is mobile for some integerm > 0 or G is contained in B.D=U /.

Proof. We write D �R;U D0 D M C F � 0 where every component of F is contained
in B.D=U / and no component of M is contained in B.D=U /. Let n D n.D 0/ be the
number of componentsG of Supp.M/ such thatmG is not mobile for any integerm > 0.
We may choose D 0 such that n D n.D0/ is minimal among all divisors D 0 2 jD=U jR.
We proceed by induction on the number n. If n D 0 we are done, so assume that n > 0

and pick G a component as above. Since G is not contained in B.D=U /, there exists
D00 2 jD=U jR such that G is not contained in the support of D 00. Let E D D0 ^ D00,
then D0 � E �R;U D00 � E are effective R-divisor whose supports have no common
components, and so by (2.10) D0 � E �R;U D1 where every component of D1 has a
multiple which is mobile. But thenD �R;U D1 CE and n.D1 C E/ < n.D0/. This is a
contradiction and the proposition is proven. �
Lemma 2.10. Let � W X ! U be a projective morphism of normal varieties, D 2
WDivR.X/ and Di 2 jD=U jR such that D1 ^D2 D 0, then there exists D0 2 jD=U jR
such that for any component G of Supp.D 0/ there is an integer m > 0 such that mG is
mobile.

Proof. We may write D1 � D2 D P
ri.fi / C ��H where ri 2 R, fi 2 C.X/ and

H 2 DivR.U /. We may write H �R �H1 CH2 where the Hi are ample R-divisors on
U . ReplacingDi byDi C ��Hi (and modifying the ri and the fi ), we may assume that

D1 �D2 D
kX

iD1

ri .fi /:

Assume now that ri and fi are chosen so that k is minimal. By (2.13), it follows that
r1; : : : ; rk are linearly independent over Q. In particular every component of Supp.f i / is
either a component ofD1 or ofD2. We now choose qi 2 Q so that jqi � ri j � 1 and we
write

D0
1 �D0

2 D
kX

iD1

qi .fi /

where D 0
i � 0 and D0

1 ^ D0
2 D 0. It follows that Supp.D 0

i / D Supp.Di /. Since D0
i 2

WDivQ.X/, there is a divisorD] 2 jD0
1jQ such that every component of Supp.D ]/ has a

multiple which is mobile. We now pick � > 0 maximal such that D i � �D0
i � 0 for i 2

f1; 2g. We then have thatD1��D0
1 �R;U D2��D0

2 and .D1��D0
1/^.D2��D0

2/ D 0.
Since the number of components of Supp.D1 � �D0

1 CD2 � �D0
2/ is strictly less than

the number of components of Supp.D1 C D2/, we may assume that there is a divisor
D� 2 jD1 � �D0

1=U jR such that any component of D� has a multiple which is mobile.
But asD� C �D] 2 jD1=U jR, the lemma follows. �
EXERCISE 2.11. Show that if f W Y ! X is a proper birational morphism of normal
varieties andD 2 Div.X/ is a divisor on X and G is a divisor on Y , then



24 Chapter 2. Preliminaries

(2.11.1) IfD is big (resp. pseudo-effective) then so is f �D;
(2.11.2) If D is big (resp. pseudo-effective) and F is effective and its support contains

all f -exceptional divisors, then f �1� D C F is big (resp. pseudo-effective);
(2.11.3) Show that ifG � G 0, then f�G � f�G0. Deduce from this that ifG is big (resp.

pseudo-effective) then so is f�G;
(2.11.4) Give an example whereG is not big, but f�G is big.

EXERCISE 2.12. Let X be a normal variety and D i 2 WDivQ.X/ such that Di � 0,
D1 �Q D2 andD1 ^D2 D 0. Show that there is an elementD3 2 jD1jQ such that any
component of Supp.D3/ has a multiple which is mobile.

EXERCISE 2.13. Let X be a normal variety and D 2 WDivR.X/ such that D DPk
iD1 ri .fi/ where ri 2 R and fi 2 C.X/. Show that if k is minimal, then r1; : : : ; rk are

linearly independent over Q.

EXERCISE 2.14. Show that if X is a projective normal variety and G is an R-divisor
such that jGjQ ¤ ;, then there is an integer m > 0 such that h0.OX .mG// > 0. Give an
example when jGjR ¤ ; but jGjQ D ;, i.e. h0.OX .mG// D 0 for all m > 0.

2.F Families and base change

DEFINITION 2.15. For a morphism f W Y ! S and another morphism � W T ! S ,
the symbol YT D Y� denotes Y 
S T and fT D f� W YT ! T the induced natural
morphism. In particular, for t 2 S we write Y t D f �1.t/. Also, notice that since the
setup is symmetric, TY D YT and there is a natural morphism �Y W TY ! Y ;

YT D TY

fT

��

�Y �� Y

f

��
T �

�� S

Similarly, for a sheaf F on Y , FT D F� denote by ��Y F the pull-back sheaf on YT . In
addition, if T D SpecF , then YT will also be denoted by YF .

DEFINITION 2.16. Let B be a smooth variety over k, and 	 � B a closed subset. A
family over B is variety X together with a flat projective morphism f WX ! B with
connected fibers. A family f WX ! B is isotrivial if Xa ' Xb for any pair of general
points a; b 2 B .
DEFINITION 2.17. LetB be a smooth variety over k, and	 � B a closed subset. Further
let h 2 QŒt � be a polynomial. A family f WX ! B is admissible (with respect to .B;	/
and h) if
(2.17.1) X is smooth,
(2.17.2) f WX ! B is not isotrivial,
(2.17.3) 	 contains the discriminant locus of f , i.e., the map f WX n f �1.	/! B n	

is smooth, and
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(2.17.4) Xb is projective and !Xb
is ample with Hilbert polynomial �.X;!˝m

Xb
/ D h.m/

for all b 2 B n	.
Two admissible families are equivalent if they are isomorphic over B n	.

If the relative dimension of f is 1 we will use the genus ofXb instead of the Hilbert
polynomial of !Xb

. Recall that in dimension 1 these are equivalent pieces of information.

2.G Parameter spaces and deformations of families

In general, deforming an object means to include that object in a family. We will discuss
this at length with respect to moduli spaces.

Given a family f WX ! B , we say that B parameterizes the members of the
family. If all members of a class C of varieties appear as fibers of f and all fibers are
members of C, then we say that B is a parameter space for the class C. Note that we do
not require that the members of C appear only once in the family as with moduli spaces
cf. (11.13).

We will see a very useful parameter space; the Hilbert scheme, Chapter 12. For
more on parameter spaces in general see [Harr95, Lectures 4, 21].

We will also study something slightly different and there is a potentially confusing
point here. Our main objects of study are families, that is, deformations of their members.
However, in Chapter 16 we will consider our families as the objects and not the defor-
mations. In other words, we want to look at deformations of these families. This works
just the same way as deformations of other objects. In addition, we want to fix the base of
these families, so we are interested in deformations leaving the base fixed, which makes
both the notation and the theory easier.

A deformation of a family f WX ! B with the base fixed is a familyX ! B
T ,
where T is connected and for some t0 2 T we have

�
Xt0 ! B 
 ft0g

� ' .X ! B/:

X ' Xt0

f

��

�� X

��
B ' B 
 ft0g �� B 
 T:

We say that two families X1 ! B and X2 ! B have the same deformation type if
they can be deformed into each other, i.e., if there exists a connected T and a family
X ! B 
T such that for some t1; t2 2 T ,

�
Xti ! B 
 ftig

� ' .Xi ! B/ for i D 1; 2.
We will consider deformations of admissible families. It will be advantageous to

restrict to deformations of the family over B n 	. Doing so potentially allows more de-
formations than over the original base B: it can easily happen that a deformation over
B n 	, that is, a family X ! .B n 	/ 
 T , cannot be compactified to a (flat) family
over B 
 T , because the compactification could contain fibers of higher than expected
dimension. This however, will not cause any problems.





CHAPTER 3

Singularities

In addition to the fact that the mmp forces us to work with singularities, it is also necessary
to allow our objects to have singularities in order to accomplish our goal of classifying all
canonical models via constructing moduli spaces.

Even if we were only interested in smooth objects, their degenerations provide im-
portant information. In other words, it is always useful to find complete moduli problems,
i.e., extend our moduli functor so that it admits a complete/compact (and preferably pro-
jective) coarse moduli space. This also leads to having to consider singular varieties.

On the other hand, we will have to be careful to limit the kind of singularities that
we allow in order to be able to handle them and to obtain a moduli space with a reasonable
geometry. It turns out that the constraints imposed by these (and other) issues lead roughly
to the same class of singularities.

We will start by considering some examples.

3.A Canonical singularities

For an excellent introduction to this topic the reader is urged to take a thorough look at
Miles Reid’s Young person’s guide to canonical singularities [Rei87]. Here we will only
briefly touch on the subject.

Let X be a minimal surface of general type that contains a .�2/-curve (a smooth
rational curve with self-intersection �2). For an example of such a surface consider the
following.
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EXAMPLE 3.1. zX D .x5Cy5Cz5Cw5 D 0/ � P3 with theZ2-action that interchanges
x $ y and z $ w. This action has five fixed points, Œ1 W 1 W �"i W �"i � for i D
1; : : : ; 5 where " is a primitive 5-th root of unity. Consequently the quotient zX

.
Z2

has

five singular points, each a simple double point of type A 1. Let X ! zX.Z2
be the

minimal resolution of singularities. Then X contains five .�2/-curves, the exceptional
divisors over the singularities.

Let us return to the general case, that is, X is a minimal surface of general type that
contains a .�2/-curve, C � X . As C ' P1, and X is smooth, the adjunction formula
gives us that KX � C D 0. ThereforeKX is not ample.

On the other hand, since X is a minimal surface of general type, it follows thatKX

is semiample, that is, some multiple of it is base-point free. In other words, there exists a
morphism,

�m W X ! Xcan � P.H 0.X;OX .mKX ///:

This follows from various results, for example Bombieri’s classification of pluri-canonical
maps, but perhaps the simplest proof is provided by Miles Reid [Rei97, E.3].

It is then relatively easy to see that this morphism onto its image is independent of
m. This constant image is called the canonical model of X , let us denote it byX can. Note
that Xcan D Proj˚m�0H

0.X;OX .mKX//.
The good news is that the canonical divisor of Xcan is Cartier and ample, but the

trouble is that the surface Xcan can be singular. However, the singularities that may occur
are not too bad, so that we still have a good chance to study the geometry of X via its
canonical model Xcan. In fact, the singularities that can occur on the canonical model
of a surface of general type belong to a much studied class. This class goes by several
names; they are called Du Val singularities, or rational double points, or Gorenstein,
canonical. For more on these singularities, we refer the reader to [Dur79], [Rei87]. It
turns out that if f W Y ! X is the minimal resolution of a surface X with canonical
singularities, then KY D f �KX . Note also that if f 0 W Y 0 ! X is any resolution of X ,
then f 0 factors through 
 W Y 0 ! Y and so KY 0 D 
�KY C E D f 0�KX C E where E
is an effective divisor whose support coincides with Ex.
/.

In higher dimensions, the situation is similar. The class of canonical singularities is
defined to be exactly the class of singularities occuring in the canonical model X can D
Proj˚m�0H

0.X;OX .mKX// of a projective variety of general type. (Note thatX can will
exist if and only if ˚m�0H

0.X;OX .mKX // is finitely generated cf. (5.75).) It turns out
that a variety X has canonical singularities if and only if there is a positive integer r
such that rKX is Cartier and for any resolution f W Y ! X , we have that rKY D
f �.rKX/ C E where E is an effective (and f -exceptional) divisor (cf. [Rei87]). Note
that thenH 0.Y;OY .mKY // ' H 0.X;OX .mKX// for all m > 0.

Terminal singularities are similarly defined by requiring that the support of E con-
tain all f -exceptional divisors.

Note that even though in dimension � 3 there is no “minimal desingularization”,
given a variety X with canonical singularities, we may find a “partial desingularization”
f W Y ! X such that Y has terminal singularities andKY D f �KX . It then follows that
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for any desingularization f 0 W Y 0 ! X that factors through a morphism 
 W Y 0 ! Y , we
have KY 0 D 
�KY C E D f 0�KX C E where E is an effective divisor whose support
coincides with the set of 
-exceptional divisors cf. (5.41).

3.B Cones

Let C � P2 be a curve of degree d and X � P3 the projectivized cone over C . As X is
a degree d hypersurface, it admits a smoothing.

EXERCISE 3.2. Let„ D .xd Cyd Czd C twd D 0/ � P3
xWyWzWw 
A1

t . The special fiber
„0 is a cone over a smooth plane curve of degree d and the general fiber „ t , for t ¤ 0,
is a smooth surface of degree d in P3.

This, again, suggests that we should deal with some singularities. The question is,
whether we can limit the type of singularities we must deal with. In particular, in the
above example, can we limit the type of cones we need to deal with?

First we need an auxiliary computation.

EXERCISE 3.3. Let W be a smooth variety and X D X1 [ X2 � W such that X1 and
X2 are Cartier divisors inW . Prove that

(3.3.1) KX is ample , KX

ˇ̌
Xi
D KXi

CX3�i

ˇ̌
Xi

is ample for i D 1; 2:

Next, let X be a normal projective surface with KX ample and an isolated singular
point P 2 SingX . Assume that X is isomorphic to a cone „0 � P3 as in Example 3.2
locally analytically near P . Further assume that X is the special fiber of a smoothing
family„ that itself is smooth. We would like to see whether we may resolve the singular
point P 2 X and still stay within our moduli problem, i.e., that K would remain ample.
For this purpose we may assume that P is the only singular point of X .

Let ‡ ! „ be the blowing-up of P 2 „ and let zX denote the strict transform of
X . Then ‡0 D zX [ E where E ' P2 is the exceptional divisor of the blow-up. Clearly,
� W zX ! X is the blow-up of P onX , so it is a smooth surface and zX \E is isomorphic
to the degree d curve over which X is locally analytically a cone.

We would like to determine the condition ond that ensures that the canonical divisor
of ‡0 is still ample. According to (3.3.1) this means that we need that KE C zX ˇ̌

E
and

K zX C E
ˇ̌
zX be ample.

As E ' P2, !E ' OP2.�3/, so OE .KE C zX ˇ̌
E
/ ' OP2.d � 3/. This is ample if

and only if d > 3.
As this computation is local near P the only relevant issue about the ampleness of

K zX C E
ˇ̌
zX is whether it is ample in a neighbourhood of EX WD E

ˇ̌
zX . By (3.4) this is

equivalent to asking when .K zX C EX / �EX is positive.

EXERCISE 3.4. Let Z be a smooth projective surface with non-negative Kodaira dimen-
sion and 
 � Z an effective divisor. If .KZ C
/ �C > 0 for every proper curveC � Z,
thenKZ C 
 is ample.
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Now, observe that by the adjunction formula .K zX C EX / � EX D degKEX
D

d.d � 3/ as EX is isomorphic to a plane curve of degree d . Again, we obtain the same
condition as above and thus conclude thatK‡0

is ample if and only if d > 3.
Since the objects that we consider in our moduli problemmust have an ample canon-

ical class, we may only replace X by ‡0 if d > 3. For our moduli problem this means
that we have to allow cone singularities over curves of degree d � 3. The singularity we
obtain for d D 2 is a rational double point, but the singularity for d D 3 is new and it is
not even rational.

EXERCISE 3.5. Let X � Pn be a smooth variety and CX � PnC1 be the projectivized
cone. For any divisor D on X , consider the divisor corresponding to CD � CX . Show
that CD is Q-Cartier if and only if OX .kD/ ' OX .j / for some k 2 Z>0 and j 2 Z.

3.C Log canonical singularities

Let us investigate the previous situation under more general assumptions.

COMMENTARY 3.6. One of our ultimate goals is to construct a moduli space for canon-
ical models of varieties. We are already aware that the minimal model program has to
deal with singularities and so we must allow some singularities on canonical models. We
would also like to understand what constraints the goal of constructing a moduli space
imposes. The point is that in order to construct our moduli space, the objects must have
an ample canonical class. It is possible that a family of canonical models degenerates to
a singular fiber that has singularities worse than the original canonical models. An im-
portant question then is whether we may resolve the singularities of this special fiber and
retain ampleness of the canonical class. The next example shows that this is not always
the case.

COMPUTATION 3.7. LetD DPr
iD0 �iDi (�i 2 N) be a divisor with only normal cross-

ing singularities in some smooth ambient variety such that �0 D 1. Using a generalized
version of the adjunction formula shows that in this situation (3.3.1) remains true.

(3.7.1) KD

ˇ̌
D0
D KD0

C
rX

iD1

�iDi

ˇ̌
D0
:

Let f W „! B a projective family with dimB D 1,„ smooth andK„b
ample for

all b 2 B . Further let X D „b0
for some b0 2 B a singular fiber and let � W ‡ ! „

be an embedded resolution of X � „. Finally let Y D � �X D zX CPr
iD1 �iFi where

zX is the strict transform of X and Fi are exceptional divisors for � . We are interested in
finding conditions that are necessary forKY to remain ample (cf. (3.6)).

Let Ei WD Fi

ˇ̌
zX be the exceptional divisors for � W zX ! X and for simplicity of

computation, assume that the Ei are irreducible. ForKY to be ample we need that KY

ˇ̌eX
as well as KY

ˇ̌
Fi

for all i are all ample. We focus onKY

ˇ̌eX for which by (3.7.1) we have
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that

KY

ˇ̌
zX D K zX C

rX
iD1

�iEi :

As usual, we may write K zX D ��KX CPr
iD1 aiEi , so we are looking for conditions to

guarantee that ��KX C
P
.ai C�i /Ei is ample. In particular, its restriction to any of the

Ei has to be ample. To further simplify our computation let us assume that dimX D 2.
Then the condition that we want satisfied is that for all j ,

(3.7.2)

 
rX

iD1

.ai C �i/Ei

!
�Ej > 0:

Let
EC D

X
aiC�i�0

jai C �i jEi , and

E� D
X

aiC�i <0

jai C �i jEi , so

rX
iD1

.ai C �i /Ei D EC � E�:

Choose a j such that Ej � suppEC. Then E� �Ej � 0 since Ej 6� E� and since
(3.7.2) implies that .EC � E�/ � Ej > 0. These together imply that EC � Ej > 0 and
so E2C > 0. However, the Ei are exceptional divisors of a birational morphism, so their
intersection matrix, .Ei �Ej / is negative definite.

The only way this can happen is if EC D 0. In other words, ai C �i < 0 for all i .
However, the �i are positive integers, so a necessary condition forKY to remain ample is
that ai < �1 for all i D 1; : : : ; r .

The definition of a log canonical singularity is the exact opposite of this condition.
It requires that X be normal and for any resolution of singularities, say Y ! X , we have
that ai � �1 for all i . The above argument shows that we stand a fighting chance to
preserve the ampleness of the canonical bundle if we resolve singularities that are worse
than log canonical, but have no hope to do so with log canonical singularities. In other
words, this is another class of singularities that we have to allow in order to construct
moduli spaces of canonically polarized varieties. Actually, the class of singularities we
obtained for the cones in the previous subsection belong to this class as well. In fact, all
the normal singularities that we have considered so far belong to this class.

The good news is that by now we have covered pretty much all the ways that some-
thing can go wrong and found the class of normal singularities we must allow for our
moduli problem.

It turns out that we also have to deal with some non-normal singularities and in
fact in the above example we have not really needed that X be normal. In the next few
subsections we will see examples of non-normal singularities that we will have to handle.
In particular, we will see that we have to allow the non-normal cousins of log canonical
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singularities. These are called semi-log canonical singularities and the reader can find
their definition in Section 3.F.

3.D Normal crossings

A normal crossing singularity is one that is locally analytically (or formally) isomorphic
to the intersection of coordinate hyperplanes in a linear space. In other words, it is a
singularity locally analytically defined as .x1x2 � � �xr D 0/ � An for some r � n. In
particular, as opposed to the curve case, for surfaces it allows for triple intersections.
However, triple (or higher) intersections may be “semi-resolved”: Let X D .xyz D 0/ �
A3. Blow-up the origin O 2 A3, � W BlOA3 ! A3 and consider the strict transform of
X , � W zX ! X . Observe that zX has only double normal crossings and the morphism � is
an isomorphism over X n fOg. Therefore, this is a semi-resolution as defined in ( 3.13.4).
Double normal crossings cannot be resolved the same way, because the double locus is of
codimension 1, so any morphism from any space with any kind of singularities that are
not double normal crossings would fail to be an isomorphism in codimension 1.

Since normal crossings are (analytically) locally defined by a single equation, they
are Gorenstein and hence the canonical sheaf !X is still a line bundle and so it makes
sense to require it to be ample.

These singularities naturally appear in the construction of moduli spaces. Consider
for example the moduli space of stable curves which is a natural compactification of
the moduli space of smooth projective curves. A stable curve is a projective curve with
only normal crossing singularities and an ample canonical bundle. These are naturally
degenerations of smooth projective curves of the same genus. By stable reduction (cf.
[KKMSD73], [HMo98, §3.C], [KM98, §7.2]) every degeneration may be “resolved” to a
stable one. These together imply that the moduli functor of stable curves of a given genus
is a natural compactification of the moduli functor of smooth curves of the same genus.

As we want to understand degenerations of our preferred families, we have to allow
normal crossings.

Another important point to remember about normal crossings is that they are not
normal. In particular they do not belong to the previous category. For some interesting
and perhaps surprising examples of surfaces with normal crossings see [Kol07c].

3.E Pinch points

Another non-normal singularity that can occur as the limit of smooth varieties is a pinch
point singularity. It is locally analytically defined as .x2

1 D x2x
2
3/ � An (n � 3). This

singularity is a double normal crossing away from the pinch point. Its normalization is
smooth, but blowing up the pinch point does not make it any better as shown by the
example that follows.

EXAMPLE 3.8. Let X D .x2
1 D x2

2x3/ � A3, where x1; x2; x3 are linear coordinates on
A3, O D .0; 0; 0/ and compute BlOX . First, recall that
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BlOA3 D .xiyj D xj yi ji; j D 1; 2; 3/ � A3 
 P2;

where y1; y2; y3 are homogenous coordinates on P2.
(3.8.1) Assume that y1 D 1. Then x2 D x1y2 and x3 D x1y3 and the equation of

the preimage of X becomes x2
1 D x3

1y
2
2y3. This breaks up into x2

1 D 0 and
1 D x1y

2
2y3. The former equation defines the exceptional divisor and the latter

defines the strict transform of X , i.e., BlOX . This does not have any points over
O 2 X , so on this chart, the blow-up morphism BlOX ! X is an isomorphism
and BlOX is smooth.

(3.8.2) Assume that y2 D 1. Then x1 D x2y1 and x3 D x2y3 and the equation of
the preimage of X becomes x2

2y
2
1 D x3

2y3. This breaks up into x2
2 D 0 and

y2
1 D x2y3. Again, the former equation defines the exceptional divisor and the

latter the strict transform of X , BlOX . Notice that on this chart a coordinate
system is given by x2; y1; y3 and the equation defines a quadric cone cf. Section
3.B. Then blowing up the vertex of the cone gives a resolution on this chart.

(3.8.3) Assume that y3 D 1. Then x1 D x3y1 and x2 D x3y2 and the equation of
the preimage of X becomes x2

3y
2
1 D x3

3y
2
2 . This breaks up as x2

3 D 0 and
y2

1 D y2
2x3. Again, the former equation defines the exceptional divisor and the

latter the strict transform of X , BlOX . Notice that on this chart a coordinate
system is given by x3; y1; y3 and the latter equation is the same as the one we
started with. So, BlOX again has a pinch point.

This computation shows that the blow-up of a pinch point will be, if anything, more
singular than the original and at best it can be resolved to be a pinch point again.

From this example we conclude that a pinch point singularity cannot be resolved or
even just made somewhat “better” by only trying to change it over the pinch point. It may
only be resolved by taking the normalization. As in the case of double normal crossings,
this is not an isomorphism in codimension 1.

OBSERVATION 3.9. Double normal crossings and pinch points share the following inter-
esting properties:
(3.9.1) Their normalization is smooth.
(3.9.2) The normalization morphism is not an isomorphism in codimension 1.
(3.9.3) It is not possible to find a partial resolution that is an isomorphism in codimen-

sion 1 that would make them better in any reasonable sense.

REMARK 3.10. Notice that all normal crossings share the first two properties, but, in
dimension at least 2, not the third one as they may be partially resolved to double normal
crossings.

We conclude that double normal crossing and pintch point singularities are unavoid-
able. However, at the same time, they should be viewed as the simplest non-normal sin-
gularities. In fact, in some sense they are much simpler than most normal singularities.

Furthermore, all other singularities can be resolved to these: Any reduced scheme
admits a partial resolution to a scheme with only double normal crossings and pinch
points such that the resolution morphism is an isomorphismwherever the original scheme
is smooth, or has only double normal crossings or pinch points [Kol08c]. Of course, this
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only gives a partial resolution that is an isomorphism in codimension 1 if the scheme we
start with has double normal crossings in codimension 1 already. However, this turns out
to be a condition we can achieve.

We will discuss relevant partial resolutions in more detail in (3.13).

3.F Semi-log canonical singularities

As a warm-up, let us first define the normal and more traditional singularities that are
relevant in the minimal model program.

DEFINITION 3.11. A normal variety X is called Q-Gorenstein if KX is Q-Cartier, i.e.,
some integer multiple ofKX is a Cartier divisor. For a Q-Gorenstein varietyX , the index
of X is the smallest positive integerm such that mKX is Cartier cf. Section 2.C.

Let X be a Q-Gorenstein variety and f W zX ! X a resolution of singularities with
normal crossings exceptional divisor E D [E i . Express the canonical divisor of zX in
terms of KX and the exceptional divisors:

K zX D f �KX C
X

aiEi

where ai 2 Q and f�K zX D KX . Then

X has

terminal
canonical

log terminal
log canonical

singularities if

ai > 0;

ai � 0;
ai > �1;
ai � �1;

for all i and any resolution f as above.

EXERCISE 3.12. Let X be a variety with only canonical index 1 singularities. Prove that
then for any resolution of singularities f W zX ! X ,
(3.12.1) f �!X � ! zX , and
(3.12.2) f�! zX ' !X .

DEFINITION 3.13. Let X be a scheme of dimension n and x 2 X a closed point.
(3.13.1) x 2 X is a double normal crossing if it is locally analytically (or formally)

isomorphic to the singularity

f0 2 .x0x1 D 0/g � ˚
0 2 AnC1

�
;

where n � 1.
(3.13.2) x 2 X is a pinch point if it is locally analytically (or formally) isomorphic to

the singularity ˚
0 2 .x2

0 D x2
1x2/

� � ˚
0 2 AnC1

�
;

where n � 2.
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(3.13.3) X is semi-smooth if all closed points ofX are either smooth, or a double normal
crossing, or a pinch point. In this case, unlessX is smooth,DX WD SingX � X
is a smooth .n � 1/-fold. If 
 W zX ! X is the normalization, then zX is smooth
and zDX WD 
�1.DX /! DX is a double cover ramified along the pinch locus.

(3.13.4) A morphism, f W Y ! X is a semi-resolution if
� f is proper,

� Y is semi-smooth,

� no component ofDY is f -exceptional, and

� there exists a closed subset Z � X , with codim.Z;X/ � 2 such that
f
ˇ̌
f �1.XnZ/

W f �1.X nZ/ '! X nZ
is an isomorphism.

Let E denote the exceptional divisor (i.e., the codimension 1 part of the excep-
tional set, not necessarily the whole exceptional set) of f . Then f is a good
semi-resolution if E [DY is a divisor with global normal crossings on Y .

(3.13.5) X has semi-log canonical (resp. semi-log terminal) singularities if
(a) X is reduced,

(b) X is S2,

(c) KX is Q-Cartier, and

(d) there exists a good semi-resolution of singularities f W zX ! X with
exceptional divisor E D [Ei , and we write K zX 
 f �KX CP

aiEi

with ai 2 Q, then ai � �1 (resp. ai > �1) for all i .
REMARK 3.14. Note that a semi-smooth scheme has at worst hypersurface singularities,
so in particular it is Gorenstein (see (3.53)). This implies that a semi-log canonical variety
is Gorenstein in codimension 1.

DEFINITION 3.15. A variety that is Gorenstein in codimension 1 is called G1.

REMARK 3.16. Recall that being normal is equivalent to R1 and S2, that is, X is normal
if and only if it is non-singular in codimension 1 and satisfies Serre’s S 2 condition. At
first sight this condition may suggest that the best thing about being normal is that it is
non-singular in codimension 1. It turns out that in some respect the S 2 condition is much
more important. At the same time, it is harder to have a geometric intuition about this
condition. The main geometric meaning of the S2 condition is that on an S2 variety, func-
tions defined in codimension 1, i.e., outside a codimension 2 subvariety, can be extended
to the entire variety cf. (3.17).

This is what makes normal varieties so useful: by the R1 property there exists a
subvariety of codimension at least 2 that contains all the singularities, and then the S 2

property allows one to work with functions (including sections of line bundles) as if they
were defined on a non-singular variety.

Here we have to make do without normality. However, observe that despite the very
technical definition of a semi-log canonical variety, it has some useful properties. For one
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it is S2, which is of major importance and although it is not R1, it is at least G1, that is, it
is Gorenstein in codimension 1 cf. (3.14), (3.15).

To get a feeling for the S2 condition, we suggest working on the following exercise:

EXERCISE 3.17. Let X be a variety and x 2 X a point. Prove that then depthO X;x � 2
if and only if for any open neighborhoodU of x, every section ofO X overU nfxg extends
uniquely to a section over U . In other words, if � W X n fxg ,! X is the embedding, then
depthOX;x � 2 if and only if ��OXnfxg ' OX .

REMARK 3.18. It is relatively easy to prove that if X has semi-log canonical (resp.
semi-log terminal) singularities, then the condition in (3.13.5d) follows for all good semi-
resolutions.

REMARK 3.19. One may further generalize the notion of semi-log canonical and define
weakly semi-log canonical singularities as those that are seminormal, S2 and with an
appropriately chosen divisor on the normalization, that pair is log canonical. In this con-
text semi-log canonical singularities are exactly those weakly semi-log canonical divisors
that are Gorenstein in codimension 1. For the precise definition and more details on these
singularities and their relationships see [KSS10].

REMARK 3.20. In the definition of a semi-resolution, one could choose to require that
the exceptional set be a divisor. This leads to slightly different notions and at the time of
the writing of this article it has not been settled whether either of the definitions and the
notions of singularities they lead to are unnecessary. For more on singularities related to
semi-resolutions see [KSB88], [Kol92], and [Kol08c].

3.G Pairs

IfX is a normal variety and	 2WDivR.X/ is an effectiveR-divisor such thatKXC	 2
DivR.X/, then we say that .X;	/ is a pair. A pair .X;	/ is called a reduced pair
if all the irreducible components of 	 have multiplicity 1 in 	, i.e., all the irreducible
components of	 are reduced.

A pair .X;	/ has simple normal crossings (or snc for short) if X is smooth, each
irreducible component of Supp.	/ is smooth and, locally analytically, Supp.	/ � X is
isomorphic to the intersection of coordinate hyperplanes in affine space fx 1x2 � � �xr D
0g � An. Often, we will simply say that	 has simple normal crossings. In the literature,
the term snc is sometimes replaced by log smooth.

A log resolution of a pair .X;	/ is a proper birational morphism f W Y ! X such
that Ex.f / is a divisor and .Y; f �1� 	CEx.f // has simple normal crossings. Here Ex.f /
is the exceptional set of f i.e. the set of points on Y at which f is not an isomorphism.

REMARK 3.21. For a particularly accessible treatment of resolutions of singularities, we
recommend [Kol07b].

We will write

(3.21.1) KY C 
 D f �.KX C	/C E
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where f�KY D KX , 
 and E are effective R-divisors with no common components,
f�
 D 	 and f�E D 0. Note that such E and 
 are uniquely determined by f W
Y ! X . Let F be any prime divisor on Y , then the discrepancy of F with respect to
.X;	/ is given by a.F IX;	/ D multF .E �
/. Note that for any divisor F over Y , the
discrepancy a.F IX;	/ is independent of the choice of Y . The total discrepancy and the
discrepancy of a pair .X;	/ are defined by

totaldiscrep.X;	/ WD infE fa.EIX;	/jE is a divisor over Xg; and
discrep.X;	/ WD infE fa.EIX;	/jE is an exceptional divisor over Xg:

If V ¤ ; is a linear series on X and f is a log resolution of a log pair .X;	/ such
that Mov.f �V / is base point free and Fix.f �V / C f �1� 	C Ex.f / has simple normal
crossings, then f is a log resolution of .X;	/ and V . If f is a log resolution of .X; 0/
and V , we will simply say that f is a log resolution of V .

A non-kawamata log terminal place or non-klt place of a pair .X;	/ is a divisor
F overX with a.F IX;	/ � �1 and a center of non-kawamata log terminal singular-
ities or non-klt center is the image of any non-klt place. In the literature, non-klt places
and centers are often called log canonical places and centers.

A pair .X;	/ is canonical (resp. terminal) if for any divisor F exceptional over
X we have that a.F IX;	/ � 0 (resp. a.F IX;	/ > 0) i.e. if discrep.X;	/ � 0 (resp.
discrep.X;	/ > 0). It is known that if .X;	/ is a canonical surface, then it has at worst
DuVal singularities (cf. [KM98, 4.2]) and if .X;	/ is a terminal surface, then it is smooth.

A pair .X;	/ is log canonical or lc (resp. kawamata log terminal or klt) if for
any divisor F over X we have that a.F IX;	/ � �1 (resp. a.F IX;	/ > �1), i.e., if
totaldiscrep.X;	/ � �1 (resp. totaldiscrep.X;	/ > �1). It suffices to check the above
condition on any given log resolution of .X;	/. If .X; 0/ is klt, then we say that X is log
terminal.

A pair .X;	/ is divisorially log terminal or dlt if the coefficients of 	 are � 1

and there is a log resolution f W Y ! X of .X;	/ such that a.F IX;	/ > �1 for all
f -exceptional divisorsF on Y . This is equivalent to requiring that there is a closed subset
Z � X such that .X�Z;	jX�Z/ has simple normal crossings and, if F is an irreducible
divisor over X with center contained in Z, then a.F IX;	/ > �1 cf. [Sza94]. If S is an
irreducible component of the intersection of components of b	c, then S is normal and
the pair .S;	S/ defined by adjunction .KX C 	/jS D KS C 	S is also dlt. Moreover,
we have the following:

Theorem 3.22. Let .X;	/ be a dlt pair and V be a linear series whose base locus
contains no non-klt centers of .X;	/. Then there exists a log resolution of .X;	/ and V
which is an isomorphism along the generic point of each stratum of .X; b	c/.
Proof. See [Sza94]. �

If .X;	/ is a pair such that a.F IX;	/ > �1 for all irreducible f -exceptional
divisors F over X , then we say that .X;	/ is purely log terminal or plt. In this case
b	c D S is a disjoint union of normal prime divisors. If S is irreducible, then the pair
.S;	S/ defined by adjunction .KX C	/jS D KS C	S is klt.
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REMARK 3.23. We will say that KX C	 is lc, klt, dlt, plt, canonical or terminal if so is
.X;	/.

Theorem 3.24 (Adjunction). Let .X;	/ be a lc pair and S � b	c a normal component
of b	c of coefficient 1. Then there is a naturally defined R-divisor 	S on S such that:
(3.24.1) .KX C	/jS D KS C	S ;
(3.24.2) If .X;	/ is dlt, then S is normal and .S;	S/ is dlt;
(3.24.3) If .X;	/ is plt, then KS C	S is klt;
(3.24.4) If .X; S/ is plt, then the coefficients of 	S at a codimension 1 point P have the

form .r � 1/=r where r is the index of S at P (equivalently, r is the index of
KX C S at P or r is the order of the cyclic group Weil.OX;P /). It follows that
if 	 DP

ıi	i , then multP .	jS/ D
P mi ıi

r
where mi 2 Z�0;

(3.24.5) If .X;	/ is plt, f W Y ! X is a proper birational morphism of normal va-
rieties T D f �1� S and KY C 
 D f �.KX C 	/ C E as in (3.21.1), then
.f jT /�.EjT / D 0 and .f jT /�.
T / D 	S where .KY C 
/jT D KT C 
T .

Proof. See §16 of [Kol92]. �

REMARK 3.25. In the literature, the divisor 	S is known as the different and it is often
denoted by Diff.	 � S/.
REMARK 3.26. Du Val singularities are discussed in §4 of [KM98]. Terminal and canon-
ical 3-fold singularities are discussed in [Rei87]. A generalization of klt, lc, canonical,
terminal pairs to the context whereKX C	 is not R-Cartier is defined in [HdF08].

EXERCISE 3.27. LetX be the cone over a rational curve of degree nwith vertexO 2 X .
Show that discrep.X;O/ D �1C 2=n.
EXERCISE 3.28. Let X be the cone over an elliptic curve. Show that X is lc but not klt.
Show that X does not have rational singularities.

EXERCISE 3.29. Let S � X be a line on the cone over a rational curve of degree n.
Show that .X; S/ is plt and compute .KX C S/jS .
EXERCISE 3.30. Let S � X D fy3 D x2g � C2 be a cusp in the plane. Show that
.X; tS/ is klt for t < 5=6.

EXERCISE 3.31. Show that if .X;	/ is a pair and a.F IX;	/ < �1 for some divisor F
overX , then minfa.F IX;	/g D �1.

EXERCISE 3.32. Show that if .X;	/ is a pair, then either discrep.X;	/ D �1 or
�1 � totaldiscrep:.X;	/ � discrep.X;	/ � 1.
EXERCISE 3.33. Show that if .X;	 D P

di	i / is a pair with 0 � di � 1 and Supp.	/
has simple normal crossings, then discrep.X;	/ is given by the minimum between 1,
1� di and 1 � di � dj where	i intersects	j .

EXERCISE 3.34. Show that if .X;	/ is a dlt pair (resp. and B.	/ contains no non-klt
center of .X;	/), then there exists an R-divisor 	0 (resp. 	0 �R 	) such that .X;	0/

is a klt pair. In particular, the non-klt centers of .X;	/ are contained in Supp.	/.
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EXERCISE 3.35. Show that if .X;	/ klt and KX C 	 is big, then for any 0 < " � 1,
there is a klt pair .X;	0/ such that 	0 is big andKX C	0 �R .1C "/.KX C	/.
EXERCISE 3.36. Let .X;	/ be a klt pair, then we may find a projective birational mor-
phism f W Y ! X such that if we writeKY C
 D f �.KXC	/CE as in (3.21.1), then
.Y; 
/ is snc and the irreducible components of b
c are disjoint. In particular .Y; 
/ is
terminal. Similarly if .X;	/ is plt, S D b	c is irreducible and T D f �1� S , then .Y; 
/
is snc and .T; .
 � T /jT / is terminal.

3.H Vanishing theorems

Vanishing theorems have played a central role in algebraic geometry for the last couple of
decades, especially in classification theory. Kollár [Kol87c] gives an introduction to the
basic use of vanishing theorems as well as a survey of results and applications available at
the time. For more recent results one should consult [EV92], [Ein97], [Kol97b], [Smi97],
[Kov00c], [Kov02], [Kov03a], [Kov03b]. Because of the availability of these surveys, we
will only recall statements that are important in this book. However, we should note that
the single most crucial ingredient of the vanishing theorems discussed here come from
the fact that the Hodge-to-de Rham spectral sequence degenerates at the E 1 level (3.55.4)
and its straightforward consequence that the natural map

H i .X;C/! H i .X;OX /

is surjective (3.56.1) cf. [Kol95, §9].
Any discussion of vanishing theorems should start with the fundamental vanishing

theorem of Kodaira.

Theorem 3.37 [Kod53]. Let X be a smooth complex projective variety and L an ample
line bundle on X . Then

H i .X; !X ˝L / D 0 for i > 0:

This has been generalized in several ways, but as noted above we will restrict to a
select few. The original statement of Kodaira was generalized by Grauert and Riemen-
schneider to allow semi-ample and big line bundles in place of ample ones.

Theorem 3.38 [GR70]. Let X be a smooth complex projective variety and L a semi-
ample and big line bundle on X . Then

H i .X; !X ˝L / D 0 for i > 0:

In fact, probably the most frequently used form of this vanishing theorem is the
relative version:

Theorem 3.39 [GR70]. Let X be a smooth variety, � W X ! Y a projective birational
morphism, and L a semi-ample line bundle on X . Then

Ri��.!Y ˝L / D 0 for i > 0:
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Note that as � is birational, then L is automatically �-big.
The “semi-ample” hypothesis was later replaced by the weaker “nef” hypothesis by

Kawamata and Viehweg.

Theorem 3.40 [Kaw82a, Vie82]. Let X be a smooth complex projective variety and L
a nef and big line bundle on X . Then

H i .X; !X ˝L / D 0 for i > 0:

REMARK 3.41. We will need a more general version of this theorem which is stated in
(3.45).

Akizuki and Nakano extendedKodaira’s vanishing theorem to include other exterior
powers of the sheaf of differential forms.

Theorem 3.42 (Akizuki-Nakano [AN54]). Let X be a smooth complex projective vari-
ety and L an ample line bundle on X . Then

H q.X;�
p
X ˝L / D 0 for p C q > dimX:

REMARK 3.43. Ramanujam [Ram72] gave a simplified proof of (3.42) and showed that
it does not hold if one only requires L to be semi-ample and big.

The following generalization of (3.42) to sheaves of logarithmic differential forms,
due to Esnault and Viehweg, is also important in many applications.

Theorem 3.44 [EV90, 6.4]. Let X be a smooth complex projective variety, L an ample
line bundle andD a normal crossing divisor onX . Then

H q
�
X;�

p
X.logD/˝L

� D 0 for p C q > dimX:

Extending the known vanishing theorems in a different direction, Navarro-Aznar
et al. proved a version of the Kodaira-Akizuki-Nakano vanishing theorem for singular
varieties that implies the above stated theorems: (3.37), (3.38), and (3.42). For details see
[Nav88] in [GNPP88] and Theorem 16.62 in Chapter 16.

Next we recall the general version of the Kawamata-Viehweg vanishing theorem
that we will need in the sequel. This is a technical result that is used extensively through-
out the minimal model program. Note that it is known to fail in characteristic p > 0 and
this failure is the main reason why the results described in this book do not readily extend
to characteristic p > 0.

Theorem 3.45 (Kawamata-Viehweg vanishing). Let f WY ! X be a proper morphism
of quasi-projective varieties with Y smooth, L a Cartier divisor on Y which is numeri-
cally equivalent toM C	 whereM is an f -nef and f -big R-Cartier divisor and .Y;	/
is klt. Then

Rjf�OY .KY C L/ D 0 for j > 0:

This vanishing theorem has many important consequences. Here we recall a few.
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Corollary 3.46. Let f WY ! X be a projective morphism of quasi-projective varieties
with Y smooth, .Y; 
/ a dlt pair and L a Cartier divisor such that L � .KY C 
/ is
f -ample; then

Rjf�OY .L/ D 0 for j > 0:

Proof. See [KM98, 2.68]. �

Not suprisingly Kawamata-Viehweg vanishing has interesting applications to the
study of the singularities of klt pairs. Perhaps the most well-known result in this direction
is a theorem of Elkik (see (15.9)) stating that klt singularities are rational.

Next we recall another consequence of Kawamata-Viehweg vanishingwhich is used
to prove a version of inversion of adjunction.

Theorem 3.47 (Kollár-Shokurov Connectedness). Let f W Y ! X be a proper bira-
tional morphism where Y is smooth and X is normal. If D D P

diDi is an R-divisor
with simple normal crossings support such that f�D � 0 and �.KY CD/ is f -nef, then
Supp.

P
i Wdi�1Di / is connected in a neighborhood of any fiber of f .

Proof. See [KM98, 5.48]. �

REMARK 3.48. Kollár and Kovács (cf. [KK10, 5.1]) have generalized (3.47) to the con-
text where f W Y ! X is a proper (not necessarily birational) morphism with connected
fibers between normal varieties. In this situation, .Y;	/ is dlt and KY C 	 �Q;f 0.
For an arbitrary x 2 X let U denote an étale local neighbourhood of x 2 X . Then
f �1.U /\ nklt.Y;	/ is either
(3.48.1) connected, or
(3.48.2) has two connected components, both of which dominateU and .Y;	/ is plt near

f �1.x/.

The following corollary of (3.47) is known as inversion of adjunction.

Corollary 3.49. Let .X; S C B/ be a pair such that S � X is a normal reduced Weil
divisor. We write .KX C S C B/ D KS C BS as in (3.24). Then .X; S C B/ is plt on a
neighborhood of S if and only if .S; BS / is klt.

Proof. Exercise (or see [KM98, 5.50]). �

REMARK 3.50. By a result of Kawakita (cf. [Kaw07]) a similar result holds for lc pairs:
If .X; S C B/ is a pair and S � X is a reduced Weil divisor with normalization S � !
S , then .X; S C B/ is lc on a neighborhood of S if and only if .S �; BS� / is lc where
.KX C S C B/jS� D KS� C BS� as in (3.24).

EXERCISE 3.51. Show that (3.45) implies (3.46).

3.I Rational and Du Bois singularities

These are among the most important classes of singularities, especially for the goals of
this manuscript. The essence of rational singularities is that their cohomological behavior
is very similar to that of smooth points. For instance, vanishing theorems can be easily
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extended to varieties with rational singularities. Establishing that a certain class of sin-
gularities is rational opens the door to using very powerful tools on varieties with those
singularities. Du Bois singularities are probably harder to appreciate at first, but they are
equally important. Their main importance comes from two facts: They are not too far
from rational singularities, that is, they share many of their properties, but the class of
Du Bois singularities is more inclusive than that of rational singularities. For instance,
log canonical singularities are Du Bois, but not necessarily rational.

DEFINITION 3.52. Let X be a normal variety and � W Y ! X a resolution of singulari-
ties. X is said to have rational singularities if Ri��OY D 0 for all i > 0, or equivalently
if the natural map OX ! R��OY is a quasi-isomorphism.

A very useful property of rational singularities is that they are Cohen-Macaulay.We
will define this notion next.

DEFINITION 3.53. A finitely generated non-zero moduleM over a noetherian local ring
R is called Cohen-Macaulay if its depth overR is equal to its dimension. For the defini-
tion of depth and dimension we refer the reader to [BH93]. The ring R is called Cohen-
Macaulay if it is a Cohen-Macaulay module over itself.

Let X be a scheme and x 2 X a point. We say that X has Cohen-Macaulay
singularities at x (or simply X is CM at x), if the local ring OX;x is Cohen-Macaulay.

If in addition,X admits a dualizing sheaf !X which is a line bundle in a neighbour-
hood of x, then X is Gorenstein at x.

The scheme X is Cohen-Macaulay (resp. Gorenstein) if it is Cohen-Macaulay
(resp.Gorenstein) at x for all x 2 X .

Du Bois singularities are defined via Deligne’s Hodge theory and so their strong
connection to the singularities discussed above might seem unexpected. Nevertheless,
they play a very important role. We will also need a little preparation before we can
define these singularities.

The starting point is Du Bois’s construction, following Deligne’s ideas, of the gen-
eralized de Rham complex, which we call the Deligne-Du Bois complex. Recall, that if
X is a smooth complex algebraic variety of dimension n, then the sheaves of differential
p-forms with the usual exterior differentiation give a resolution of the constant sheaf C X .
I.e., one has a complex of sheaves,

OX
d �� �1

X

d �� �2
X

d �� �3
X

d �� : : : d �� �n
X
' !X ;

which is quasi-isomorphic to the constant sheaf CX via the natural map CX ! OX given
by considering constants as holomorphic functions on X . Recall that this complex is not
a complex of quasi-coherent sheaves. The sheaves in the complex are quasi-coherent,
but the maps between them are not OX -module morphisms. Notice however that this is
actually not a shortcoming; as CX is not a quasi-coherent sheaf, one cannot expect a
resolution of it in the category of quasi-coherent sheaves.

The Deligne-Du Bois complex is a generalization of the de Rham complex to sin-
gular varieties. It is a complex of sheaves on X that is quasi-isomorphic to the constant
sheaf, CX . The terms of this complex are harder to describe but its properties, especially
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cohomological properties, are very similar to the de Rham complex of smooth varieties.
In fact, for a smooth variety the Deligne-Du Bois complex is quasi-isomorphic to the
de Rham complex, so it is indeed a direct generalization.

The construction of this complex,�
�

X , is based on simplicial resolutions. The reader
interested in the details is referred to the original article [DB81]. Note also that a sim-
plified construction was later obtained in [Car85] and [GNPP88] via the general theory
of polyhedral and cubic resolutions. An easily accessible introduction can be found in
[Ste85]. Other useful references are the recent book [PS08] and the survey [KS09]. We
will actually not use these resolutions here. They are needed for the construction, but if
one is willing to believe the listed properties (which follow in a rather straightforward
way from the construction), then one should be able follow the material presented here.

Recently Schwede found a simpler alternative construction of (part of) the Deligne-
Du Bois complex that does not need a simplicial resolution (3.60). This allows one to
define Du Bois singularities (3.54) without needing simplicial resolutions and it is quite
useful in applications. For applications of the Deligne-Du Bois complex and Du Bois
singularities other than the ones listed here see [Ste83], [Kol95, Chapter 12], [Kov99,
Kov00c].

The word “hyperresolution” will refer to either a simplicial, polyhedral, or cubic
resolution. Formally, the construction of� �

X is the same regardless of the type of resolu-
tion used and no specific aspects of either types will be used.

The following definition is included to make sense of the statements of some of
the forthcoming theorems. It can be safely ignored if the reader is not interested in the
detailed properties of the Deligne-Du Bois complex and is willing to accept that it is a
very close analog of the de Rham complex of smooth varieties.

DEFINITION 3.54. Let X be a complex scheme andD a closed subscheme whose com-
plement in X is dense. Then .X � ;D �/! .X;D/ is a good hyperresolution if X � ! X

is a hyperresolution, and if U � D X � 
X .X nD/ andD � D X � nU � , thenDi is a divisor
with normal crossings on Xi for all i . (For a primer on hyperresolutions see the appendix
of [KS09].)

Let X be a complex scheme (i.e., a scheme of finite type over C) of dimension n.
Let Dfilt.X/ denote the derived category of filtered complexes of O X -modules with dif-
ferentials of order� 1 andDfilt;coh.X/ the subcategory ofDfilt.X/ of complexesK � , such
that for all i , the cohomology sheaves of Gr i

filtK
�

are coherent cf. [DB81], [GNPP88].
LetD.X/ andDcoh.X/ denote the derived categories with the same definition except that
the complexes are assumed to have the trivial filtration. The superscripts C;�; b carry
the usual meaning (bounded below, bounded above, bounded). Isomorphism in these cat-
egories is denoted by 'qis . A sheafF is also considered as a complexF

�

withF 0 D F
and F i D 0 for i ¤ 0. If K

�

is a complex in any of the above categories, then h i .K
�

/

denotes the i -th cohomology sheaf of K
�

.
The right derived functor of an additive functorF , if it exists, is denoted by RF and

RiF is short for hi ı RF . Furthermore, Hi , Hi
Z , and H i

Z will denote Ri
 , Ri
Z , and
RiHZ respectively, where 
 is the functor of global sections, 
Z is the functor of global
sections with support in the closed subset Z, and HZ is the functor of the sheaf of local
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sections with support in the closed subset Z. Note that according to this terminology, if
�WY ! X is a morphism and F is a coherent sheaf on Y , then R��F is the complex
whose cohomology sheaves give rise to the usual higher direct images of F .

Theorem 3.55 [DB81, 6.3, 6.5]. Let X be a complex scheme of finite type and D a
closed subscheme whose complement is dense in X . Then there exists a unique object
�

�

X .logD/ 2 ObDfilt.X/ such that using the notation

�
p
X .logD/ WD Gr

p
filt�

�

X .logD/Œp�;

it satisfies the following properties:
(3.55.1) Let j WX nD ! X be the inclusion map. Then

�
�

X .logD/ 'qis Rj�CXnD :

(3.55.2) �
�

._/ .log._// is functorial, i.e., if �WY ! X is a morphism of complex schemes
of finite type, then there exists a natural map �� of filtered complexes

��W� �

X .logD/! R���
�

Y .log�
�D/:

Furthermore, �
�

X .logD/ 2 Ob
�
Db

filt;coh.X/
�

and if � is proper, then �� is a

morphism in Db
filt;coh.X/.

(3.55.3) Let U � X be an open subscheme of X . Then

�
�

X.logD/
ˇ̌
U
'qis �

�

U .logDjU / :
(3.55.4) If X is proper, then there exists a spectral sequence degenerating at E 1 and

abutting to the singular cohomology of X nD:

E
pq
1 D Hq

�
X;�

p
X .logD/

�) HpCq.X nD;C/:

(3.55.5) If " � W .X � ;D �/! .X;D/ is a good hyperresolution, then

�
�

X .logD/ 'qis R" ���
�

X �
.logD �/:

In particular, hi
�
�

p
X .logD/

� D 0 for i < 0.

(3.55.6) There exists a natural map, OX ! �0
X .logD/, compatible with (3.55.2).

(3.55.7) If X is smooth andD is a normal crossing divisor, then

�
�

X .logD/ 'qis �
�

X .logD/:

In particular,
�

p
X .logD/ 'qis �

p
X .logD/:

(3.55.8) If �WY ! X is a resolution of singularities, then

� dimX
X .logD/ 'qis R��!Y .�

�D/:
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REMARK 3.56. Naturally, one may choose D D ; and then it is simply omitted from
the notation. The same applies to�p

X WD Gr
p
filt�

�

X Œp�.

It turns out that the Deligne-Du Bois complex behaves very much like the de Rham
complex for smooth varieties. Observe that (3.55.4) says that the Hodge-to-deRham spec-
tral sequence works for singular varieties if one uses the Deligne-Du Bois complex in
place of the de Rham complex. This has far-reaching consequences and if the associated
graded pieces �p

X .logD/ turn out to be computable, then this single property leads to
many applications.

Notice that in the case when D D ;, (3.55.6) gives a natural map OX ! �0
X ,

and we will be interested in situations when this map is a quasi-isomorphism.When X is
proper over C, such quasi-isomorphism will imply that the natural map

(3.56.1) H i .X an;C/! H i .X;OX/ D Hi.X;�0
X /

is surjective because of the degeneration atE1 of the spectral sequence in (3.55.4). Notice
that this is the condition that is crucial for Kodaira-type vanishing theorems cf. ( 3.H),
[Kol95, §9].

Following DuBois, Steenbrinkwas the first to study this condition and he christened
this property after Du Bois. It should be noted that many of the ideas that play important
roles in this theory originated from Deligne. Unfortunately the now standard terminology
does not reflect this.

DEFINITION 3.57. A schemeX is said to haveDu Bois singularities (orDB singularities
for short) if the natural map OX ! �0

X from (3.55.6) is a quasi-isomorphism.

REMARK 3.58. If " W X � ! X is a hyperresolution of X , then X has Du Bois singular-
ities if and only if the natural map OX ! R" ��OX � is a quasi-isomorphism.

EXAMPLE 3.59. It is easy to see that smooth points are Du Bois and Deligne proved that
normal crossing singularities are Du Bois as well cf. [DJ74, Lemme 2(b)].

We will see more examples of Du Bois singularities in later sections, especially in
Chapter 15.

We finish this section with Schwede’s characterization of DB singularities. This
condition makes it possible to define DB singularities without hyperresolutions, derived
categories, etc. This makes it easier to get acquainted with these singularities, but it is still
useful to know the original definition for many applications.

Theorem 3.60 [Sch07]. Let X be a reduced separated scheme of finite type over a field
of characteristic zero. Assume that X � Y where Y is smooth and let � W eY ! Y be a
proper birational map with eY smooth and where X D ��1.X/red, the reduced pre-image
of X , is a simple normal crossings divisor (or in fact any scheme with DB singularities).
Then X has DB singularities if and only if the natural map OX ! R��OX is a quasi-
isomorphism.

In fact, we can say more. There is a quasi-isomorphism R��OX

'qis �� �0
X

such

that the natural map OX ! �0
X can be identified with the natural map OX ! R��OX .
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CHAPTER 4

Introduction

LetX be a smooth complex projective variety. The minimal model program aims to show
that if KX is pseudo-effective (respectively if KX is not pseudo-effective), then there
exists a finite sequence

X D X1 Ü X2 Ü � � � Ü Xn D NX
of well-understood birational maps known as flips and divisorial contractions such that NX
is a minimal model, i.e.,K NX is nef (respectively NX has the structure of a Mori fiber space,
i.e., there is a morphism f W NX ! Z such that �K NX is relatively ample overZ).

The main features of the minimal model program were understood in the 1980’s by
work of S. Mori, Y. Kawamata, J. Kollár, M. Reid, V. Shokurov and others. In order to
produce the above sequence of birational maps X i Ü XiC1, one proceeds as follows:

� If KXi
is nef, then Xi is a minimal model and there is nothing to do.

� If KXi
is not nef, then by the Cone theorem, there exists a negative extremal ray

and a corresponding morphism f i W Xi ! Zi (of normal varieties, surjective with
connected fibers and %.Xi=Zi / D 1) such that �KXi

is ample overZi .

� If dimZi < dimXi , then Xi ! Zi is a Mori fiber space and we are done.

� If dimZi D dimXi and dimEx.fi / D dimXi � 1, then this is a divisorial contrac-
tion and we let XiC1 D Zi .

� If dimZi D dimXi and dimEx.fi / < dimXi�1, then this is a flipping contraction.
In this case,Zi has bad singularities and we may not let X iC1 D Zi . Instead we let
XiC1 be the flip of fi cf. (5.14) (assuming that this exists cf. (5.73)).
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In order to complete the minimal model program, it is therefore necessary to prove that
flips exist and to show that there is no infinite sequence of flips. In dimension 3, the exis-
tence of flips was proved by S. Mori [Mor88], and the termination of flips is straight-
forward. In higher dimensions, the existence and termination of flips have proven to
be difficult problems. In [Sho03], V. Shokurov proved the existence of flips in dimen-
sion 4. Following the ideas of V. Shokurov and Y.-T. Siu, C. Hacon and J. M cKernan
(cf. [HM07]) showed that, assuming the minimal model program in dimension n � 1
(for varieties of log-general type), then pl-flips exist in dimension n cf. ( 5.64). Finally
C. Birkar, P. Cascini, C. Hacon and J. McKernan (cf. [BCHM10]) showed that, assum-
ing that pl-flips exist in dimension n, then the minimal model program for varieties of
log-general type holds in dimension n. In particular it follows that flips exist in all di-
mensions and that if X is a smooth complex projective variety, then its canonical ring
R.KX/ DL

m�0H
0.OX .mKX// is finitely generated (this was also established for va-

rieties of general type, using analytic methods, by Y.-T. Siu [YT06]). We remark that in
[BCHM10] it is shown that sequences of flips for the minimal model program with scal-
ing terminate. This is sufficient to show that minimal models exist, however the problem
of termination of an arbitrary sequence of flips remains open.

The main purpose of this part of the book is to give a proof of the results of [ HM07]
and [BCHM10]. In particular we will show that flips exist (in all dimensions for any klt
pair .X;	/) and that minimal models exist for any klt pair .X;	/ such that KX C 	 is
big. In these lectures we will follow the approach of [HM08] and [BCHM10].

REMARK 4.1. We make no attempt to give a historical account of the various develop-
ments that have led to the results mentioned above. We simply emphasize once again
that the results of [HM07] and [BCHM10] were deeply influenced by the work of V.
Shokurov, Y.-T. Siu and others and heavily rely on the techniques of the minimal model
program developed by S. Mori, Y. Kawamata, J. Kollár, M. Reid, V. Shokurov and others.
For the convenience of the reader we list several papers and books on the minimal model
program: [Kol91], [Deb01], [Mat02], [KM98], [CKM88], [McK07], [KMM87], [Kol92],
[Kaw08], [CHKC07], [CKL08].
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The main result

5.A The Cone and Basepoint-free theorems

We recall the Cone and Basepoint-free theorems. We refer the reader to [KM98] for a
particularly clear exposition.

Theorem 5.1 (Basepoint-free theorem). Let f WX ! Z be a proper morphism and
.X;	/ be a klt pair. IfD is an f -nef Cartier divisor such that aD�.KXC	/ is f -nef and
f -big for some a > 0, then jbDj is f -free for all b 	 0 (i.e., f �f�OX .bD/! OX .bD/

is surjective).

REMARK 5.2. Note that if bD is free for all b 	 0, then D D .b C 1/D � bD is
Cartier and D is nef, so these two conditions are necessary. On the other hand, they are
not sufficient as shown by the example of a non-torsion topologically trivial line bundle
P 2 Pic0.A/ on an abelian variety A.

Theorem 5.3 (Kollár’s effective basepoint-free theorem ). Let f W X ! Z be a pro-
jective morphism of normal quasi-projective varieties, .X;	/ be a klt pair of dimension
n,D be an f -nef Cartier divisor such that aD� .KX C	/ is f -nef and f -big for some
positive real number a � 0.

Then there is an integer m > 0 (depending only on a and dimX ) such that mD is
f -free.

Proof. [Kol93]. �

Theorem 5.4 (Cone theorem). Let f WX ! Z be a projective morphism and .X;	/ be
a klt pair. Then:
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(5.4.1) There exist countably many rational curves Cj � X contracted by f such that
0 < �.KX C	/ � Cj � 2 dimX , and

NE.X=Z/ D NE.X=Z/.KXC	/�0 C
X

R�0ŒCj �:

(5.4.2) For any " > 0 and any f -ample divisor H ,

NE.X=Z/ D NE.X=Z/.KXC	C"H/�0 C
X
finite

R�0ŒCj �:

(5.4.3) If F � NE.X=Z/.KXC	/<0 is a .KX C 	/-negative extremal face, then there
is a unique morphism contF WX ! W to a projective variety over Z, such that
.contF /�OX D OW and such that an irreducible curve C � X is contracted by
contF if and only if ŒC � 2 F .

(5.4.4) IfL is a Cartier Divisor onX such thatL�C D 0 for any curveC with ŒC � 2 F ,
then L � cont�FLW for some Cartier divisor LW on W .

Recall that N1.X=Z/D fPaiCi W ai 2 R, f�Ci D 0g= 
Z denotes the R-vector
space of 1-cycles modulo numerical equivalence over Z, that NE.X=Z/ D fPai ŒCi � W
ai � 0, f � Ci D 0g � N1.X=Z/, NE.X=Z/ is the closure of NE.X=Z/ in N1.X=Z/,
and that ifD is an R-Cartier divisor, then NE.X=Z/D�0 D fx 2 NE.X=Z/ W D �x � 0g.

Often one says that NE.X=Z/.KXC	/<0 is locally polyhedral even though this is
not actually the case.

EXAMPLE 5.5. LetX be a surface obtained by blowing up the nine intersection points of
two general cubic curves on P2. The pencil of the two cubics becomes basepoint-free on
X and defines an elliptic fibration ofX over P1. The nine exceptional curves of the blow-
up are sections of this fibration. Choosing one of these sections as the origin,X becomes
a group scheme over P1. Each of the remaining eight sections define automorphisms of
X=P1 by translations (which fix all the fibers). We may assume that there is at least one
point among the nine whose order on at least one of the cubics is infinite. Then the orbits
of the corresponding automorphism (at least on that fiber) are all infinite. Therefore, there
are infinitely many images of the eight exceptional curves on X and we conclude that
X contains infinitely many .�1/-curves. It is not hard to see (cf. Castelnuovo’s theorem
[Har77, 5.7]) that a .�1/-curve on a surface is always a K-negative extremal ray, so we
conclude that NE.X/ contains infinitely manyK-negative extremal rays.

REMARK 5.6. The log canonical version of the Cone theorem is discussed in [Amb03]
and [Fuj08a].

EXERCISE 5.7. Deduce the last two statements of (5.4) from (5.1).

EXERCISE 5.8. Show that if .X;	/ is a klt pair such that	 is big, then there are finitely
many .KX C	/-negative extremal rays.

EXERCISE 5.9. Using the Basepoint-free and Cone theorems for Q-divisors, show that:
If f W X ! Z is a projective morphism and .X;	/ is a klt pair,D is an f -nef R-Cartier
divisor such that aD � .KX C	/ is f -nef and f -big, then D is semiample over Z.
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EXERCISE 5.10. Show that if .X;	/ is a dlt pair such thatKX C	 is nef,	 D ACB
andBC.A/ contains no non-klt centers of .X;	/, thenKXC	 is semiample. In particular
if .X;	/ is klt, KX C	 is nef and	 is big, thenKX C	 is semiample.

EXERCISE 5.11. Using the Basepoint-free and Cone theorems for Q-divisors, show that
if .X;	/ is klt and KX C	 is big and nef, thenKX C	 is semiample.

EXERCISE 5.12. Let X be the product of two elliptic curves, then %.X/ D 3 andN 1.X/

is generated by f1, f2 and ı where fi denote the two fibers and ı denotes the diagonal.
Show that NE.X/ is given by the circular cone consisting of curves D D P

diDi 2
N 1

R.X/ such thatD
2 � 0 andD � A � 0 for any ample divisor A.

EXERCISE 5.13. Let g W X ! P2 be the blow-up of P2 at 12 points p1; : : : ; p12 on a
smooth plane cubic C � P2. Show that the strict transform C 0 of C has self intersection
�3 and if the points p1; : : : ; p12 are given (resp. are not given) by intersecting C with
a quartic, then there is (resp. there can’t be) a proper morphism f W X ! Y into a
projective space. Note that in both cases, f W X ! Y exists as an analytic morphism.

5.B Flips and divisorial contractions

Definition 5.14. Let f W X ! Z be a projective morphism of normal quasi-projective
varieties such that f�OX D OZ and %.X=Z/ D 1. Let .X;	/ be a Q-factorial dlt pair
such that �.KX C	/ is f -ample.

(5.14.1) If dimZ < dimX , then f is a Mori fiber space;
(5.14.2) if dimZ D dimX and dimEx.f / D dimX �1, then f is a divisorial contrac-

tion;
(5.14.3) if dimZ D dimX and dimEx.f / < dimX � 1, then f is a flipping contrac-

tion.

REMARK 5.15. Note that if .X;	/ is as above, then there exists a klt pair .X;	 0/ such
that	0 2WDivQ.X/ and �.KX C	0/ is f -ample.

REMARK 5.16. Let .X;	/ be a klt pair andR D R�0Œ†� a .KXC	/-negative extremal
ray, i.e., a 1-dimensional face of NE.X/ such that .KX C 	/ � † < 0. By the Cone
theorem (5.4), there exists a morphism f W X ! Z that is a Mori fiber space or a flipping
contraction or a divisorial contraction.

REMARK 5.17. Let � W X ! U be a projective morphism and f W X ! Z be a flipping
or divisorial contraction. If the induced rational mapZ Ü U is a morphism, then we say
that f is a flipping or divisorial contraction over U . Note that if f is given by a negative
extremal ray R D R�0Œ†�, then f is a flipping or divisorial contraction over U if and
only if† is contracted by � . In this case,† spans a negative extremal ray for NE.X=U /.

Definition 5.18. Let f W X ! Z be a flipping contraction for the Q-factorial dlt
pair .X;	/. The flip f C W XC ! Z of f is a small birational morphism such that
f C� OXC D OZ , %.XC=Z/ D 1 and KXC C 	C is f C-ample where 	C is the strict
transform of	 on XC.
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Recall that a small morphism is a birational morphism f W X ! Z such that
dimEx.f / < dimX � 1. Note that if f is small andD 2 WDiv.X/, then f�OX .D/ D
OZ.f�D/ cf. (5.35).
REMARK 5.19. The flipping locus is given by Ex.f / and the flipped locus is Ex.f C/.
It will follow from the proof of (5.21) that X Ü XC induces an isomorphism on the
complements of the flipped and flipping loci.

REMARK 5.20. Note that if f W X ! Z is a flipping contraction for a klt pair .X;	/,
then there exists 	0 2 WDivQ.X/ such that .X;	0/ is klt and f is a flipping contraction
for .X;	0/. Therefore, to prove that klt (or dlt) flips exist, it suffices to show that flips
exist for klt pairs .X;	/ with	 2WDivQ.X/.

Proposition 5.21. Let f W X ! Z be a flipping contraction for a dlt pair .X;	/ such
that 	 2 WDivQ.X/. The flip f C exists, if and only if

L
m�0 f�OX .m.KX C 	// is a

finitely generated sheaf of OZ-algebras. We then have that

XC D ProjZ
M
m�0

f�OX.m.KX C	//:

Proof. Suppose that the flip f C exists. SinceX Ü XC is small, by (5.35), we have thatM
m�0

f�OX .m.KX C	// '
M
m�0

f C� OXC.m.KXC C	C//:

Since KXC C 	C is ample over Z, the right-hand side is a finitely generated sheaf of
OZ-algebras and XC D ProjZ

L
m�0 f�OX .m.KX C	//:

Suppose now that
L

m�0 f�OX .m.KX C 	// is a finitely generated OZ-algebra.
Let XC D ProjZ

L
m�0 f�OX .m.KX C 	//: Clearly X and XC are isomorphic over

Z � Ex.f /. We may assume that

f C� OXC.1/ ' f�OX .m.KX C	// ' OZ.m.KZ C f�	//
for some integerm > 0 (where the second isomorphism follows by ( 5.35)). Let E � XC
be an exceptional divisor for f C W XC ! Z. For any integer t 	 0, we have that

OZ.tm.KZ C f�	// D f C� OXC.t/ ¨ f C� OXC.t/.E/:

As OXC.1/ is ample over Z, the last inclusion is strict for t 	 0, but as
OZ.tm.KZ C f�	// is reflexive and E is exceptional, we have an inclusion
f C� OXC.t/.E/ ,! OZ.tm.KZ C f�	//. This is a contradiction and hence f C is small
so that X Ü XC is an isomorphism in codimension 1. It follows that %.XC=Z/ D
%.X=Z/ D 1 (cf. Section 2.B) and that f C is the flip of f . �

REMARK 5.22. Note that to prove the existence of the flip f C, one may work locally
overZ. If we assume that Z D Spec.A/ is affine and	 2WDivQ.X/, then it suffices to
show that

R.KX C	/ D
M
m�0

H 0.OX .m.KX C	///
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is a finitely generated A-algebra. Note that as A is a finitely generated C-algebra, this is
equivalent to requiring that R.KX C	/ be a finitely generated C-algebra.

Lemma 5.23 (Negativity lemma). Let f WY ! X be a proper birational morphism of
normal quasi-projective varieties. If �B is an f -nef R-Cartier divisor on Y , then
(5.23.1) B � 0 if and only if f�B � 0.
(5.23.2) If B � 0 and x 2 X , then either f �1.x/ � Supp.B/ or f �1.x/ \ Supp.B/ D

;.

Proof. See [KM98, 3.39]. �

Lemma 5.24. Let f WX ! Z be a flipping contraction and f CWXC ! Z be its flip.
Then XC is Q-factorial and a.EIX;	/ � a.EIXC; 	C/ for any divisor E over X and
the strict inequality holds if the center of E is contained in the flipping or flipped locus.
In particular, if .X;	/ is terminal, canonical, lc, klt, plt or dlt, then so is .X C; 	C/.

Proof. Exercise (use (5.23) or see [KM98, 3.42, 3.44]). �

Lemma 5.25. Let f WX ! Z be a divisorial contraction. Show that Z is Q-factorial
and a.EIX;	/ � a.EIZ; f�	/ for any divisor E over X and that strict inequality
holds if the center of E is contained in Ex.f /. In particular, if .X;	/ is lc, klt, plt or dlt,
then so is .Z; f�	/. There are examples where .X;	/ is terminal, but .Z; f�	/ is not
terminal. However, if .X;	/ is terminal resp. canonical and Supp.E/ ^ Supp.	/ D 0,
then .Z; f�	/ is terminal resp. canonical.

Proof. Exercise, see [KM98, 3.43, 3.44]. �

Definition 5.26. Let .X;	/ be a dlt pair and � W X ! U a projective morphism of
normal quasi-projective varieties. A minimal model program or mmp for .X;	/ over
U is a sequence of birational maps �i W Xi Ü XiC1 with i 2 I such that X0 D X ,	i is
the strict transform of	,Xi Ü XiC1 is a flip or divisorial contraction forKXi

C	i over
U corresponding to a .KXi

C 	i /-negative extremal ray Ri D R�0Œ†i � in NE.Xi=U /

(in particular �i W Xi ! U is a projective morphism) and either
(5.26.1) I is infinite, i.e., I D Z�0; or
(5.26.2) I D f0; 1; : : : ; N � 1g and KXN

C	N is nef over U ; or
(5.26.3) I D f0; 1; : : : ; N � 1g and there is a .KXN

C	N /-Mori fiber space XN ! Z

over U .

REMARK 5.27. Note that if �i is a flip, then %.Xi / D %.XiC1/ and if �i is a divisorial
contraction, then %.Xi / D %.XiC1/C 1. Since %.Xi / 2 Z>0, it follows that we have at
most %.X/ � 1 divisorial contractions. To show that a given mmp terminates, it suffices
to show that there is no infinite sequence of flips. To show that we may run the mmp (for
any klt pair .X;	/) we must show that flips exist (cf. (5.73)).

REMARK 5.28. We will also refer to the .X;	/-mmp as the .KX C	/-mmp.

Definition 5.29. Let � W X ! U and � 0 W Y ! U be projective morphisms of normal
quasi-projective varieties. Let .X;	/ be a dlt pair and � W X Ü Y a rational map over
U such that
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(5.29.1) ��1 contracts no divisors;
(5.29.2) Y is Q-factorial;
(5.29.3) KY C ��	 is nef over U ; and
(5.29.4) a.F IX;	/ < a.F IY; ��	/ for any �-exceptional prime divisor F � X .
Then � is a log terminal model (ltm for short) for .X;	/ over U . IfKX C	 is nef over
U , we will say that .X;	/ is a log terminal model.

REMARK 5.30. Assume that U D Spec.C/. Notice that by the Negativity lemma (5.23),
a.F IX;	/ � a.F IY; ��	/ for any divisor F over Y . In fact, if p W W ! X and
q W W ! Y is a common resolution, then

p�.KX C	/ D q�.KY C ��	/C E
where

E D
X

.a.F IY; ��	/� a.F IX;	//F
is an effective and q-exceptional R-divisor. Moreover, if k.KX C	/ and k.KY C ��	/
are Cartier, then

H 0.OX .k.KX C	/// ' H0.OY .k.KY C ��	///:
Notice that if KY C ��	 is semiample, then Fix.KX C 	/ D Supp.p�E/ is the set of
all �-exceptional prime divisors F � X .

Lemma 5.31. Let � W X ! U be a projective morphism of normal quasi-projective
varieties and .X;	/ be a dlt pair. If �i W Xi Ü XiC1 is a sequence of .KX C 	/-
flips and divisorial contractions over U for i 2 f0; 1; : : : ; N � 1g such that X D X0,
	iC1 D .�i /�	i andKXN

C	N is nef overU , then the induced rational mapX Ü XN

is an ltm for .X;	/ over U .

Proof. Exercise. �

REMARK 5.32. For a discussion of flips for non-Q-factorial pairs we suggest [ Fuj07].
For a discussion of flips for lc pairs, we suggest [Fuj08a].

EXERCISE 5.33. Show that if f WX ! Z is a flipping contraction for a pair .X;	/, then
KZ C f�	 is not Q-Cartier.

EXERCISE 5.34. Show that if f WX ! Z is a divisorial contraction, then Ex.f / is
irreducible. (This is not the case for flipping contractions! See [Fuj07].)

EXERCISE 5.35. Let f W X Ü Y be a small birational map of normal varieties and
D 2WDiv.X/. Show thatH 0.OX.D// ' H 0.OY .f�D//.
EXERCISE 5.36. Let .X;	/ be a klt pair and � W X ! Z be a projective morphism
such that 	 is big over Z. Show that the divisors contracted by an ltm of .X;	/ over Z
are the divisors contained in B.KX C	=Z/.
EXERCISE 5.37. Let .X;	/ be a klt pair and � i W X Ü Yi be two log terminal models
of .X;	/. Show that Y1 is isomorphic to Y2 in codimension 1 and that a.EIY1; �1�	/ D
a.EIY2; �2�	/ for any divisor E over Yi .
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EXERCISE 5.38. Let V be an abelian threefold.We regardV as an additive group and we
let�1V be the involution of V given by sending v 2 V to�v. LetW be the quotient of V
by the involution �1V . Show that .W; 0/ is an ltm and that it has canonical singularities
(in factW has 26 singular points of index 2 corresponding to the 2 6 fixed points of�1V ).
Show that any other ltm of .W; 0/ is singular.

EXERCISE 5.39. Let .X;	/ be a klt pair and X i Ü XiC1 a sequence of flips and
divisorial contractions for the .KXC	/-mmp. If .X;	0/ is a klt pair such thatKXC	 

�.KX C 	0/ for some � > 0, then show that Xi Ü XiC1 is a sequence of flips and
divisorial contractions for the .KX C	0/-mmp.

EXERCISE 5.40. Let � W X ! U be a projective morphism and .X;	/ and .X;	 0/ be
klt pairs such that KX C	 
U �.KX C	0/ for some � > 0. Show that if � W X Ü Y

is an ltm for KX C	 over U , then it is an ltm forKX C	0 over U .

EXERCISE 5.41. Assume (5.54). Let .X;	/ be a klt pair. Let E D fEig be a finite
collection of exceptional divisors over X such that a.E i IX;	/ � 0. Show that there
is a birational morphism f W Y ! X from a Q-factorial variety such that KY C 
 D
f �.KX C	/ is klt, nef overX and the set of f -exceptional divisors F � Y is E . When
E D ;, we say that Y ! X is a Q-factorialization of X and when E consists of all
divisors over X with a.EIX;	/ � 0, we say that Y is a terminalization of .X;	/.

EXERCISE 5.42. Let .X;	/ be a klt pair and � W X ! U be a projective morphism. Let
f W Y ! X be a log resolution of .X;	/ and write KY C 
 D f �.KX C	/CE as in
(3.21.1). Let F � 0 be an R-divisor whose support equals Ex.f / and .Y; 
 C F / is klt.
Show that if � W Y Ü Z is an ltm model over U for .Y; 
 C F /, then X Ü Z is an
ltm model over U for .X;	/.

EXERCISE 5.43. Let .X;	/ be a dlt pair such that f	g D ACB where BC.A/ contains
no non-klt center of .X;	/. Let f W X Ü X 0 be a flip or a divisorial contraction and
	0 D f�	, A0 D f�A. Show that BC.A0/ contains no non-klt center of .X 0; 	0/.
EXERCISE 5.44. Let X be a threefold. Assuming the existence of flips, show that if
f W X ! Z is a KX -flipping contraction, then X is singular.

EXERCISE 5.45. Let f W Y ! X be the blow-up of a smooth subvariety of codimension
� 2 contained in Xreg. Show that f is a (KY -negative) divisorial contraction.

EXERCISE 5.46. Let X be a smooth variety and L be a line bundle on X . Let P be the
P1 bundle over X corresponding to OX ˚L . Show that the induced morphism P ! X

is a Mori fiber space. If X D Pn and L D OPn.a/ with 0 < a < nC 1, and X0 is the
negative section corresponding to the surjection OPn ˚L ! OPn , then show that there
is a divisorial contraction P ! C where C is a cone over Pn.

EXERCISE 5.47. Let V � SpecCŒw; x; y; z� be the cone over P1 
P1 defined by fwz �
xy D 0g. Show that there is a resolution f W W ! V that replaces the vertex by a divisor
E isomorphic to P1 
 P1 and that there exist morphisms W ! W1 and W ! W2 that
contract the first and second rulings of E. Show that the induced morphisms W i ! V

are KWi
-trivial. The map W1 Ü W2 is called a flop. Find 	1 2 WDivQ.W1/ such that

W1 Ü W2 is a .KW1
C	1/-flip.
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EXERCISE 5.48. LetW be the P1 bundle over P1 
 P1 defined by OP1�P1 ˚ .OP1.1/�
OP1.3//,Z the cone over P1
P1 given by contracting the negative sectionE of P1
P1.
Show that the 3-folds given by contracting the 2-rulings ofE ' P 1
P1 define a flip over
Z.

5.C The minimal model program for surfaces

Let .X;	/ be a klt surface (i.e., dimX D 2), then there are no .KX C	/-flips and so a
.KX C	/-mmp is given by a finite sequence of divisorial contractions � i W Xi ! XiC1.

If	 D 0 and .X; 0/ is terminal, thenX is smooth and so isX i for i 2 f0; 1; : : : ; N g.
Note that then �i contracts a curve Ei to a point xiC1 2 XiC1. In fact �i is the blow-up
of xiC1 2 XiC1 so that Ei ' P1 andKXi

�Ei D �1.
If, moreover KX is pseudo-effective, then �.X/ � 0 and X has a unique ltm XN

such that KXN
is nef. It is in fact known that KXN

is semiample. If �.X/ D 0, then
12KXN

� 0 and X is an abelian, bi-elliptic, K3 or Enriques surface. If �.X/ D 1, then
there is a morphism to a curve

f W XN ! Z D Proj.R.KX//

such thatKXN
�Q f

�.KZC	/ where .Z;	/ is klt andKZC	 is an ample Q-divisor.
If �.X/ D 2, then j5KXN

j is basepoint-free and the corresponding birational morphism

XN ! Xcan D Proj.R.KX //

is a map to a surface with canonical singularities such that KXcan is ample and KXN
D

f �KXcan .
If KX is not pseudo-effective, then there is a Mori-fiber space f W XN ! Z.

If dimZ D 0, then %.XN / D 1 and �KXN
is ample. It follows that XN ' P2. If

dimZ D 1, then Z is a smooth curve of genus h0.�1
XN
/ D h0.�1

X / and the general
fibers of f are rational curves. Note that for any given X the Mori fiber space XN ! Z

is not uniquely determined.

REMARK 5.49. Some references for the theory of surfaces are [Bea96], [Rei97], [Băd01]
and [BHPV04]. The mmp for surfaces in characteristic p > 0 is worked out in [KK].

EXERCISE 5.50. Show that if �.X/ D 2 (or more generally if R.KX/ is finitely gener-
ated and �.X/ D dim.X/), then Xcan D Proj˚m�0 OX .mKX/ has canonical singulari-
ties.

EXERCISE 5.51. Show that there exists a surface X and mmps X ! XN and X ! X 0N
such that XN D P2 and X 0

N D P1 
 P1 (similarly for XN D Fn and X 0N D FnC1 where
Fn is the projective bundle over P1 corresponding to OP1 ˚ OP1.n/).

EXERCISE 5.52. Let X be a klt surface. Use (5.41) to show that there exists a minimal
resolution f W Y ! X (i.e., Y is smooth and any birational morphism f 0 W Y 0 ! X

from a smooth surface Y 0 factors through Y ).
EXERCISE 5.53. Let .X;	/ be a klt surface. Show thatX is Q-factorial (in particularX
is log terminal).
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5.D The main theorem and sketch of proof

Theorem 5.54. Let � W X ! U be a projective morphism of normal quasi-projective
varieties, .X;	/ a Q-factorial klt pair such that 	 is big over U .

Then there exists a finite sequence of flips and divisorial contractions for the
.KX C	/-mmp over U

X D X1 Ü X2 Ü � � � Ü XN

such that either KXN
C	N is nef over U or there exists a morphism XN ! Z which is

a KXN
C	N Mori fiber space over U .

Proof. See (5.63). �

REMARK 5.55. With this hypothesis,KXN
C	N is nef over U if and only if KX C	

is pseudo-effective over U and XN ! Z is aKXN
C	N Mori fiber space over U if and

only if KX C	 is not pseudo-effective over U .

The proof will be done by induction on the dimension and will be subdivided into
the following five theorems.

Theorem 5.56 (Existence of pl-flips). Let .X;	/ be a plt pair and f W X ! Z be a
pl-flipping contraction.

Then the flip f C W XC ! Z of f exists.

Theorem 5.57 (Existence of log terminal models). Let � W X ! U be a projective
morphism of normal quasi-projective varieties. Let .X;	/ be a klt pair and D be an
effective R-divisor such that 	 is big over U andKX C	 �R;U D.

Then there exists an ltm for .X;	/ over U .

Theorem 5.58 (Non-vanishing theorem). Let � W X ! U be a projective morphism of
normal quasi-projective varieties. Let .X;	/ be a klt pair such that 	 is big over U .

If KX C 	 is pseudo-effective over U , then there exists an effective R-divisor D
such that KX C	 �R;U D.

Theorem 5.59 (Finiteness of models). Let � W X ! U be a projective morphism of
normal quasi-projective varieties. Let C � WDivR.X/ be a rational polytope such that
for any KX C	 2 C, 	 is big over U and .X;	/ is klt.

Then there exist finitely many �i W X Ü Yi , 1 � i � k, birational maps over U
such that if KX C	 2 C andKX C	 is pseudo-effective over U , then:
(5.59.1) There exists an index 1 � j � k such that �j is an ltm of .X;	/ over U .
(5.59.2) If � W X Ü Y is an ltm of .X;	/ over U , then there exists an index 1 � j � k

such that the rational map �j ı ��1 W Y Ü Yj is an isomorphism.

Theorem 5.60 (Zariski decomposition). Let f WX ! Z be a projective morphism to
a normal affine variety Z. Let .X;	/ be a klt pair where KX C 	 is pseudo-effective,
	 D AC B and A � 0 is an ample Q-divisor and B � 0. Then:
(5.60.1) .X;	/ has an ltm �WX Ü Y over Z. In particular if KX C 	 is Q-Cartier,

then R.KX C	/ is finitely generated.
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(5.60.2) Let V �WDivR.X/ be a finite dimensional affine subspace of WDivR.X/ con-
taining	 which is defined over the rationals. There exists a constant ı > 0 such
that if P is a prime divisor contained in B.KX C 	/, then P is contained in
B.KX C	0/, for any R-divisor 	0 2 V with k	 �	0k � ı.

(5.60.3) Let W � WDivR.X/ be the smallest affine subspace containing 	 which is
defined over the rationals. Then there is a real number � > 0 and an integer
r > 0 such that if 	0 2 W , k	 � 	0k � � and k > 0 is an integer such that
k.KX C 	0/=r is Cartier, then jk.KX C 	0/j ¤ ; and every component of
Fix.k.KX C	0// is a component of B.KX C	/.

Proof of Theorems 5.56, 5.57, 5.58, 5.59, 5.60. The proof is by induction on the dimen-
sion n D dimX . The case n D 1 is clear. We will show that Theorems 5.56, 5.57, 5.58,
5.59, 5.60 in dimensions � n � 1 imply Theorem 5.56 in dimension n cf. (5.69), which
implies Theorem 5.57 in dimension n cf. (8.1), which implies Theorem 5.58 in dimen-
sion n cf. (9.15), which implies Theorem 5.59 in dimension n cf. (10.1) and (10.2), which
implies Theorem 5.60 in dimension n cf. (10.3). �

In the next two sections we will explain two of the main techniques involved in the
inductive proof of Theorems 5.56, 5.57, 5.58, 5.59 and 5.60. The first technique is known
as the minimal model program with scaling. In this version of the mmp, the choice of
extremal rays (and hence the sequence of flips and contractions X D X 0 Ü X1 Ü
X2 Ü � � � ) is (almost) uniquely determined by the initial choice of a divisor H such
that KX C 	 C H is nef. Moreover, each Xi comes with the additional property that
KXi

C	iCtiHi is nef for some 0 � ti � 1. In other wordsXi is an ltm forKXC	CtiH .
The termination of a sequence of flips for the mmp with scaling will then follow from the
fact that (if	 is big) there are only finitely many ltms forKX C	C tH where t 2 Œ0; 1�.
Note that, we are unable to prove termination of an arbitrary sequence of flips. However,
see [KMM87], [Fuj05], [AHK07], [Sho04] and [Sho06] for several partial results.

The second technique known as the reduction to pl-flips is due to V. Shokurov. The
main idea is that it suffices to show that flips exist for a special class of flipping con-
tractions known as pl-flipping contractions (or pre-limiting flipping contractions). These
are flipping contractions f W X ! Z for a plt pair .X;	/ where 	 2 WDivQ.X/,
b	c D S is irreducible and �S is f -ample. The advantage is that in order to show that
˚m�0f�OX .m.KXC	// is a finitely generated sheaf ofOZ-algebras (and hence that the
flip exists), it suffices to show that the restricted algebra, i.e., the image of the restriction
homomorphismM

m�0

f�OX .m.KX C	//!
M
m�0

f�OS .m.KX C	/jS/

is a finitely generated sheaf of OZ-algebras. Since dim.S/ D dim.X/� 1 this lends itself
to a proof by induction on the dimension.
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5.E The minimal model program with scaling

We start with a Q-factorial klt pair .X;	CH/ and a projective morphism � W X ! U

such that KX C 	 C H is nef over U and 	 is big over U . Note that for any klt pair
.X;	/ and any ample divisor H 0 over U , we may choose h 2 R>0 and an R-divisor
H �R;U hH 0 such that .X;	CH/ is klt and KX C	CH is nef and big over U . We
let

� D infft � 0 j KX C	C tH is nef over U g:
If � D 0, then KX C 	 is nef over U and we are done. If � > 0, then there exists a
.KX C	/-negative extremal rayR overU such that .KX C	C�H/ �R D 0 (cf. (5.8)).
We consider the corresponding contraction (overU ) contR W X ! Z. If dimZ < dimX ,
then we have a KX C 	 Mori fiber space and we are done. Otherwise (assuming the
existence of the corresponding flips), we replace .X;	/ by the corresponding flip or
divisorial contraction� W X Ü X 0. LetH 0 D ��H and	0 D ��	. SinceKXC	C�H
is nef over U and .KX C	C �H/ �R D 0, it follows thatKX 0 C	0 C �H 0 is nef over
U and so we may repeat the process.

As in the usual mmp, this process terminates (yielding an ltm or a Mori fiber space)
unless we get an infinite sequence of flips Xi Ü XiC1. Let 	i andHi denote the strict
transforms of	 andH on Xi . Then there is a sequence of real numbers � D �1 � �2 �
�3 � � � � > 0 such that KXn

C	n C �nHn is nef over U . In particular, X Ü Xn is an
ltm for .X;	C �nH/ over U .

REMARK 5.61. We will need the mmp with scaling in a slightly more general context.
We will start with � W X ! U a projective morphism and .X;	C C/ a dlt Q-factorial
pair such thatKXC	CC is nef overU ,	 D SCACB where b	c D S andBC.A=U /
contains no non-klt centers of .X;	 C C/. Notice then that KX C 	 �R;U KX C 	0
where .X;	0/ is klt and 	0 is big. Note that any step of a .KX C 	/-mmp over U is
also a step of a .KX C 	0/-mmp over U cf. (5.39). Notice also that the condition that
BC.A=U / contains no non-klt centers of .X;	/ is preserved by any .KX C 	/-mmp
over U cf. (5.43).

Lemma 5.62. Xn Ü Xm is not an isomorphism for any m > n.

Proof. LetE be a divisor overX whose center is contained in Ex.contRn
/, where contRn

W
Xn ! Zn is the corresponding extremal contraction over U . Then

a.EIXn; 	n/ < a.EIXnC1; 	nC1/ and

a.EIXnCi ; 	nCi/ � a.EIXnCiC1; 	nCiC1/

for all i > 0 cf. (5.24) and (5.25). It follows that a.EIXn; 	n/ < a.EIXm; 	m/ and so
Xn Ü Xm is not an isomorphism. �
Theorem 5.63 (Termination of flips with scaling). Let .X;	CH/ be a Q-factorial klt
pair and � W X ! U a projective morphism such that KX C	CH is nef over U and
	 is big over U .

Then any sequence of flips and divisorial contractions for the .KX C	/-mmp over
U with scaling of H is finite.



62 Chapter 5. The main result

Proof. By (5.59) and (5.62). �

5.F Pl-flips

Definition 5.64. Let .X;	/ be a plt pair with S D b	c. A pl-flipping contraction is a
flipping contraction f W X ! Y such that 	 2 WDivQ.X/, S is irreducible and �S is
f -ample.

REMARK 5.65. By work of V. Shokurov, it is known that the existence of klt flips follows
from the existence of pl-flips and special termination cf. [Fuj07].

Definition 5.66. Let .X;	/ be a plt pair where b	c D S is irreducible. The restricted
algebra RS .KX C	/ is given byM

m�0

Im
�
H 0.OX .m.KX C	///! H 0.OS .m.KX C	/jS //

�
:

We have the following result due to V. Shokurov.

Theorem 5.67. Let f W X ! Z be a pl-flipping contraction for a plt pair .X;	/ where
b	c D S . If Z D Spec.A/ is affine, then the flip of f exists if and only if the restricted
algebraRS .KX C	/ is finitely generated.

Theorem (5.67) is useful because it allows us to proceed by induction on the di-
mension ofX . Before recalling the proof of (5.67), we will need some results about finite
generation.

Lemma 5.68. Let R DL
m�0 Rm be a graded ring and d > 0 be an integer. If R is an

integral domain, then R is finitely generated if and only if so is R .d/ DL
m�0Rmd .

Proof. Suppose that R is finitely generated. Since R .d/ is the ring of invariants of R by
a Z=dZ action, then R.d/ is finitely generated by a theorem of E. Noether cf. [Eis95,
13.17].

Suppose that R.d/ is finitely generated. Note that if f 2 Rm, then f is integral
over R.d/ as it is a zero of the monic polynomial xd � f d 2 R.d/Œx�. By E. Noether’s
theorem on the finiteness of integral closures (cf. [Eis95, 13.13]), it follows that R is
finitely generated. �

Proof of (5.67). By (5.21), the flip exists if and only if

R.KX C	/ DL
m�0H

0.OX .m.KX C	///
is a finitely generated A-algebra.

If R.KX C	/ is finitely generated, then clearlyRS .KX C	/ is finitely generated.
Assume now that RS .KX C 	/ is finitely generated. Let S 0 � S be an effective

divisor not containingS (cf. (5.72)) and let g be a rational function such that S�S 0 D .g/.
There are positive integers a and b such that a.KX C	/� bS 0 
Z 0. By the Basepoint-
free theorem cf. (5.1), a.KX C 	/ � bS 0 is semiample over Z and so we may assume
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that a.KX C 	/ �Z bS 0. After replacing Z by an open subset, we may assume that
a.KX C 	/ � bS 0. By (5.68), R.KX C 	/ is finitely generated if and only if so is
R.S 0/. Since RS .KX C 	/ is finitely generated, by (5.68), RS .S

0/ is finitely generated
and so it suffices to show that the kernel of � W R.S 0/ ! RS .S

0/ is finitely generated.
Let gm be a rational function corresponding to a non-zero element of R.S 0/m so that
.gm/CmS 0 � 0. If �.gm/ D 0, then .gm/CmS 0 D S C B for some B � 0. But then
.gm=g/C .m�1/S 0 D B so that gm=g is a rational function corresponding to a non-zero
element of R.S 0/m�1. In particular the kernel of � is the principal ideal generated by g
and the result follows. �

One of the main steps of the inductive proof is to show that the existence of log
terminal models for .n� 1/-dimensional pairs of general type (cf. Theorem 5.60) implies
the existence of pl-flips for log pairs of dimension n.

Theorem 5.69. Assume Theorem 5.60 in dimension n � 1. Let f W X ! Z be a pl-
flipping contraction, then the flip f C W XC ! Z exists.

Proof. See Section 7. �

REMARK 5.70. Many of the ideas in this section are due to V. Shokurov and are ex-
plained in [Cor07].

EXERCISE 5.71. Show that if f WX ! Z is a flipping contraction for a dlt pair .X;	/
such that there is a componentS of b	cwhere�S is f -ample, then there is a pair .X;	 0/
such that f is a pl-flipping contraction for .X;	 0/.
EXERCISE 5.72. Let f WX ! Z be a flipping contraction where Z is affine. Show that
for any irreducible divisor S � X we have S � S 0 where S 0 is an effective divisor whose
support does not contain S .

5.G Corollaries

Corollary 5.73 (Existence of flips). Let .X;	/ be a klt pair and � W X ! U be a
projective morphism. If f W X ! Z is a KX C	 flipping contraction over U , then the
flip f C of f exists.

Proof. Replacing 	 by a sufficiently close Q-divisor, we may assume that 	 2
WDivQ.X/. By (5.22), we may assume thatZ is affine. Since	 is big (overZ), replacing
	 by an appropriate Q-divisor, we may assume that	 D ACB where A is an f -ample
Q-divisor andB � 0. By (5.60),R.KXC	/ is finitely generated (overZ) and by (5.21),
the flip of f exists and is given by XC D ProjZ

L
m�0 f�OX .m.KX C	//: �

Corollary 5.74 (Existence of log terminal models). Let .X;	/ be a projective klt pair
such that 	 (or KX C 	) is big over U and KX C 	 is pseudo-effective over U (resp.
KX C	 is not pseudo-effective over U ).

Then .X;	/ has an ltm over U (resp. there is a birational map over U , X Ü NX
such that NX ! Z is a Mori fiber space over U ).
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Proof. Assume that 	 is big over U . Let f W Y ! X be a log resolution and write

KY C 
 D f �.KX C	/C E
as in (3.21.1). We may assume that there is an effective divisor F whose support equals
the exceptional set. For 0 < "� 1,KY C
C"F is klt and 
C"F is big. By (5.54) there
is an ltm g W Y Ü Y 0 forKY C
 C "F over U . It suffices to show that � D g ı f �1 is
an ltm for KX C	 over U .

Let p W W ! X , q W W ! Y and r W W ! Y 0 be a common log resolution. Then

p�.KX C	/C q�.E C "F / D q�.KY C 
 C "F / D r�.KY 0 C g�.
 C "F //CG
whereG is effective and r-exceptional. SinceKY 0Cg�.
C"F / is semiample overU cf.
(5.10), it follows that B.r�.KY 0Cg�.
C"F //CG=U / D Supp.G/. Since q�.EC"F /
is q-exceptional, we have that

Supp.q�.E C "F // � B.p�.KX C	/C q�.E C "F /=U / D Supp.G/:

Therefore, � W X Ü Y 0 extracts no divisors (i.e., Y 0 Ü X contracts no divisors) and
g�F D 0. For any �-exceptional divisor P � X , we have

a.P IX;	/ D a.P IY; 
/ D a.P IY; 
 C "F /
< a.P IY 0; g�.
 C "F // D a.P IY 0; g�
/ D a.P IY 0; ��	/:

ThereforeX Ü Y is an ltm for .X;	/.
The case whenKXC	 is big overU is similar. By (3.35), there is a klt pair .X;	0/

such thatKXC	0 �R;U .1C"/.KXC	/ for some " > 0. Since	0 �R;U 	C".KXC	/,
	0 is big over U . By what we have already shown, there is an ltm for .X;	 0/ over U . By
(5.40), an ltm for .X;	0/ over U is an ltm for .X;	/ over U .

We may therefore assume thatKX C	 is not pseudo-effective overU . Let A be an
ample Q-divisor and t > 0 such that KX C	C A is nef over U and klt. Let

� D infft > 0 j KX C	C tA is bigg:
SinceKX C	 is not pseudo-effective over U , � > 0. By what we have seen above, there
exists an ltm � W X Ü X 0 for .X;	C �A/ over X . In particular X 0 is Q-factorial and
X 0 ! X is a small birational morphism. If 	 0 and A0 denote the strict transforms of 	
and A, then KX 0 C	0 C �A0 is nef over U but not big over U . By (5.54) there is a finite
sequence of flips and divisorial contractions over U , X 0 Ü X 0n such that X 0

n ! Z is a
Mori fiber space over U . �
Corollary 5.75 (Finite generation). Let X be a smooth projective variety. Then R.KX/

is finitely generated.

Proof. By [FM00], there exists a projective klt pair .Z;	Z/ such that KZ C 	Z is big
and R.KX/ is finitely generated if and only if so is R.KZ C 	Z/. The statement now
follows from (5.74), (5.11) and (5.10). �
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Corollary 5.76 (Finiteness of models). Assume Theorems 5.57, 5.58, 5.59 in dimen-
sions� n. Let � W S ! U be a projective morphism of normal quasi-projective varieties,
.S;	C C/ an n-dimensional klt pair and S Ü S i an infinite sequence of small bira-
tional maps of normal varieties over U . Let 	i and Ci be the strict transforms of 	 and
C . If 	 is big over U and there are numbers 0 � �i � 1 such that KSi

C	i C �iCi is
R-Cartier and nef over U , then the set of rational maps � i W S Ü Si is finite modulo
isomorphisms over U (i.e., there exist finitely many rational maps  j W S Ü Tj over
U such that for any i , there exists an integer j such that � i ı  �1

j W Tj Ü Si is an
isomorphism).

Proof. Replacing S by an ltm forKS C	CC over S , we may assume that .S;	CC/
is Q-factorial. Since .S;	 C �iC/ is klt, by (5.23), it follows that .Si ; 	i C �iCi / is
klt. Let Si Ü S 0i be an ltm for KSi

C 	i C �iCi over Si and let 
i W S 0i ! Si

be the induced morphism. Then � i W S Ü S 0i is a small birational morphism and so
KS 0

i
C	0i C �iC

0
i D 
�i .KSi

C	i C �iCi / where	0i and C 0i are the strict transforms of
	i and Ci . It follows that �i is an ltm of .S;	C �iC/ over U . By (5.59) in dimension
n, the set of rational maps �i W S Ü S 0i is finite modulo isomorphisms over U . The map

i W S 0i ! Si is given by the choice of a .KS 0

i
C 	0i C �iC

0
i /-trivial extremal face of

NE.S 0i=U /. Since 	 is big over U , 	0i C �iC
0
i �R;U A C B where A is ample over U

and .S 0i ; ACB/ is klt. The above face is .KS 0
i
C 1

2
ACB/-negative. By the Cone theorem

(5.4), there are finitely many .KS 0
i
C 1

2
ACB/-negative extremal rays over U . Therefore,

for any i , there are finitely many morphisms S 0i ! Si . �

Corollary 5.77 (Non-vanishing). Assume Theorems 5.57, 5.58, 5.59 in dimensions� n.
Let .X;	/ be a projective Q-factorial klt pair where 	 is big and KX C 	 is pseudo-
effective. Then there exist ri 2 R�0 and	i 2WDivQ.X/ such that
(5.77.1) Supp.	i / D Supp.	/,
(5.77.2) KX C	 DP

ri .KX C	i / and
(5.77.3) jKX C	i jQ ¤ 0.

Proof. By (5.58) and (5.57) there is an ltm � W X Ü Y forKXC	. Let V �WDivQ.X/

be the smallest rational affine subspace containing 	 and pick r i 2 R and 	i 2 V such
that KX C 	 D P

ri .KX C 	i /. Notice that Supp.	i / D Supp.	/. We claim that if
k	�	ik � 1, then � is an ltm forKXC	i for all i . Since a.EIX;	/ < a.EIY; ��	/,
by continuity it follows that a.EIX;	i / < a.EIY; ��	i /. It suffices then to show that
KY C ��	i is nef for all i . Since ��	 is big, we may write ��	 �R AC B where A is
an ample Q-divisor and .Y; A C B/ is klt. We may assume that A=2C ��	i � ��	 is
ample for all i . If KY C ��	i is not nef, then there is an extremal ray R D R�0ŒC � such
that .KY C ��	i / � C < 0. But then�

KY C A

2
C B

�
� C D .KY C ��	i / � C �

�
A

2
C ��	i � ��	

�
� C < 0:

ThereforeR is a negative extremal ray forKY CA=2CB . By (5.4), there are only finitely
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many such rays and so
f	0 2 V j KY C ��	0 is nefg

is a rational polyhedron containing	 in its interior. It follows thatKY C ��	i is nef for
all i . By (5.10), jKY C ��	i jQ ¤ ; and so jKX C	i jQ ¤ ;. �



CHAPTER 6

Multiplier ideal sheaves

In this chapter we will recall the definition and the main properties of multiplier ideal
sheaves. The standard reference for multiplier ideal sheaves is [Laz04b]. In what follows
we will focus on a generalization of this notion known as adjoint ideals.

Definition 6.1. Let X be a smooth quasi-projective variety, 	 be a reduced divisor with
simple normal crossings support and V a linear series such that Bs.V / contains no non-klt
center of .X;	/ (i.e., Bs.V / contains no strata of 	). Let f WY ! X be a log resolution
of V and of .X;	/. We let

KY C 
 D f �.KX C	/C E
as in (3.21.1).

For any real number c > 0, we define the multiplier ideal sheaf

J	;c�V WD f�OY .E � bcF c/
where F D Fix.f �V /.

If D � 0 is a Q-divisor and m > 0 is an integer such that mD is Cartier, then we
let J	;cD D J	; c

m �V where V D fmDg is the linear series consisting of the unique
divisormD.

REMARK 6.2. If	 D 0, then J	;c�V D Jc�V is the usual multiplier ideal sheaf.

Lemma 6.3. The definition given in (6.1) is independent of the log resolution.

Proof. Let f WY ! X and f 0WY 0 ! X be two log resolutions. Since any two log resolu-
tions can be dominated by a third log resolution, we may assume that there is a morphism
�WY 0 ! Y such that f 0 D f ı �. We let

KY C 
 D f �.KX C	/CE and KY 0 C 
 0 D .f 0/�.KX C	/C E 0
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be as in (3.21.1). We have

KY 0 C 
 0 D ��.KY C 
 �E/C E 0:
Let F D Fix.f �V / and F 0 D Fix..f 0/�V /. Since f �V �F is basepoint-free, it follows
that F 0 D ��F . We claim that

��OY 0.E 0 � ��E � b��fcF gc/ D OY :

Grant this for the time being, then

.f 0/�OY 0.E 0 � �cF 0˘/ D .f 0/�OY 0.E 0 � ��E � b��fcF gc C ��.E � bcF c//
D f�

�
��OY 0.E 0 � ��E � b��fcF gc/˝ OY .E � bcF c/

� D f�OY .E � bcF c/:
The statement now follows immediately. To see the claim, notice thatKY C 
 C fcF g is
dlt and its non-klt places coincide with those of KY C 
 � E. From the equation

KY 0 C 
 0 C ��.E C fcF g/�E 0 D ��.KY C 
 C fcF g/
it follows that b��.E C fcF g/�E 0c � 0 so that E 0���E �b��fcF gc is effective and
�-exceptional. The claim is now clear. �

Lemma 6.4. Let X be a smooth quasi-projective variety, 	 be a reduced divisor with
simple normal crossings support and V � V 0 be linear series such that Bs.V / contains
no non-klt center of .X;	/. Let c � c 0 be positive real numbers, 	0 � 	 be reduced
divisors andD andD 0 be effective Q-Cartier divisors whose supports contain no non-klt
centers of .X;	/. Then:
(6.4.1) J	;c�V � J	0;c0�V 0 , and in particular J	;c�V � Jc�V � OX .
(6.4.2) If † is an effective Cartier divisor such that D � †CD 0 and J	;D0 D OX ,

then I† � J	;D .

Proof. Let f WY ! X be a common log resolution of V , V 0, .X;	/ and .X 0; 	0/. We let

KY C 
 D f �.KX C	/CE and KY C 
 0 D f �.KX C	0/C E 0

be as in (3.21.1). We have that 
 0 � 
 and E 0 � E. If we let F D Fix.f �V / and
F 0 D Fix.f �V 0/, then we also have F � F 0. It follows that

J	;c�V D f�OY .E � bcF c/ � f�OY .E
0 � �c0F 0˘/ D J	0;c0�V 0 :

Let f WY ! X be a log resolution of .X;	C†CD 0/. We let

KY C 
 D f �.KX C	/C E
be as in (3.21.1). Since J	;D0 D OX , we have E � bf �D0c � 0. Since† is Cartier, we
have bf �Dc � f �†C bf �D0c. Therefore

E � bf �Dc � E � �f �D0˘ � f �† � �f �†
and hence

I† D f�OY .�f �†/ � f�OY .E � bf �Dc/ D J	;D : �
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The next lemma shows that multiplier ideals of the form J	;D may be viewed as
being obtained by successive extensions of the usual multiplier ideal sheaves JD .

Lemma 6.5. Let X be a smooth quasi-projective variety, 	 be a reduced divisor with
simple normal crossings support and D � 0 be a Q-Cartier divisor whose support con-
tains no non-klt center of .X;	/. Let S be a component of 	, then there is a short exact
sequence

0! J	�S;DCS ! J	;D ! J.	�S/jS ;DjS ! 0:

Proof. Let f W Y ! X be a log resolution of .X;	C D/ which is an isomorphism at
the generic point of each non-klt center of .X;	/ cf. ( 3.22). We write

KY C 
 D f �.KX C	/C E
as in (3.21.1). Let T D f �1� S and consider the short exact sequence

0! OY .E � bf �Dc � T /! OY .E � bf �Dc/! OT .E � bf �Dc/! 0:

By definition, we have f�OY .E � bf �Dc/ D J	;D . Since

KY C 
 � T D f �.KX C	 � S/C E C f �S � T
where 
 � T and E C f �S � T are effective with no common components, it follows
that

J	�S;DCS D f�OY .E C f �S � T � bf �.D C S/c/ D f�OY .E � bf �Dc � T /:
Since

KT C .
 � T /jT D .f jT /�.KS C .	 � S/jS /C EjT ;
it follows that

J.	�S/jS ;DjS D .f jT /�OT .E � bf �Dc/:
Finally, pick an effective and f -exceptional Q-divisor F such that �F is f -ample and
.Y; 
 � T C ff �Dg C F / is dlt cf. (6.24). Since

E � bf �Dc � T D KY C 
 � T C ff �Dg C F � F � f �.KX C	CD/;
by Kawamata-Viehweg vanishing (cf. (3.46)), we have that R1f�OY .E�bf �Dc�T / D
0. The lemma now follows by pushing forward the above short exact sequence. �

Lemma 6.6. Let X be a smooth quasi-projective variety, 	 be a reduced divisor with
simple normal crossings support and D � 0 be a Q-Cartier divisor whose support con-
tains no non-klt center of .X;	/. Let �WX ! Z be a projective morphism to a normal
affine variety Z and N be a Cartier divisor on X such that N �D is ample. Then

H i .X;J	;D.KX C	CN// D 0 for i > 0;

and if S is a component of 	, then the homomorphism

H 0.X;J	;D.KX C	CN//! H 0.S;J.	�S/jS ;DjS .KX C	CN//
is surjective.
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Proof. Let f W Y ! X be a log resolution of .X;	C D/ which is an isomorphism at
the generic point of each non-klt center of .X;	/ cf. ( 3.22). We write

KY C 
 D f �.KX C	/C E
as in (3.21.1). Pick an effective and f -exceptionalQ-divisorF such that f �.N �D/�F
is ample and .Y; 
 C ff �Dg C F / is dlt. Since
E � bf �Dc C f �.KX C	CN/ D KY C 
 C ff �Dg C F C f �.N �D/ � F;

by Kawamata-Viehweg vanishing (3.46), we have that Rjf�OY .E � bf �Dc/ D 0 for
all j > 0. Since f�OY .E � bf �Dc/ D J	;D , by Kawamata-Viehweg vanishing (3.46)
and an easy spectral sequence argument (6.25), it follows then that

H i .X;J	;D.KX C	CN// D H i .Y;OY .E � bf �Dc C f �.KX C	CN/// D 0

for all i > 0.
It also follows thatH i .X;J	�S;DCS .KX C	CN// D 0 for all i > 0 and hence

the final claim follows from (6.5). �

6.A Asymptotic multiplier ideal sheaves

Definition 6.7. LetD be a divisor on a normal variety X and V i � jiDj be linear series,
then V� is an additive sequence of linear series if

Vi C Vj � ViCj

for all i; j � 0.
Lemma 6.8. LetX be a smooth quasi-projective variety and	 be a reduced divisor with
simple normal crossings support. If V� is an additive sequence of linear series and c is a
positive real number, k a positive integer such that Bs.Vk/ contains no non-klt centers of
.X;	/, then

J	; c
p
�Vp

� J	; c
q
�Vq

for any positive integers p and q such that k divides p and p divides q.
In particular, since X is Noetherian, the set fJ	; c

p
�Vp
g has a unique maximal

element J	;kc�V�k. Note that J	;kc�V�k D J	; c
p
�Vp

for any p > 0 sufficiently divisible.

Proof. This follows from (1) of (6.4), since .q=p/Vp � Vq . �

Definition 6.9. Let X be a smooth quasi-projective variety, 	 be a reduced divisor with
simple normal crossings support and S an irreducible component of 	. If c is a positive
real number,D is a Q-divisor onX such that B.D/ contains no non-klt centers of .X;	/,
then we define the asymptotic multiplier ideal sheaves

J	;c�kDk D J	;kc�V�k and J.	�S/jS ;c�kDkS
D J.	�S/jS ;kc�W�k

where Vm D jmDj and Wm D jmDjS is the restriction (or trace) of the linear series
jmDj to S .
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Lemma 6.10. Let X be a smooth quasi-projective variety, 	 be a reduced divisor with
simple normal crossings support, S an irreducible component of	 andD a Q-divisor on
X such that B.D/ contains no non-klt centers of .X;	/. Let �WX ! Z be a projective
morphism to a normal affine variety. Then:
(6.10.1) For any real numbers 0 < c 0 � c and any reduced divisor 0 � 	 0 � 	, we have

J	;kcDk � J	0;kc0Dk:

(6.10.2) If D is Cartier, then

Im .��OX.D/! ��OS .D// � ��J.	�S/jS ;kDkS
.D/:

(6.10.3) If D is Cartier, A is an ample Cartier divisor and H is a very ample Cartier
divisor, then

JkDk.KX CD C AC nH/
is globally generated where n D dimX .

(6.10.4) IfD is Cartier and BC.D/ contains no non-klt centers of .X;	/, then the image
of the homomorphism

��OX .KX C	CD/! ��OS .KX C	CD/
contains

��J.	�S/jS ;kDkS
.KX C	CD/:

Proof. (1) is immediate from (1) of (6.4).
To see (2), let p > 0 be an integer such that J.	�S/jS ;kDkS

D J.	�S/jS ; 1
p �jpDjS

and consider a log resolution f WY ! X of .X;	/ and jpDj. We let

KY C 
 D f �.KX C	/C E
be as in (3.21.1). Let Fp D Fix.f �jpDj/, then pF1 � Fp so that

��OX .D/ D .� ı f /�OY .f
�D � F1/

� .� ı f /�OY

�
f �D C E �

	
1

p
Fp


�
� .� ı f /�OY .f

�D C E/ D ��OX .D/:

The assertion now follows as

��J.	�S/jS ;kDkS
.D/ D .� ı f /�OT .f

�D C E �
	
1

p
Fp



/

where T D f �1� S .
(3) is immediate from (6.6) and (6.26).
To see (4), let p > 0 be an integer such that pD � A C B where A is a general

very ample divisor and B is an effective divisor containing no non-klt centers of .X;	/.
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Replacing p by a multiple, we may assume that J.	�S/jS ;kDkS
D J.	�S/jS ; 1

p
�jpDjS .

Let f WY ! X be a log resolution of .X;	/ and jpDj, which is an isomorphism at the
generic point of each non-klt center of .X;	/ cf. (3.22). We let

KY C 
 D f �.KX C	/C E
be as in (3.21.1). Let Fp D Fix.f �jpDj/, then Mp WD pf �D � Fp is basepoint-free
and f �B � Fp . Let T D f �1� S and F be an effective and exceptional divisor such that
f �A � F is ample and ı > 0 be a rational number such that KY C 
 � T C f 1

p
Fpg C

ı.f �B � Fp C F / is dlt. We have

E �
	
1

p
Fp



� T C f �.KX C	CD/ D KY C 
 � T C f �D �

	
1

p
Fp



�Q KY C 
 � T C

�
1

p
Fp

�
C ı.f �B � Fp C F /C

�
1

p
� ı

�
Mp C ı.f �A� F /:

By Kawamata-Viehweg vanishing (3.46),

R1.� ı f /�OY

�
E �

	
1

p
Fp



� T C f �.KX C	CD/

�
D 0:

Therefore, pushing forward the short exact sequence

0! OY

�
E �

	
1

p
Fp



� T C f �.KX C	CD/

�
! OY

�
E �

	
1

p
Fp



C f �.KX C	CD/

�
! OT

�
E �

	
1

p
Fp



C f �.KX C	CD/

�
! 0;

one sees that the homomorphism

.� ı f /�OY

�
E �

	
1

p
Fp



C f �.KX C	CD/

�
! .� ı f /�OT

�
E �

	
1

p
Fp



C f �.KX C	CD/

�
is surjective. (4) now follows as

.� ı f /�OY

�
E �

	
1

p
Fp



C f �.KX C	CD/

�
� ��OX .KX C	CD/

and

.�ıf /�OT

�
E �

	
1

p
Fp



C f �.KX C	CD/

�
D ��J.	�S/jS ;kDkS

.KXC	CD/:
�
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6.B Extending pluricanonical forms

Theorem 6.11. Let �WX ! Y be a projective morphism from a smooth quasi-projective
variety to an affine variety, 	 D P

ıi	i be a divisor with simple normal crossings
support and rational coefficients 0 � ı i � 1 and S an irreducible component of b	c. Let
k > 0 be an integer such that D D k.KX C 	/ is Cartier. If B.D/ contains no non-klt
centers of .X; d	e/ and if A is a sufficiently ample Cartier divisor, then for allm > 0,

(?m) JkmDjS k � J.d	e�S/jS ;kmDCAkS
; and

��JkmDjS k.mD C A/ � Im .��OX .mD C A/! ��OS .mD CA// :
Proof. We proceed by induction on m. Since J .d	e�S/jS ;kAkS

D OS , .?0/ is clear.
Therefore we must show that .?mC1/ holds assuming that .?m/ holds. It is easy to see
that there is a unique choice of integral reduced divisors

S � 	1 � 	2 � � � � � 	k D 	kC1 D d	e
such that k	 DPk

iD1	
i (cf. (6.27)). We let

D�0 D 0 and D�s D KX C	s CD�s�1 for 0 < s � k C 1:
In particular D D D�k . Since Jk.mC1/DjSk � JkmDjSk (cf. (1) of (6.10)) and since
J.	kC1�S/jS ;kmDCD�kCAkS

D J.d	e�S/jS ;k.mC1/DCAkS
, to prove .?mC1/, it suffices

to show that

(]i ) JkmDjS k � J.	iC1�S/jS ;kmDCD�iCAkS
for 0 � i � k:

We proceed by induction on 0 � i � k. .]0/ holds since by .?m/ and (1) of (6.10), we
have

JkmDjSk � J.d	e�S/jS ;kmDCAkS
� J.	1�S/jS ;kmDCAkS

:

Assume that .]i�1/ holds for some 0 < i � k. We have that

��JkmDjS k.mD CD�i CA/ � ��J.	i�S/jS ;kmDCD�i�1CAkS
.mD CD�i C A/

� Im .��OX .mD CD�i C A/! ��OS.mD CD�i C A//
� ��J.	iC1�S/jS ;kmDCD�iCAkS

.mD CD�i C A/:
The first inclusion follows as we are assuming .]i�1/. The second inclusion follows by
(4) of (6.10), since we may assume that D�i�1 C A is ample and hence that BC.mD C
D�i�1 CA/ contains no non-klt centers of .X;	 i /. The third inclusion follows from (2)
of (6.10) since we may assume thatD�i CA is ample and hence that B.mDCD�i CA/
contains no non-klt centers of .X;	 iC1/.

By (3) of (6.10)

JkmDjS k.mD CD�i CA/ D JkmDjSk.KS CmDjS C .	i � S CD�i�1 C A/jS /
is generated by global sections since .	i � S C D�i�1 C A/jS is sufficiently ample.
Therefore, .]i / holds. This concludes the proof of .?m/ for all m � 0. The remaining
claim is clear from what we have shown above. �
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Theorem 6.12. Let �WX ! Z be a projective morphism from a smooth quasi-projective
variety to an affine variety. Let 	 D S C A C B be a Q-divisor such that S D b	c
is irreducible and smooth, A � 0 is a general ample Q-divisor, B � 0, .X;	/ is plt,
.S;�C AjS / is canonical where � D .AC B/jS , and B.KX C	/ does not contain S .
For any sufficiently divisible integerm > 0 let

Fm D Fix.jm.KX C	/jS/=m and F D limFmŠ:

Let " > 0 be a rational number such that ".KX C 	/ C A is ample. If ˆ is a
Q-divisor on S and k > 0 is an integer such that k	 and kˆ are Cartier and

� ^


1 � "

k

�
F � ˆ � �;

then
jk.KS C� �ˆ/j C kˆ � jk.KX C	/jS :

REMARK 6.13. Since .mC1/Š D .mC1/mŠ, we have F.mC1/Š � FmŠ and so limFmŠ D
inffFmŠg exists.
Proof. Since A is a general ample Q-divisor, k�1

k
A is a multiple of a general very ample

divisor and so .X;	 C k�1
k
A/ is plt. By assumption .S;� C 1

k
AjS / is canonical. Let

l > 0 be a sufficiently big and divisible integer.
We will show (see .�/ below) that there exists an effective divisor H on X whose

support does not contain S such that for all integers m > 0 divisible by l , we have

(�) jm.KS C� �ˆ/j CmˆC

m
k
ACH

�ˇ̌̌
S
� jm.KX C	/C m

k
ACH jS :

Grant this for the time being. Then, for any † 2 jk.KS C � � ˆ/j, we may choose a
divisor G 2 jm.KX C	/C m

k
ACH j such that GjS D m

k
†CmˆC .m

k
ACH/jS . If

we define ƒ D k�1
m
G C B , then

k.KX C	/ �Q KX C S CƒC
�
1

k
A � k � 1

m
H

�
where 1

k
A � k�1

m
H is ample as m is sufficiently big. By (6.6), we have a surjective

homomorphism

H 0.X;JS;ƒ.k.KX C	///! H 0.S;JƒjS .k.KX C	///:

Since .X;	/ is plt, .S;�/ klt and so .S;� C k�1
m
H jS / is klt as m is sufficiently big.

Therefore J

Ck�1

m
H jS D OS . Since

ƒjS � .†C kˆ/ D
�
k � 1
m

G CB
�ˇ̌̌̌

S

� .†C kˆ/ � �C k � 1
m

H jS ;
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then by (2) of (6.4), we have I†Ckˆ � JƒjS and so

†C kˆ 2 jk.KX C	/jS
and the theorem follows.

Let f WY ! X be a log resolution of .X;	 C 1
k
A/ and of jl �KX C	C 1

k
A
� j.

We write

KY C 
 D f �
�
KX C	C 1

k
A

�
CE

as in (3.21.1). Define

„ D 
 � 
 ^ Fix.l.KY C 
//
l

:

We have that l.KY C „/ is Cartier, Fix.l.KY C „// ^ „ D 0 and Mob.l.KY C „//

is free. Since Fix.l.KY C „//C „ has simple normal crossings support, it follows that
B.KY C„/ contains no non-klt center of .Y; d„e/. Let T D f �1� S . Let 
T D .
�T /jT
and„T D .„ � T /jT . Let m > 0 be divisible by l . By (6.20)

H 0.T;OT .m.KT C„T /// D H 0.T;Jkm.KTC„T /k.m.KT C„T ///:

By (6.11), there is an ample divisor H on Y (independent of m) such that if � 2
H 0.T;OT .H// and � 2 H 0.T;OT .m.KT C „T ///, then � � � is in the image of the
homomorphism

H 0.Y;OY .m.KY C„/CH//! H 0.T;OT .m.KY C„/CH//:
Therefore

(�) jm.KT C„T /j Cm.
T �„T /C jH jT j � jm.KY C 
/CH jT :
We claim that

([) �C 1

k
AjS � .f jT /�„T � � �ˆC 1

k
AjS

and so, as .S;�C 1
k
AjS / is canonical, we have

jm.KS C� �ˆ/j Cm..f jT /�„T ��Cˆ/
� jm.KS C .f jT /�„T /j D .f jT /�jm.KT C„T /j;

cf. (6.28). Pushing forward the inclusion .�/, one sees that

jm.KS C� �ˆ/j CmˆC

m
k
AC f�H

�ˇ̌̌
S
� jm.KX C	/C m

k
AC f�H jS :

Equation .�/ now follows.
We will now prove the inequality .[/ claimed above. We have „T � 
T and

.f jT /�
T D �C 1
k
AjS and so the first inequality follows.
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In order to prove the second inequality, letP be any prime divisor onS and let P 0 be
its strict transform on T . Assume that P is contained in the support of�, or equivalently,
that P 0 is contained in the support of .
 � T /jT . Then there is a component G of the
support of 
 such that

multP 0.Fixjl.KY C 
/jT / D multG.Fixjl.KY C 
/j/
and multP 0.
T / D multG.
/. It follows that

multP 0.„T / D multG.„/ D multG.
/�min
�
multG.
/;

1

l
multG.Fixjl.KY C 
/j/

�
:

Since multP .�C 1
k
AjS/ D multP 0.
T / and�^ .1� "

k
/F � ˆ, it suffices to show that

multP 0.Fix jl.KY C 
/jT / � l


1 � "

k

�
multP .F /:

Since EjT is exceptional, we have that

multP 0.Fix jl.KY C 
/jT / D multP

�
Fix

ˇ̌̌̌
l

�
KX C	C 1

k
A

�ˇ̌̌̌
S

�
cf. (6.29). Let � > "=k be a rational number such that �.KX C	/C 1

k
A is ample. Since

l is sufficiently big and divisible and

l.KX C	C 1

k
A/ ' l.1� �/.KX C	/C l.�.KX C	/C 1

k
A/;

we have that

multP

�
Fix

ˇ̌̌̌
l

�
KX C	C 1

k
A

�ˇ̌̌̌
S

�
� l



1 � "

k

�
multP .F /

where we have used the fact that if multP .F / D 0, then multP .Fix jl.KX C 	 C
1
k
A/jS / D 0 for all l 	 0 cf. (6.21). �

Corollary 6.14. Let �WX ! Z be a projective morphism from a smooth quasi-projective
variety to an affine variety. Let 	 D S C A C B be a Q-divisor such that S D b	c is
irreducible and smooth, A � 0 is a general ample Q-divisor, B � 0, .X;	/ is plt,
.S;�/ is terminal where � D .AC B/jS , and B.KX C	/ does not contain S . For any
sufficiently divisible integerm > 0 let

Fm D Fix.jm.KX C	/jS/=m and F D limFmŠ:

If ˆ is a Q-divisor on S and k > 0 is an integer such that k	 and kˆ are Cartier
and

� ^ F � ˆ � �;
then

jk.KS C� �ˆ/j C kˆ � jk.KX C	/jS :
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Proof. Since .S;�/ is terminal, .S;�CA0/ is also terminal forA0 D ıAwhere 0 < ı �
1. Fix 1	 " > 0 such that ".KX C	/CA0 is ample. Clearly�^ .1�"=k/F � ˆ � �
and the result follows from (6.12). �
REMARK 6.15. The following example shows that in some cases

jk.KS C�/j ¤ jk.KX C	/j
and hence it is indeed necessary to replace� by� �� ^ F .

Let X be the blow-up of P2 at a point q, E the exceptional divisor, S the strict
transform of a line through q and L i the strict transforms of general lines on P2. We let
	 D SC 2

3
.L1CL2CL3/ so that� D 2

3
.ECL1CL2CL3/jS D 2

3
.pCp1Cp2Cp3/.

For k D 3l , we have that jk.KS C�/j D j2lpj D P2l whereas jk.KX C	/j D j2lEj.
REMARK 6.16. The topics treated in this section can be found in [HM06], [HM07],
[HM08]. They are based on ideas of [Siu98], [Siu04], [Kaw99b], [Kaw99a], [Tsu07],
[Tsu04]. Related results may be found in [Amb06], [MV07], [Var08], [Tak06], [Tak07],
[Pău07], [BP08], [Laz09].

EXERCISE 6.17. Notation as in (6.4). Show that if c < 1 and D 2 V is general, then
J	;c�V D J	;cD .

EXERCISE 6.18. Notation as in (6.4). Show that J	;D D OX if and only if .X;DC	/
is dlt and bDc D 0.

EXERCISE 6.19. Notation as in (6.4). Show thatJ	;cD D OX if c � 1 (in factJcD D
OX if multx.cD/ < 1 for all x 2 X cf. [Laz04b, 9.5.13]) and that J	;D � mx if
multx.D/ � dimX .

EXERCISE 6.20. Let �WX ! Z be a projective morphism from a smooth quasi-pro-
jective variety to an affine variety. LetD � 0 be a divisor onX . Show thatH 0.OX.D//D
H 0.JjjDjj.D//.
EXERCISE 6.21. Let D � 0 be a Cartier divisor on a smooth variety X and Z � X a
closed subvariety such that limmultZ.jmŠDj/=mŠ D 0. Show that Z 6� B�.D/.
EXERCISE 6.22. Use the arguments of [Laz04b, 9.2.19] to give an alternative proof of
the claim in (6.3).

EXERCISE 6.23. Show that J	;D D J	;fDg ˝OX .�bDc/.
EXERCISE 6.24. Let f WX ! Y be a birational morphism of normal varieties. If Y is
Q-factorial, show that there exists an effective f -exceptional divisor F such that �F is
ample over Y .

EXERCISE 6.25. Let f WY ! X and �WX ! Z be projective morphisms of normal
quasi-projective varieties. Show that if F is a coherent sheaf on Y such that Rjf�F D 0

for all j > 0, then Ri.� ı f /�F ' Ri��.f�F/ for all i > 0.
EXERCISE 6.26. Let �WX ! Z be a projective morphism from a smooth variety to an
affine variety. Let F be a coherent sheaf on X andH be a very ample divisor on X such
that H i .X;F.mH// D 0 for all i > 0 and all m � � dimX . Show that F is generated
by global sections.
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EXERCISE 6.27. Show that if	 D P
ıj	j , then the divisors	i in (6.11) are given by

	i DP
j jıj >.k�s/=k 	j .

EXERCISE 6.28. Let f WY ! X be a proper birational morphism of normal varieties.
Show that if „ � 0 is a Q-divisor on Y such that .X; f�„/ is canonical and m > 0 is an
integer such that m.KX C f�„/ and m.KY C „/ are Cartier, then jm.KX C f�„/j D
f�jm.KY C„/j.
EXERCISE 6.29. Let f WY ! X be a proper birational morphism of normal varieties,
S � X a divisor and T D f �1� S . LetD be a Cartier divisor on X . Show that jf �DjT D
.f jT /�jDjS . Assume that T and S are normal and that P is a prime divisor on S and P 0
is its strict transform on T . Show that multP 0.Fix jf �DjT / D multP .Fix jDjS /.



CHAPTER 7

Finite generation of the restricted algebra

7.A Rationality of the restricted algebra

Theorem 7.1. Assume Theorem 5.60 in dimension � n � 1. Let �WX ! Z be a projec-
tive morphism from a smooth quasi-projective variety of dimension n to a normal affine
variety. Let	 D SCACB be a Q-divisor such that S D b	c is irreducible and smooth,
A � 0 is a general ample Q-divisor, B � 0, .X;	/ is plt, .S;� C AjS / is canonical
where� D .ACB/jS , and B.KX C	/ does not contain S . For any sufficiently divisible
integerm > 0 let

Fm D Fix.jm.KX C	/jS/=m and F D limFmŠ:

Then ‚ D � �� ^ F is rational and if k	 and k‚ are Cartier, then

RS .k.KX C	// ' R.k.KS C‚//:
Proof. Let V � WDivR.S/ be the sub-vector space generated by the components of �
andW � V be the smallest rational affine subspace containing‚. By (5.60), there exists
a constant ı > 0 such that if‚0 2 V with k‚0�‚k � ı, then any prime divisor contained
in B.KS C‚/ is also contained in B.KS C‚0/ and there exist a constant � > 0 and an
integer r > 0 such that if ‚0 2 W with k‚0 � ‚k � � and k > 0 is an integer such
that k.KS C‚0/=r is Cartier, then every component of Fix.k.KS C‚0// is contained in
B.KS C‚/.

Note that if l.KX C	/ is Cartier and‚l D ���^Fl , then l.KSC‚l / is Cartier
and

jl.KX C	/jS � jl.KS C‚l/j C l.� ^ Fl/:
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It follows that no component of Supp.‚ l/ is contained in Fix.l.KS C‚l// and hence in
B.KS C‚l/. For l 	 0, we have that ‚l 2 V , k‚l �‚k � ı so that no component of
Supp.‚l / is contained in B.KS C‚/. Since Supp.‚/ � Supp.‚l/, no component of ‚
is contained in B.KS C‚/.

Let 0 < " � 1 be a rational number such that ".KX C 	/ C A is ample. If ‚
is not rational, then there exists a component P of ‚ with multP .‚/ 62 Q. Recall that
‚ D ���^ F . Notice that ifQ is a prime divisor on S such that multQ.�^ F / 62 Q,
then

multQ.� ^ F / D multQ.F /

and if multQ.� ^ F / 2 Q, then multQ.ˆ/ D multQ.‚/ for any R-divisorˆ 2 W .
Let W 0 be the smallest rational affine subspace of WDivR.S/ containing � � ‚

so that W 0 D � � W . By Diophantine approximation (see (7.2) below), there exist an
integer k > 0, an effective Q-divisor ˆ 2 W 0 such that kˆ=r and k	=r are Cartier,
multP .ˆ/ < multP .� ^ F / and kˆ � .� ^ F /k � minf�; �; "f=kg where f is the
smallest non-zero coefficient ofF and � is the smallest non-zero coefficient of���^F .
Then

� ^ .1 � "

k
/F � ˆ � �:

By (6.12), we have that

([) jk.KS C� �ˆ/j C kˆ � jk.KX C	/jS :
Since

multP .Fix.jk.KX C	/jS// � multP .kF / D multP .k.� ^ F // > multP .kˆ/;

it follows from .[/ that P is contained in the support of Fix.k.KS C � � ˆ//. Since
jj.��ˆ/�‚jj D jjˆ� .�^F /jj � � and k.KS C��ˆ/=r is Cartier, P is contained
in B.KS C ‚/. This is a contradiction and therefore ‚ is rational. The isomorphism
RS .k.KX C	// ' R.k.KS C‚// now follows from (6.12). �

Lemma 7.2. Let V be an R-vector space defined over Q. Fix k 2 Z>0 and ˛ 2 R>0. If
v 2 V , then we may find vectors v1; : : : ; vr 2 V and integers m1; : : : ; mr 2 Z > 0 such
that
(7.2.1) v D P

rivi where ri 2 R�0 and
P
ri D 1;

(7.2.2) kvi � vk < ˛=mi ; and
(7.2.3) mivi=k is integral.

Proof. See §3 of [BCHM10]. �

7.B Proof of (5.69)

Proof of (5.69). We may assume that Z is affine cf. (5.22). By (5.67), it suffices to show
that the restricted algebraRS .KX C	/ is finitely generated. By (5.68), this is equivalent
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to showing that the restricted algebra RS .k.KX C 	// is finitely generated for some
integer k > 0. It follows that we may replace	 by a Q-linearly equivalent divisor	 0. By
(5.72), S is mobile. Since f is birational andZ is affine,	� S is big so that	� S �Q

A0 C B 0 where A0 is ample, B 0 � 0 and Supp.B 0/ does not contain S . Let " > 0 be a
sufficiently small rational number. We may replace 	 by

	0 D S CAC B �Q 	

where A �Q "A0 is a general ample Q-divisor and B D .1 � "/.	 � S/ C "B 0. Let
f WY ! X be a log resolution of .X;	 0/ and write

KY C 
 0 D f �.KX C	0/C E 0

as in (3.21.1). Let T D f �1� S . We may assume that .Y; 
 0/ is plt and that .T; .
 0�T /jT /
is terminal cf. (3.36). Let F � 0 be an effective exceptionalQ-divisor such that f �A�F
is ample, .Y; 
 0CF / is plt and .T; .
 0�T CF /jT / is terminal. We set 
 D 
 0�f �AC
F CH whereH �Q f

�A � F is a general ample Q-divisor. Then .Y; 
/ is plt and we
may assume that .T; .
 � T C H/jT / is terminal. Since B.KX C 	/ does not contain
S , one sees that B.KY C 
/ does not contain T . By (7.1), it then follows that there is a
Q-divisor‚ on T such that 0 � ‚ � .
 �T /jT andRT .k.KY C
// ' R.k.KT C‚//
for some k > 0 sufficiently divisible. By (5.60),R.k.KT C‚// is finitely generated. The
theorem now follows since for k > 0 sufficiently divisible,

RT .k.KY C 
// ' RS.k.KX C	//: �

REMARK 7.3. Many of the ideas of this section were inspired by [Sho03]. For related
results, see [Amb06], [Cor07], [Bir03], [CKL08].





CHAPTER 8

Log terminal models

In this chapter we will prove the following result:

Theorem 8.1. Theorems 5.56, 5.57, 5.58, 5.59, 5.60 in dimensions � n � 1 and Theo-
rem 5.56 in dimensions � n imply Theorem 5.57 in dimension n.

Proof. See (8.B). �

8.A Special termination

Lemma 8.2. Assume Theorems 5.56, 5.57, 5.58, 5.59, 5.60 in dimensions � n � 1. Let
� W X ! U be a projective morphism of normal quasi-projective varieties. Let .X;	C
C D SCACBCC/ be a Q-factorial dlt pair with S D b	c, such thatKXC	CC is nef
over U and BC.A=U / contains no non-klt centers of .X;	C C/. Let �i WXi Ü XiC1

be a sequence of flips and divisorial contractions over U for the .KX C	/-mmp over U
with scaling of C .

Then there exists an integer k > 0 such that for all i � k, �i is an isomorphism on
a neighborhood of S .

Proof. Suppose that this is not the case, then we may assume that infinitely often � i is a
flip and the flipping locus intersects a component S 0 of S .
Step 1. We may assume that S is irreducible and A is a general ample Q-divisor over U .

Since BC.A=U / contains no non-klt centers of .X;	 C C/, we have A �R;U A0 C
B 0 where A0 is a Q-divisor ample over U and Supp.B 0/ contains no non-klt centers of
.X;	C C/. For any rational number 0 < "� 1, A 0 C ".S � S 0/ is an ample Q-divisor.
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Let A00 �R;U A0 C ".S � S 0/ be a general ample Q-divisor over U . For any rational
number 0 < ı � 1, we have

S C AC B �R;U S 0 C ıA00 C .1 � "ı/.S � S 0/C .1 � ı/AC ıB 0 C B
where ıA00 is a general ample Q-divisor over U and

.X; S 0 C ıA00 C .1 � "ı/.S � S 0/C .1 � ı/AC ıB 0 C B C C/
is dlt. Therefore, we may assume that S is irreducible andA is a general ample Q-divisor
over U .

Let Si , Ai , Bi ,	i and Ci be the strict transforms of S , A, B ,	 and C on X i . Note
that .Xi ; Si C Ai C Bi / is plt and bSi C Ai C Bic D Si . Therefore, Si is normal, cf.
(3.24). We write .KXi

C	i /jSi
D KSi

C	Si
. Note that .Si ; 	Si

/ is klt.

Step 2. We may assume that for i 	 0, the induced birational map  i W Si Ü SiC1 is
an isomorphism in codimension 1 and . i /�	Si

D 	SiC1
.

We follow closely section 4.2 of [Fuj07]. Let 	DPi2I ıi	i , dD totaldiscrep.S;	S /2
.�1; 0�, and

B D
(
1 � 1

m
C
X
i2I

riıi

m
2 Œ0;�d�jm 2 Z>0; ri 2 Z�0

)
:

Then B is a finite set and there is an integer 0 � dB <1 defined by

dB.S;	S/ WD
X
ˇ2B

]fEja.EIS;	S/ < �ˇg

cf. [Fuj07]. Note that by adjunction, we have that a.EIS i ; 	Si
/ � a.EISiC1; 	SiC1

/

for any divisor E over S . Therefore dB.Si ; 	Si
/ � dB.SiC1; 	SiC1

/ and so we may
assume that dB.Si ; 	Si

/ is constant for i 	 0.
Suppose that P � SiC1 is a divisor such that . �1

i /�P D 0. The above inequality
is strict because �a.P ISiC1; 	SiC1

/ 2 B cf. (3.24). Therefore Si Ü SiC1 extracts no
divisors for all i 	 0. If Si Ü SiC1 contracts a divisor, then %.Si / > %.SiC1/. This can
happen at most finitely many times and so S i Ü SiC1 is an isomorphism in codimension
1 for all i 	 0. Notice that if . i /�	Si

¤ 	SiC1
, then . i /�	Si

� 	SiC1
cf. (8.4) and

dB.Si ; 	Si
/ > dB.SiC1; 	SiC1

/. This is a contradiction and hence Step 2 follows.

Step 3. There exist integers j > i such that Si Ü SiC1 is not an isomorphism but
Si Ü Sj is an isomorphism.

By assumption, there is a non-increasing sequence of numbers � i � 0 such that KX C
	iC�iCi is nef overU . SinceKSi

C	Si
C�iCi jSi

is nef overU and Si Ü SiC1 is an
isomorphism in codimension 1, by (5.76), there are finitely many rational maps S i Ü Sj

(modulo isomorphism). Let X i ! Zi be the flipping contraction. Let T i be the normal-
ization of the image of Si inZi . Suppose that Si ! Ti is an isomorphism and the flipping
locus intersects Si ; then†i �Si > 0 for any flipping curve†i � Xi and so†iC1�SiC1 < 0
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for any flipped curve†iC1 � XiC1 and so SiC1 ! Ti is not an isomorphism. Therefore,
we may assume that infinitely often Si ! Ti or SiC1 ! Ti is not an isomorphism. It
follows that there is a divisor F over Si such that a.F ISi ; 	Si

/ < a.F ISiC1; 	SiC1
/ cf.

(8.4). Therefore, infinitely often S i Ü SiC1 is not an isomorphism. Step 3 now follows.

Step 4. We find the required contradiction.

Let F be a divisor over Si with center contained in the flipping or flipped locus of
Xi Ü XiC1, then as we have seen above a.F ISi ; 	Si

/ < a.F ISiC1; 	SiC1
/. Since

a.F ISiC1; 	SiC1
/ � a.F ISj ; 	Sj

/, we have the required contradiction. �

Lemma 8.3. Assume Theorems 5.56, 5.57, 5.58, 5.59, 5.60 in dimensions � n � 1 and
Theorem 5.56 in dimensions � n. Let � W X ! U be a projective morphism of normal
quasi-projective varieties. Let .X;	 C C D S C A C B C C/ be a Q-factorial dlt
pair with S D b	c, such that KX C 	 C C is nef over U and BC.A=U / contains no
non-klt centers of .X;	C C/. Suppose that there is an effective R-divisor D such that
Supp.D/ � S and a non-negative number ˛ such that

.]/ KX C	 �R;U D C ˛C:

Then there exists an ltm �WX Ü Y for KX C 	 over U such that BC.��A=U /
contains no non-klt centers of .Y; ��	/.

Proof. We run the .KX C	/-mmp over U with scaling of C . If R D RCŒ†� is a .KX C
	/-negative extremal ray such that .KX C	/ �† < 0 and C �† > 0, thenD �† < 0 and
so R induces a flipping or divisorial contraction.

Notice that if fi WXi ! Zi is a flipping contraction and Ri D RCŒ†i � is the corre-
sponding negative extremal ray, as D i � †i < 0, there is a component S 0i of Si such that
S 0i � †i < 0. But then fi is a pl-flipping contraction for some dlt pair KXi

C 	0i where�
	0i
˘ D S 0i cf. (5.71). Therefore, by Theorem 5.56 in dimension n, the flip Xi Ü XiC1

exists.
Note that condition .]/ is preserved by flips and divisorial contractions. Since S 0i �

†i < 0,Xi ! Zi is not an isomorphism on a neighborhood of S i . By (8.2), the sequence
of flips and divisorial contractions terminates. �

8.B Existence of log terminal models

Proof of (8.1). Step 1. We may assume that X is smooth, Supp.	CD/ is simple normal
crossings, 	 D A C B , where A is a general ample Q-divisor over U and if G is a
component of Supp.D/, then eitherG is contained in B.D=U / ormG is mobile for some
integerm > 0.

Replacing 	 by an R-linearly equivalent divisor, we may assume that 	 � A where A
is a general ample Q-divisor. Let f W Y ! X be a log resolution of .X;	/. We write
KY C 
 D f �.KX C	/C E as in (3.21.1). We may assume that there exists F � 0 a
Q-divisor such that Supp.F / is the exceptional set andKY C 
 C F is klt. By (5.42), an
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ltm overU forKY C
CF is an ltm overU forKX C	. There exists an exceptional Q-
divisorˆ � 0 such that f �A�ˆ is ample and .Y; 
CFCˆ/ is klt. LetC �Q;U f �A�ˆ
be a general ample Q-divisor over U . Since 
 C F C ˆ � f �AC C �Q;U 
 C F , we
may replace .Y; 
 CF / by .Y; 
 0 D 
 CF Cˆ� f �ACC/. Note thatKY C
 0 �R;U

D0 D f �DCF CE � 0. By (2.9), we may assume that all componentsG of Supp.D 0/
are either contained in B.D 0=U / or mG is mobile for some m > 0.

Step 2. There exists a rational map �WX Ü Y over U such that
(8.3.1) � extracts no divisors;
(8.3.2) if P is a prime divisor contracted by �, then P � Supp.D/;
(8.3.3) Y is Q-factorial and Y ! U is projective;
(8.3.4) KY C ��	 is dlt and nef over U ; and
(8.3.5) no non-klt center of KY C ��	 is contained in BC.��A=U /.
We write D D D1 CD2 where the components of D1 are contained in Supp.b	c/ and
the components of D2 are not contained in Supp.b	c/. We proceed by induction on the
number of components ofD2.

If D2 D 0, then pick H a general element of a sufficiently ample divisor. We may
assume that KX C	CH is dlt and nef over U . We may then run the .KX C	/-mmp
over U with scaling ofH . By (8.3), there exists an ltm over U , �WX Ü Y . It is easy to
see that � satisfies properties (1-5) above.

IfD2 ¤ 0, let
� D supft � 0ˇ̌.X;	C tD2/ is dltg:

Then .X;	0 D 	C �D2/ is dlt and

KX C	0 �R;U D0 D D C �D2:

Note that Supp.D 0/ D Supp.D/ and the number of components of D 0 not contained in
b	0c is less than the number of components of D not contained in b	c. By induction,
there is a rational map � 0WX Ü Y 0 over U such that 	0 andD0 satisfy properties (1-5)
above. Since � > 0, sinceKY 0 C�0�.	C�D2/ is dlt and nef overU , since BC.� 0�A=U /
contains no non-klt center of .Y 0; �0�.	C �D2// and since

KY 0 C �0�	 �R;U �0�D1 C �0�D2;

then by (8.3), there exists an ltm f WY 0 Ü Y for KY 0 C �0�	 over U . Let � D f ı
� 0WX Ü Y . Then � satisfies properties (1-5) above.

Step 3. �WX Ü Y is an ltm for .X;	/ over U .

Note that by Step 2, � only contracts components ofD, but as � can not contract movable
divisors, by Step 1, � only contracts divisors in B.KX C	=U /.

Let pWW ! X and qWW ! Y be proper birational maps of normal varieties such
that � D q ı p�1. Then

p�.KX C	/C E D q�.KY C ��	/C F
where E and F are effective q-exceptional R-divisors with no common components.
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We have that KY C ��	 is semiample over U cf. (5.10). Therefore,

B.p�.KX C	/C E=U / D B.q�.KY C ��	/C F=U / D Supp.F /:

On the other hand p�E is �-exceptional and thus it is contained in B.KX C	=U / and
therefore

Supp.E/ � B.p�.KX C	/CE � p�1� p�E=U / � B.p�.KX C	/C E=U /
(where the last inclusion follows by (8.5)). Therefore, as E and F have no common
components, we deduce that E D 0 and p�.F / contains all �-exceptional divisors. It
follows that a.P IX;	/ < a.P IY; ��	/ for all � exceptional divisors P � X and so Y
is an ltm for .X;	/ over U . �
EXERCISE 8.4. Let .X;	/ and .X 0; 	0/ be plt pairs such that S D b	c and S 0 D b	0c,
� W X Ü X 0 is a birational map that extracts no divisors, 	 0 D ��	, �jS W S Ü S 0
extracts no divisors, and if p W W ! X and q W W ! X 0 is a common log resolution, then
p�.KX C	/ D q�.KX 0 C	0/CF where F � 0. Use (3.24) to show that .�jS /�	S �
	S 0 and a.EIS;	S / � a.EIS 0; 	S 0/ for any divisor E over S (where .KX C	/jS D
KS C	S and .KX 0 C	0/jS D KS 0 C	S 0).

EXERCISE 8.5. Let F;D � 0 be effective R-divisors such that Supp.F / � Fix.D/.
Show that Fix.D C F / D Fix.D/C F .





CHAPTER 9

Non-vanishing

In this chapter we will prove that Theorems 5.56, 5.57, 5.58, 5.59, 5.60 in dimensions
� n � 1 and Theorems 5.56, 5.57 in dimensions � n imply Theorem 5.58 in dimension
n. We begin by recalling the following results from [Nak04].

9.A Nakayama-Zariski decomposition

Definition 9.1. LetX be a smooth variety,D a big R-divisor onX andQ a prime divisor
on X . Then we define

�Q.D/ D inffmultQ.D
0/
ˇ̌
D0 2 jDjRg; and

N� .D/ D
X

�Q.D/Q:

REMARK 9.2. By [Nak04, §III.1], it is known that �Q.D/ D �Q.D
0/ if D 
 D0 and

that �Q.: : :/ is a continuous function on the cone of big divisors.

Definition 9.3. Let X be a smooth variety, D a pseudo-effective R-divisor on X , A an
ample R-divisor on X , andQ a prime divisor on X . Then

�Q.D/ D lim"!0C�Q.D C "A/:
REMARK 9.4. By [Nak04, §III.1], �Q.D/ is independent of the choice of A and there
are only finitely many prime divisors Q such that �Q.D/ > 0. Therefore, N� .D/ DP
�Q.D/Q is a well-defined R-divisor. If D 
 D 0, then N� .D/ D N� .D

0/. We have
thatD�N� .D/ is pseudo-effective andN� .D�N� .D// D 0. Finally, ifQ is an effective
R-divisor whose support is contained in Supp.N�.D//, thenN�.DCQ/ D N� .D/CQ
cf. (8.5).
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Lemma 9.5. Let X be a smooth variety, D a pseudo-effective R-divisor, G a Q-divisor
such that A D G �D is an ample R-divisor andQ a prime divisor. If �Q.D/ D 0, then
Q is not contained in B.G/. In particularQ is not contained in B�.D/.

Proof. LetH be a very ample divisor on X . For any l > 0 sufficiently divisible we have
that l

2
A � .dimX C 1/H � KX is an ample R-divisor and l.D C A=2/ �R 	 where

multQ.	/ < 1. ThereforeJ	.lG/ is generated by global sections cf. (6.26). The lemma
now follows asQ is not contained in the co-support of J	 cf. (6.19). �

One of the key results that we will need is the following.

Theorem 9.6. Let X be a smooth variety, and D be a pseudo-effective R-divisor on X .
Then the following are equivalent:
(9.6.1) D 
 N�.D/;
(9.6.2) for any ample divisor A, the function h0.X;OX.btDc C A// is bounded;
(9.6.3) for any ample divisor A, limt!1 1

t
h0.X;OX.btDc C A// D 0.

Proof. We follow [Nak04, V.1.12]. We begin by showing that (1) implies (2). Since P D
N�.D/�D 
 0, one sees that there exists an ample divisorA 0 such that jA0�ACbtP c j ¤
; for any integer t � 0. (It suffices in fact to pick A 0 such that

A0 �AC btP c �KX � .nC 1/H 
 A0 �A � ftP g �KX � .nC 1/H
is ample for some very ample divisor H and any integer t > 0 and to apply ( 6.26).) By
(2.3) btN� .D/c � btDc C btP c, and therefore

h0.OX .btDc C A// � h0.OX .btN� .D/c C A0//:
For any divisor Q in the support of N� .D/, and any k 	 0, we have that

�Q.kN� .D/CA0/ > 0. By (9.4), it follows that for t > k, we have �Q.tN� .D/CA0/ >
.t �k/�Q.N� .D//. In particular h0.OX .btN� .D/cCA0// D h0.OX .bkN� .D/cCA0//.

Clearly (2) implies (3).
We will now see that (3) implies (1). SinceD �N� .D/ is pseudo-effective and

h0.OX .bt.D �N� .D//c C A// � h0.OX .btDc C A//
we may replace D by D � N� .D/. We may therefore assume that N� .D/ D 0 and
we must show that D 
 0. Let A be a very ample divisor and C be a curve given by the
intersection of n�1 D dimX�1 general elements of jAj. We fix an ample divisorA 0 such
that 1

2
A0�KX�fmDg�.n�1/A is ample for allm � 0. LetHi 2 jAj be general elements

vanishing along C , then J . n�1
n
.H1 C � � � CHn// D IC . Since B�.D/ is the union of

countably many subvarieties of codimension at least 2, B�.D/\C D ;. Therefore, there
exists an R-divisor 	 �Q mD C 1

2
A0 such that J .	 C n�1

n
.H1 C � � � CHn// D IC

on a neighborhood of C cf. (9.22). Therefore, we have that

H 1.J .	C n � 1
n

.H1 C � � � CHn//.bmDc C A0// D 0
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and so
H 0.OX .bmDc CA0//! H 0.OC .bmDc C A0//

is surjective. But then lim 1
m
h0.OC .bmDc C A0// D 0 so that D � C � 0. Since D is

pseudo-effective,D 
 0 cf. (9.23). �

We will also need the following results concerning the Nakayama-Zariski decom-
position of the restricted linear series jDjS .
Definition 9.7. Let S be a smooth divisor on a smooth projective variety X , P a prime
divisor on S , andD be a big R-divisor on X such that S is not contained in BC.D/, then
we define

�P .kDkS / D inffmultP .D0jS/
ˇ̌
D �R D

0 � 0; S 6� Supp.D0/g; and

N� .kDkS / D
X

�P .kDkS /P:

We have the following:

Lemma 9.8. Let S be a smooth divisor on a smooth projective variety X .
(9.8.1) If A is an ample R-divisor andD is a big R-divisor such that S 6� BC.D/, then

�P .kD C AkS / � �P .kDkS /. In particular N�.kAkS / D 0.
(9.8.2) If D is a big R-divisor such that S 6� BC.D/ and P is a prime divisor on S ,

then lim"!0C �P .kD C "AkS / D �P .kDkS /.
(9.8.3) If D is a pseudo-effective R-divisor such that S 6� B�.D/ and P is a prime

divisor on S , then lim"!0C �P .kD C "AkS / D �P .kDkS / exists and is inde-
pendent of A.

Proof. The first statement is clear as A �R

P
riAi and ri 2 R�0 and kiAi are very

ample for any ki > 0 sufficiently divisible.
For the second statement, note that clearly �P .kD C "AkS / � �P .kDkS / for any

prime divisor P on S . Let C be an effective Q-divisor whose support does not contain S
and ı > 0 be a rational number such thatD �Q ıAC C . For " � 0, we have

.1C "/�P .kDkS / � �P .kD C "ıAkS/C "multP .C jS /:
The assertion now follows by taking the limit as "! 0C.

For the last statement, notice that the limits lim"!0C �P .kD C "AkS / exist since
�P .kD C "AkS / is monotonic increasing and bounded. Here, the boundedness follows
easily as

.D C "A/ � S � AdimX�2 �
X

�P .kD C "AkS /P � .AjS /dimX�2:

Since for any ample R-divisors A and A 0, there is a number ı > 0 such that A � ıA0 is
ample, it follows from the first statement, that

�P .kD C "AkS / � �P .kD C "ıA0kS /
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and so that
lim

"!0C
�P .kD C "AkS/ � lim

"!0C
�P .kD C "A0kS /:

By symmetry, we have the required equality. �

Definition 9.9. IfD is a pseudo-effectiveR-divisor such that S 6� B�.D/, then we define

N� .kDkS / D lim
"!0C

N� .kD C "AkS/:

REMARK 9.10. Note that N� .kDkS / D P
P	X �P .kDkS /P and that the set of prime

divisors P � S such that �P .kDkS / > 0 is countable.

REMARK 9.11. If S 6� BC.D/ and D0 is a Q-divisor such that D 0 
 D, then S 6�
BC.D0/ and N�.kDkS / D N� .kD0kS /.

This follows from the fact that if A is an ample R-divisor, then A 0 D ACD �D0
is also ample. Therefore

N� .kDkS / D lim
"!0C

N� .kD C "AkS/ D lim
"!0C

N� .kD0 C "A0kS / D N� .kD0kS /:

REMARK 9.12. Let C � N 1
R.X/ be the cone of R-divisors on X such that S is not

contained in BC.D/ for anyD 2 C and C 0 � N 1
R.X/ be the cone of R-divisor on X such

that S is not contained in B�.D/ for anyD 2 C. Then C � C 0 and for any prime divisor
P on S , the functions �P .k � � � kS/ are continuous on C and lower semi-continuous on C 0.
Lemma 9.13. Let D be a pseudo-effective R-divisor such that S is not contained in
N�.D/.

Then S is not contained in B�.D/ andDjS �N is pseudo-effective for any divisor
N DPk

iD1 niPi � N�.kDkS /.

Proof. Let G be any Q-divisor such that G �D is ample. By (9.5), S is not contained in
B.G/. Since the restriction of jGjR to S is not empty, we have that

GjS �
kX

iD1

�Pi
.kGkS /Pi � GjS �N� .kGkS / � 0:

ThereforeDjS �
Pk

iD1 �Pi
.kDkS /Pi is a limit of effective divisors and hence is pseudo-

effective. Since N �Pk
iD1 �Pi

.kDkS /Pi , the lemma follows. �

Lemma 9.14. Let D be a pseudo-effective R-divisor such that S is not contained in
N�.D/ andA an ample R-divisor such thatDCA is Q-Cartier. Let P be a prime divisor
on S . If �P .kDkS / > 0, then there is a positive integer l such that multPFix.l.D C
A//jS < �P .kDkS / and if �P .kDkS / D 0, then there is a positive integer l such that
multPFix.l.D C A//jS D 0.
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Proof. Suppose that �P .kDkS / D 0. LetH be a very ample divisor onX . Fix l > 0 such
that l

2
A� .KX C S/� .dimX C 1/H is ample and let 	 �R D CA=2 be an R-divisor

whose support does not contain S such that multP .	jS/ < 1
l
. Since l.DCA/� .KX C

S C .dimX C 1/H C l	/ is ample, Jl	jS .l.D C A// is globally generated cf. (6.26)
and its sections lift toH 0.X;OX .l.D C A/// cf. (6.6). Since multP .l	jS/ < 1, Jl	jS
does not vanish along P and so multPFix..l.D C A//jS / D 0. The remaining assertion
is similar. �

9.B Non-vanishing

Theorem 9.15. Theorems 5.58, 5.59, 5.60 in dimensions � n � 1 and Theorems 5.56,
5.57 in dimensions � n imply Theorem 5.58 in dimension n.

Proof. Step 1. We may assume that X is projective.

Let F be the generic fiber of � , then F is projective over Spec.k/ where k D K.U /. Let
Nk be the algebraic closure of k so that Nk is isomorphic to C. If NF D F 
Spec.k/ Spec. Nk/,
then NF is projective over Spec. Nk/. Therefore, we may assume that there exists an effective
R-divisor ND such that K NF C 	 NF �R

ND � 0. Equivalently, there are rational functions
Nfi 2 K. NF / and real numbers ri such that K NF C 	 NF CP

ri . Nfi / � 0. Notice that the
Nfi belong to a finite extension of K.F / which we may assume to be Galois and that
K NF C	 NF D .KX C 	/ NF . It follows that there exist rational functions f i 2 K.F / and
real numbers ti such that .KX C 	 CP

ti .fi // NF � 0. Taking the closure in X , there
is an open subset U 0 � U such that KX C 	 CP

ti .fi / � 0 over U 0 and in fact we
may choose an effective R-divisor G on U such that KX C 	CP

ti .fi /C ��G � 0.
Therefore there exists an effective R-divisorD such that KX C	 �R;U D � 0.
Step 2. We may assume that X is smooth, 	 D A C B where A is a general ample
Q-divisor and Supp.	/ has simple normal crossings.

Since 	 is big, after replacing it by an R-linearly equivalent R-divisor, we may assume
that	 D ACB whereA is a general ampleQ-divisor. Let f W Y ! X be a log resolution
of .X;	/ such that there is an effective and exceptional Q-divisor F such that f �A� F
is ample. Let C �Q f

�A� F be a general ample Q-divisor. We may write

KY C 
 D f �.KX C	/C E
as in (3.21.1). We may assume that .Y; 
 0 D 
 � f �A C F C C/ is klt. Note that if
KY C 
 0 �R;U D � 0, then KX C	 �R;U f�D � 0.
Step 3. We may assume that there is an integer k > 0 such that h0.OX .bmk.KX C	/cC
kA// is an unbounded function of m.

If this is not the case, then by (9.6), KX C 	 
 N� .KX C 	/. Therefore A00 D A C
N�.KX C 	/ � .KX C 	/ is ample. Let A0 �R A00 be an effective divisor such that
.X;	0 D A0 C	 � A/ is klt. We have that KX C	0 �R N� .KX C	/ � 0. By (5.57),
there is an ltm � W X Ü Y for .X;	0/. Since KX C	 
 KX C	0 this is also an ltm
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for .X;	/ cf. (5.39). By (5.10),KY C ��	 �R D
0 � 0 and hence there is an effective R

divisorD on X such that KX C	 �R D.

Step 4. We may assume that
(9.15.1) .X;	/ is plt and 	 D S C A C B where A is a general ample Q-divisor and

S D b	c;
(9.15.2) .S;	S C AjS / is terminal where .KX C	/jS D KS C	S ; and
(9.15.3) Supp.	/ and Supp.N� / have no common components.
Let x 2 X be a general point. By Step 3, we may assume that there are integers k;m > 0

and there is a divisor

H 0 2 j bmk.KX C	/c C kAj such that multx.H 0/ > kn:

It follows that there is an effective R-divisorH �R m.KXC	/CA with multx.H/ > n
and hence such that .X;	CH/ is not lc at x. For any t � 0, we may write

.t C 1/.KX C	/ D KX C m � t
m

AC B C t
�
KX C	C 1

m
A

�
�R KX C m � t

m
AC B C t

m
H D KX C	t :

For 0 < "� 1, we let A0 D "
m
A and u D m � ". It follows that

(9.15.1) .X;	0/ is klt;
(9.15.2) 	t � A0 for any t 2 Œ0; u�;
(9.15.3) x is contained in a non-klt center of .X;	u/.
Let f W Y ! X be a log resolution of .X;	CH/, then we may write

KY C 
t D ��.KX C	t /C Et

as in (3.21.1). We may assume that there is an effective and exceptionalQ-divisorF such
that f �A0 � F is ample. Let C �Q f

�A0 � F be a general ample Q-divisor and define


 0t D 
t � f �A0 C F C C �Q 
t ; 
 00t D 
 0t � .
 0t ^N� .KY C 
 0t //:
The following properties now hold:
(9.15.1) .Y; 
 000 / is klt;
(9.15.2) 
 00t � C for any t 2 Œ0; u�;
(9.15.3) .Y; 
 00u/ is not lc;
(9.15.4) Y is smooth and 
 00t has simple normal crossings support for any t 2 Œ0; u�; and
(9.15.5) 
 00t ^N� .KY C 
 00t / D 0 for any t 2 Œ0; u�.
Let s D supft 2 Œ0; u�jKY C 
 00t is lcg. Then .Y; 
 00s / is dlt. Since C is a general ample
Q-divisor, it is easy to see that after replacing 
 00s by an R-equivalent R-divisor, we may
assume that .Y; 
 00s / is plt. We may therefore assume that .X;	/ satisfies properties (1)
and (3) of Step 4. Property (2) may now be achieved as follows. Let f W Y ! X be a log
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resolution of .X;	/ such that there is an effective and exceptional Q-divisor F such that
f �A� F is ample. Let C �Q f

�A� F be a general ample Q-divisor. We may write

KY C 
 D f �.KX C	/C E

as in (3.21.1). Let T D f �1� S . We may assume thatKT C
T D .KY C
/jT is terminal.
Let 
 0 D 
 � f �A C F C C . We may then also assume that KT C 
 0T C C jT D
.KY C
 0CC/jT is terminal. After replacing 
 0 by 
 0� .
 0^N� .KY C
 0//, properties
(1), (2) and (3) are satisfied.

Step 5. The theorem now follows from (9.16) below. �

Theorem 9.16. Let .X;	 D SCACB/ be a projective plt simple normal crossings pair
where A is a general ample Q-divisor, B � 0, S D b	c is irreducible and .S;�CAjS/
is terminal where � D .ACB/jS . If KX C	 is pseudo-effective and S is not contained
in N� .KX C	/, then KX C	 �R D � 0.

Proof. Since KX C 	 is pseudo-effective and S is not contained in N� .KX C 	/, by
(9.13), S is not contained in B�.KX C 	/ and so N� .kKX C 	kS / is defined. (Note
that as observed above, the support ofN�.kKX C	kS / consist of the union of countably
many prime divisors in S .) Let

ˆ D
X

P2Supp.
/

�P .kKX C	kS /P � N� .kKX C	kS /

and‚ D � �� ^ˆ. By (9.13), KS C‚ is pseudo-effective.
Let W � WDivR.X/ be the smallest rational affine subspace containing 	, V �

WDivR.S/ be the smallest rational affine subspace containing‚ and U �WDivR.S/ be
the smallest rational affine subspace containingˆ.

There exists a number 1 	 " > 0 such that ".KX C 	/ C 1
2
A is ample and if

	0 2 W , k	 �	0k < ", then	0 �	C 1
2
A is ample.

By (5.60), there is a real number � > 0 and an integer r > 0 such that if ‚ 0 2 V
and k‚�‚0k < �, thenKS C‚0 is pseudo-effective and if k > 0 is an integer such that
k.KS C‚0/=r is Cartier, then h0.OS .k.KS C‚0/// > 0.

Let W 0 be the smallest rational affine subspace of W 
 U containing .	;ˆ/. In
particular W 0 dominates W and U . By Diophantine Approximation cf. ( 7.2), there exist
Q-divisors .	i ; ˆi/ 2 W 0 and integers ki 	 0 such that:
(9.16.1) we may write 	 D P

ri	i where ri > 0,
P
ri D 1,

(9.16.2) .X;	i D S C A C Bi / is plt and .S;�i C AjS / is terminal where �i D
.AC Bi /jS ,

(9.16.3) ki	i=r are integral and k	 �	ik < "=ki ,
(9.16.4) kiˆi=r are integral and kˆ �ˆik < �"=ki where � is the minimum non-zero

coefficient of ˆ.

Claim 9.17. We may assume that ‚i D �i � .�i ^ˆi / belongs to V .
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Proof of Claim. Let P be a prime divisor on S contained in Supp.�/. Notice that if
multP ..	�S/jS/ D multP .ˆ/, then multP ..	0�S/jS / D multP .ˆ0/ for any .	0; ˆ0/ 2
W 0. Let .	0; ˆ0/ 2 W 0. If k	 �	0k � 1 and kˆ �ˆ0k � 1, then

multP ..	�S/jS/ > multP .ˆ/ if and only if multP ..	0�S/jS / > multP .ˆ0/:

It follows that the assignment � W W 0 !WDivR.S/ given by

�.	0; ˆ0/ D .	0 � S/jS �
�
.	0 � S/jS ^ˆ0

�
is rational linear and �.	;ˆ/ D ‚ 2 V . Since V is a rational affine space, � �1.V / � W 0
is a rational affine subspace of W 0 containing .	;ˆ/ and so ��1.V / D W 0 and hence
V D �.W 0/. �

Claim 9.18. Let P 2 Supp.�/, then for any l > 0 sufficiently divisible,

multP .Fixjl.KX C	i C 1

ki

A/jS / � lmultP .ˆi /:

Proof of Claim. Since kˆ �ˆik < �"=ki , it suffices to show that

multP .Fixjl.KX C	i C 1

ki

A/jS/ � l
�
1� "

ki

�
multP .ˆ/:

Since k	i �	k � 1, ".KX C 	i/C 1
2
A is ample. Let � > "=ki be a rational number

such that �.KX C	i /C 1
2ki
A is ample. Notice that

l

�
KX C	i C 1

ki

A

�
D l.1��/

�
KX C	i C 1

2ki

A

�
Cl

�
�.KX C	i/C 1C �

2ki

A

�
:

Since	i �	C 1
2ki
A is ample, we may assume that Fixjl.1��/.KX C	i C 1

2ki
A/jS �

l.1� �/ˆ cf. (9.14). Since �.KX C	i /C 1C�
2ki

A is ample, the assertion follows. �

Claim 9.19. For all sufficiently divisible integersm > 0, we haveˇ̌̌̌
m

�
KS C‚i C 1

ki

A

�ˇ̌̌̌
CmFi �

ˇ̌̌̌
m.KX C	i /C m

ki

A

ˇ̌̌̌
S

;

where Fi D �i �‚i D �i ^ˆi .

Proof of Claim. Immediate from (6.14). �

Claim 9.20. We have

jki .KS C‚i /j C kiFi � jki .KX C	i/jS :
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Proof of claim. For any † 2 jki .KS C ‚i /j and any m > 0 sufficiently divisible, we
may choose a divisorG 2 jm.KX C	i/C m

ki
Aj such that GjS D m

ki
†CmFi C m

ki
AjS .

If we define ƒ D ki�1
m
G C Bi , then

ki .KX C	i / �Q KX C S CƒC 1

ki

A

where 1
ki
A is ample. By (6.6), we have a surjective homomorphism

H 0.X;JS;ƒ.ki .KX C	///! H 0.S;JƒjS .ki .KX C	i ///:

.S;�i / is klt, and so J
i
D OS . Since

ƒjS � .†C kiFi / D
�
ki � 1
m

G C Bi

�ˇ̌̌̌
S

� .†C kiFi / � �i ;

then by (2) of (6.4), we have I†Cki Fi
� JƒjS and so

†C kiFi 2 jki .KX C	i /jS
and the claim follows. �
Note that since ki .KX C 	i /=r and kiˆi=r are Cartier, then so is ki .KS C ‚i /=r . As
‚i 2 V and k‚�‚ik < �, h0.OS .ki .KS C‚i/// > 0 and so by (9.20), there exists an
effective divisorDi such that ki .KX C	i / �Q Di . But then

KX C	 �R

X
riDi � 0: �

REMARK 9.21. Related results may be found in [YT06], [Pău08], [Laz08].

EXERCISE 9.22. Let H and 	 be effective R-divisors on a smooth variety X such that
B.	/ D ;. Show that if 	0 2 j	jR is general, then J .	0 CH/ D J .H/.

EXERCISE 9.23. Let D be a pseudo-effective divisor on a normal projective variety.
Show that ifH is ample on X andD �H dim.X/�1 � 0, thenD 
 0.





CHAPTER 10

Finiteness of log terminal models

Theorem 10.1. Theorems 5.59, 5.60 in dimensions � n � 1 and Theorems 5.56, 5.57,
5.58 in dimensions � n imply Theorem 5.59 (1) in dimension n.

Proof. We proceed by induction on the dimension of C. The case when dimC D 0 follows
immediately from Theorems 5.57 and 5.58 in dimension n.

Notice that PSEF.X=U / (the cone of pseudo-effective divisors over U ) is closed.
By compactness of C \ PSEF.X=U /, it suffices to work locally around an R-divisor
KX C 	0 2 C \ PSEF.X=U /. We are therefore free to replace C by an appropriate
neighborhood of KX C	0 inside C.
Step 1. We may assume that KX C	0 is nef over U .

By Theorems 5.57 and 5.58 in dimension n, there exists an ltm � W X Ü Y forKXC	0

over U . Note that if KX C 	 is pseudo-effective over U , then KY C ��	 is pseudo-
effective over U . After shrinking C, we have for allKX C	 2 C that:

(10.1.1) KY C ��	 is klt cf. (10.5), and
(10.1.2) a.F IX;	/ < a.F IY; ��	/ for any �-exceptional divisor F � X .

It follows that if  W Y Ü Z is an ltm for .Y; ��	/ over U , then  ı � W X Ü Z

is an ltm for .X;	/ over U cf. (10.6). Replacing X by Z, 	 by ��	 and C by ��C D
f��.KX C	/jKX C	 2 Cg, we may therefore assume thatKX C	0 is nef over U .

Step 2. We may assume that KX C	0 �R;U 0.

Since KX C	0 is nef over U and 	0 is big over U , by the Basepoint-free theorem (cf.
(5.10)), KX C	0 is semiample over U and so there is a morphism  W X ! Z over U
and an R-divisorH on Z ample over U such that KX C	0 �R;U  �H .
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After further shrinking C, we may assume that any given ltm for .X;	/ overZ is an
ltm for .X;	/ over U cf. (10.7). We may hence replace U by Z so that we may assume
that KX C	0 �R;U 0.

Step 3. Pick anyKXC‚ 2 C with‚ ¤ 	0 and letKXC	 be the point on the boundary
of C such that

‚ �	0 D �.	 �	0/ 0 < � � 1:
Then we have that

KX C‚ D �.KX C	/C .1 � �/.KX C	0/ �R;U �.KX C	/:

It follows that KX C 	 is pseudo-effective over U if and only if KX C ‚ is pseudo-
effective over U and � W X Ü Y is an ltm for .X;	/ over U if and only if it is an ltm
for .X;‚/ over U cf. (5.40). Since the boundary of C is a rational polytope of strictly
smaller dimension, the induction is now complete. �

Theorem 10.2. Theorems 5.59, 5.60 in dimensions � n � 1 and Theorems 5.56, 5.57,
5.58 in dimensions � n imply Theorem 5.59 (2) in dimension n.

Proof. Let 
 W X 0 ! X be a Q-factorialization of X cf. (5.41) so that X 0 is Q-factorial
and 
 is a small morphism. If .X;	/ is klt, then � W X Ü Y is an ltm of .X;	/ if and
only if � ı 
 W X 0 Ü Y is an ltm of .X 0; 
�1� 	/. Replacing X by X 0 we may assume
that X is Q-factorial.

Notice that if � W X Ü Y is any ltm of .X;	/ over U and H 2 WDivR.Y /

is ample over U , then � is an ltm over U for any klt pair .X;	 0/ such that 	0 
U

	C "��1� H and 0 < "� 1. Since KY C ��	0 is ample over U , � is in fact the unique
ltm over U for .X;	0/.

It suffices therefore to show that there exists a rational polytope C � C 0 contained
in a finite dimensional subspace of WDivR.X/ such that if KX C	 2 C andH 0 is an R-
Cartier divisor on X , then there exists a klt pairKX C	0 2 C0 and a constant " > 0 such
that	0 
U 	C"H 0. This can be achieved as follows:We may assume that C is a simplex
(i.e., that C has nC 1 vertices where n is the dimension of the affine subspace spanned by
C). By (10.8), we may assume that there is a divisorA ample overU such that	 � A for
all KX C 	 2 C. We may now translate C by A0 C B 0 � A where A0 is a general ample
Q-divisor over U , B 0 � 0 is a Q-divisor such that A �R;U A0 C B 0, the components of
Supp.B 0/ generate WDivR.X/= 
U , and for any KX C 	 2 C, 	 � A C A0 C B 0 is
effective and .X;	� AC A0 C B 0/ is klt. We then let

C0 D fKX C	0 D KX C	C C j KX C	 2 C; Supp.C / � Supp.B 0/ and jjC jj < "g

where 0 < "� 1. �

Theorem 10.3. Theorem 5.60 in dimensions� n�1 and Theorems 5.56, 5.57, 5.58, 5.59
in dimensions � n imply Theorem 5.60 in dimension n.
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Proof. (1) is immediate from (5.58) and (5.10). We now prove (2). Notice that ifKXC	0
is not pseudo-effective, then B.KX C	0/ D X . Therefore, we may assume thatKX C	0
is pseudo-effective. Let � W X Ü Y be an ltm for KX C 	 over Z. We may pick
0 < ı such that if jj	 � 	0jj � ı, then KY C ��	0 is klt cf. (10.5) and a.F IX;	0/ <
a.F IY; ��	0/ for any �-exceptional divisor F � X . By (10.6), if  W Y Ü Z is an
ltm for KY C ��	0 over Z, then  ı � is an ltm for KX C 	0 over Z. By (5.36), all
�-exceptional divisors are contained in B.KX C	0/.

We now prove (3). Let � W X Ü Y be an ltm for KX C 	 over Z and let C be
the set of all 	0 2 W such that jj	 � 	0jj � � and � is an ltm for KX C 	0 over Z.
Since 	 is big, we may assume that there is Q-divisor A on Y ample over Z such that
if jj	 � 	0jj � �, then ��	 � A. If � is sufficiently small, then ��.	0 � 	/ C A=2 is
ample overZ for any	 0 2 W such that k	 �	0k � � and moreover

C D f	0 2 W j KY C ��	0 is nef overZ; and jj	 �	0jj � �g:
By the Cone theorem cf. (5.4), there are finitely many negative extremal rays R1; : : : ; Rk

forKY C ��	 � A=2 overZ. Since

KY C ��	0 D .KY C ��	 � A=2/C ��.	0 �	/C A=2;
if KY C ��	0 is not nef over Z, then there is an integer 1 � i � k such that R i is a
negative extremal ray for KY C ��	 � A=2 over Z. Therefore C is cut out by a subset
of the finite collection of extremal rays R i D RCŒCi � and hence C is a rational polytope.
Therefore the affine subspace of WDivR.X/ generated by C is W . We may then assume
that C D f	0 2 W W jj	�	0jj � �g.

Since Y is Q-factorial, there is an integer l > 0 such that if G is an integral Weil
divisor, then lG is Cartier. By (5.3), there exists an integer r > 0 such that if k.KY C
��	0/=r is integral, then k.KY C��	0/ is generated by global sections. Let p W W ! X

and q W W ! Y be a common resolution, then by definition of ltm, p �.KX C 	0/ D
q�.KY C ��	0/ C E where E � 0 is q-exceptional and the support of p�.E/ is the
union of all �-exceptional divisors on X . It follows that the support of Fix.k.KX C	0//
is given by the divisors contained in B.KX C 	0/, i.e., by the divisors contained in the
support of p�.E/. Since � is an ltm forKX C	 overZ, these divisors are also contained
in B.KX C	/. �

REMARK 10.4. Some related ideas and techniques may be found in [ Sho96].

EXERCISE 10.5. Let .X;	0/ be a Q-factorial klt pair and	0 2 V �WDivR.X/ a finite
dimensional vector space. Show that if there exists an " > 0 such that 0 � 	 2 V and
jj	�	0jj � ", then .X;	/ is klt.
EXERCISE 10.6. Let .X;	/ be aQ-factorial klt pair,� W X ! U a projectivemorphism,
� W X Ü Y a rational map over U that extracts no divisors such that Y is normal, Q-
factorial and projective over U . If a.F IX;	/ < a.F IY; ��	/ for any �-exceptional
divisor F � X and if  W Y Ü Z is an ltm of .Y; ��	/ over U , then  ı � is an ltm of
.X;	/ over U .
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EXERCISE 10.7. Let  W X ! Z and � W Z ! U be projective morphisms of normal
varieties and � W X Ü Y be a birational map over Z. IfH is an ample R-divisor on Z
and .X;	0/ is a Q-factorial klt pair such that	0 is big overU andKXC	0 �R;U  �H ,
show that there exists 0 < "� 1 such that if jj	 �	0jj � ", then � is an ltm for .X;	/
overZ if and only if it is an ltm for .X;	/ over U .

EXERCISE 10.8. Let � W X ! U be a projective morphism and A a �-ample divisor on
X . Let P �WDivR.X/ be a simplex such that if	 2 P , then	 is �-big andKX C	 is
klt. Show that there exists an " > 0 and a linear map L WWDivR.X/!WDivR.X/ such
that L.	/ �U;Q 	 for any	 2 P , KX C L.	/ is klt and L.	/ � "A � 0.



Part III
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CHAPTER 11

Moduli problems

11.A Representing functors

Let Sets denote the category of sets and Cat an arbitrary category. Further let

F W Cat ! Sets

be a contravariant functor. Recall that F is representable if there is an object M 2
ObCat such that F ' HomCat.__;M/. If such an M exists, it is called a universal
object or a fine moduli space for F .

11.B Moduli functors

NOTATION 11.1. Let f W X ! B be a morphism and K and L two line bundles onX .
Then

K �B L

will mean that there exists a line bundle N on B such that K ' L ˝ f �N .

EXERCISE 11.2. Prove that if B and Xb for all b 2 B are integral of finite type and f
is flat and projective, then K �B L is equivalent to the condition that K

ˇ̌
Xb
' L

ˇ̌
Xb

for all b 2 B .
DEFINITION 11.3. Let S be a scheme and SchS the category of S -schemes. Let

MP W SchS ! Sets

be the moduli functor of polarized proper schemes over S :
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(11.3.1) For an object B 2 ObSchS ,

MP .B/ WD ˚
.f W X ! B;L / j f is a flat, projective morphism and

L is an f -ample line bundle on X
�ı'

where “'” is defined as follows: .f1 W X1 ! B;L1/ ' .f2 W X2 ! B;L2/

if and only if there exists a B-isomorphism � W X1=B
'�! X2=B such that

L1 �B ��L2.
(11.3.2) For a morphism ˛ 2 HomSchS

.A;B/,

MP .˛/ WD .__/ 
B ˛;

i.e.,

MP .˛/ W MP .B/ �! MP .A/

.f W X ! B;L / 7�! .fA W XA ! A;LA/:

REMARK 11.4. The above definition has the disadvantage that it does not satisfy faith-
fully flat descent, cf. [BLR90, 6.1]. This is essentially caused by similar problems with
the naive definition of the relative Picard functor [Gro62, 232] or [BLR90, 8.1]. The
problem may be dealt with by appropriate sheafification of MP . The notion of canonical
polarization below also provides a natural solution in many cases. For details see [Vie95,
§1].

Considering our current aim, we leave these worries behind, but warn the reader
that they should be addressed.

In any case, unfortunately, the functor MP is too big to handle, so we need to study
some of its subfunctors that are more accessible. One reason is that MP does not take
into account any discrete invariants. If we follow our original plan for classification and
start by fixing certain discrete invariants, then we are led to study natural subfunctors of
MP .

DEFINITION 11.5. Let k be an algebraically closed field of characteristic 0 andSch k the
category of k-schemes. Let h 2 QŒt � and M smooth

h
W Schk ! Sets the following functor:

(11.5.1) For an object B 2 ObSchk ,

Msmooth
h .B/ WD ˚

f W X ! B j f is a smooth projective family

such that 8b 2 B;!Xb
is ample and �.Xb; !

˝m
Xb
/ D h.m/

�ı'
where “'” is defined as follows: .f1 W X1 ! B/ ' .f2 W X2 ! B/ if

and only if there exists a B-isomorphism � W X1=B
'�! X2=B.

(11.5.2) For a morphism ˛ 2 HomSchk
.A;B/,

Msmooth
h .˛/ WD .__/ 
B ˛:
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REMARK 11.6. For S D Speck, Msmooth
h

is a subfunctor of MP .

REMARK 11.7. Recall that by [Har77, III.10.1(b)], being smooth is invariant under base
change.

EXAMPLE 11.8.

Msmooth
h .Spec k/ D ˚

X jX is a smooth projective variety

with !X ample and �.!˝m
X / D h.m/

�
:

QUESTION 11.9. What does it mean that M smooth
h

is representable?

OBSERVATIONS 11.10. Suppose(!) that M smooth
h

is representable, i.e., assume (but do not
believe) that there exists an M 2 ObSchk such that Msmooth

h
' HomSchk

.__;M/. Then
one makes the following observations.
(11.10.1) First let BDSpec k. Then M smooth

h
.Spec k/ ' HomSchk

.Speck;M/ D M.k/,
the set of k-points of M. In other words, the set of closed points of M are in
one-to-one correspondence with smooth projective varieties X with !X ample
and �.X;!˝m

X / D h.m/. For such a varietyX , its corresponding point inM.k/

will be denoted by ŒX�.
(11.10.2) Next let B D M. Then one obtains that M smooth

h
.M/ ' HomSchk

.M;M/.
Now let .f W U ! M/ 2 Msmooth

h
.M/ be the element corresponding to the

identity idM 2 HomSchk
.M;M/. For a closed point x W Speck ! M one has

by functoriality that x D ŒUx �, where Ux D U 
M x. Therefore, .f W U ! M/

is a tautological family.
(11.10.3) Finally, let B be arbitrary. Then by the definition of representability one has

that Msmooth
h

.B/ ' HomSchk
.B;M/, i.e., every family .f W X ! B/ 2

Msmooth
h

.B/ corresponds in a one-to-one manner to a morphism�f W B ! M.
Applying the functor M smooth

h
.__/ ' HomSchk

.__;M/ to �f leads to the fol-
lowing:

Msmooth
h

.M/
Msmooth

h
.�f /

��

'

��

Msmooth
h

.B/

'

��

.f W U ! M/
� ��

� �

��������������

��

��

.f W X ! B/
� �

��������������

��

��

HomSchk
.M;M/

HomSchk
.�f ;M/

�� HomSchk
.B;M/

idM
� ��

� �

����������������
�f

� �

����������������
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By (11.5.2) this implies that .f W X ! B/ ' .f 
M �f W U 
M B ! B/, so
.f W U ! M/ is actually a universal family.

(11.10.4) Let .f W X ! B/ 2 Msmooth
h

.B/ be a non-trivial family, all of whose members
are isomorphic. For an example of such a family see (11.12) below. Let F
denote the variety to which the fibers of f are isomorphic, i.e., F ' X b for all
b 2 B . Then by (11.10.2) �f .b/ D ŒF � 2 M for all b 2 B . However, for this
f then .f
M �f W U
M B ! B/ ' .B 
F ! B/, which is a contradiction.

CONCLUSION 11.11. Our original assumption led to a contradiction, so we have to con-
clude that Msmooth

h
is not representable.

EXERCISE 11.12. Let B and C be two smooth projective curves admitting non-trivial

unramified double covers zB ! B ' zB
.

Z2
and zC ! C ' zC

.
Z2

. Consider the diag-

onal Z2-action on zB 
 zC : �.b; c/ WD .�.b/; �.c// for � 2 Z2 and let X D zB 
 zC.Z2

and f W X ! B the induced morphism Œ.b; c/ � .�.b/; �.c//� 7! Œb � �.b/�. Prove
that the fibers of f are all isomorphic to zC , but X 6' B 
 zC . Similar examples may be
constructed as soon as there exists a non-trivial representation �1.B/! AutC .

11.C Coarse moduli spaces

Since we cannot expect our moduli functors to be representable, we have to make do with
something weaker.

DEFINITION 11.13. A functor F W Schk ! Sets is coarsely representable if there
exists an M 2 ObSchk and a natural transformation

� W F ! HomSchk
.__;M/

such that
(11.13.1) �Speck W F .Speck/

'�! HomSchk
.Speck;M/ D M.k/ is an isomorphism,

and
(11.13.2) given an arbitrary N 2 ObSchk and a natural transformation

� W F ! HomSchk
.__;N/;

there exists a unique natural transformation


 W HomSchk
.__;M/! HomSchk

.__;N/

such that

 ı � D �:

If such an M exists, it is called a coarse moduli space for F .

Let us now reconsider the question and observations we made in ( 11.9) and (11.10)
with regard to this new definition.
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QUESTION 11.14. What does it mean that M smooth
h

is coarsely representable?

OBSERVATIONS 11.15. Assume that there exists an Mh 2 ObSchk satisfying the con-
ditions listed in Definition 11.13 above, i.e., assume that Msmooth

h
is coarsely represented

by Mh. Then one makes the following observations.
(11.15.1) Let B D Speck. Then by (11.13.1) we still have Msmooth

h
.Spec k/ ' Mh.k/,

the set of k-points of Mh. In other words, the set of closed points of Mh are
in one-to-one correspondence with smooth projective varieties X with !X am-
ple and �.X;!˝m

X / D h.m/. For such a variety, X its corresponding point in
Mh.k/ will be denoted by ŒX� (again).

(11.15.2) Let B D Mh. Then there exists a map

�Mh
W Msmooth

h .Mh/! HomSchk
.Mh;Mh/;

but there is no guarantee that idMh
2 HomSchk

.Mh;Mh/ is in the image of
�Mh

, and hence a tautological family .fh W Uh ! Mh/ may not exist.
(11.15.3) Let B be arbitrary. Then there exists a map �B W Msmooth

h
.B/ !

HomSchk
.B;M/, i.e., every family .f W X ! B/ 2 Msmooth

h
.B/ corresponds

to a morphism �f W B ! M, which still has some useful properties. Since it
is given by a natural transformation, we have that for all b 2 B ,

�f .b/ D ŒXb�:

Applying the functors M smooth
h

.__/ and HomSchk
.__;M/ to �f leads to the

following:

Msmooth
h

.Mh/
Msmooth

h
.�f /

��

��

Msmooth
h

.B/

��

‹‹
� ‹‹ �������������������

� �

���������
�

���
�
�
�
�
�
�
�
�
� .f W X ! B/

� �

���������������

�

��

HomSchk
.Mh;Mh/

HomSchk
.�f ;Mh/

�� HomSchk
.B;Mh/

idMh

� ��
� �

��������������
�f

� �

�����������������

Figure 11.15.1:
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We have observed in (11.15.2) that there may not be a tautological family

.fh W Uh ! Mh/ 2 Msmooth
h .Mh/

that maps to idMh
. However, even if such a family existed, we could not con-

clude that it maps to .f W X ! B/ via Msmooth
h

.�f /, because the vertical
arrows in Figure 11.15.1 are not necessarily one-to-one. In other words, even
if we find a tautological family, it is not necessarily a universal family.

(11.15.4) Finally, let .f W X ! B/ 2 Msmooth
h

.B/ be a non-trivial family all of whose
members are isomorphic. Let F denote the fiber of f , i.e., F ' X b for all
b 2 B . Then by (11.15.3) �f .b/ D ŒF � 2 M for all b 2 B . However, this
does not lead to a contradiction now (see the remark at the end of ( 11.15.3)).
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Hilbert schemes

In the previous chapter we saw that moduli functors are usually not representable. In this
chapter we will see examples of representable functors.

We will omit some of the proofs. The reader is encouraged to read the much more
detailed and complete [Kol96, Chapter I].

12.A The Grassmannian functor

Throughout this section we will use the notation for the pull-back of a sheaf introduced
in (2.15).

Let S be a scheme, r 2 N, and E a locally free sheaf on S . With a slight abuse of
terminology we will call a locally free subsheaf F ,! E a subbundle if the cokernel of
the embedding, E

ı
F is locally free. If the rank of F is 1 we call it a line subbundle.

We define the Grassmannian functor,

GrassS.r;E / W SchS ! Sets

as follows. For anyZ 2 ObSchS ,

GrassS .r;E /.Z/ WD
˚
V j V � EZ is a subbundle of rank r

�
and for any � 2 HomSchS

.Y;Z/,

GrassS .r;E /.�/ W GrassS .r;E /.Z/! GrassS .r;E /.Y /

V 7! VY
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Theorem 12.1. The functor GrassS .r;E / is represented by a projective S -scheme
GrassS .r;E / and a (universal) subbundle U � EGrassS .r;E / of rank r .

We will illustrate how one constructs a scheme representing a functor on this rela-
tively simple example. It will also demonstrate that being “simple” is indeed relative.

Before we do this, we need a few auxiliary preparatory statements.

DEFINITION 12.2. Let V be a vector space, p; q 2 N, and for any v 2 ^pV define a
linear map by the following formula:

^v W ^qV ! ^pCqV

x 7! v ^ x:
Next let „ � ^pV be a subspace and set

kerq „ WD
\
�2„

ker^� � ^qV:

EXERCISE 12.3. Prove that kerq is contravariant on the set of subspaces of ^pV : if
„ � † � ^pV , then kerq † � kerq „. Also prove that„ � kerp.kerq „/.

Lemma 12.4. Let W � V be a subspace of dimension p C q � 1. Then
(12.4.1) kerp.^qW / D ^pW .

Further let 0 ¤ „ � ^pV be a non-zero subspace such that kerq „ � ^qW . Then, as
subspaces of ^pV ,
(12.4.2) „ � ^pW . In particular, if q D 1, then „ D ^pW .
(12.4.3) If q D 1, then dimkerq „ � p.

Proof. Writing V as a direct sum V D W ˚W 0 and expressing ^qV in terms of exterior
powers ofW andW 0 makes (12.4.1) straightforward.

Furthermore, by definition, and since kerq „ � ^qW (cf. (12.3)),

„ � kerp.kerq „/ � kerp.^qW /;

so (12.4.2) follows from (12.4.1).
Finally, assume that q D 1. In order to prove (12.4.3), we may obviously assume

that dimkerq „ � p and letW1;W2 � kerq „ be two subspaces of dimension p. Then by
(12.4.2)^pW1 D ^pW2, implying thatW1 D W2. This can only happen, if dim kerq „ �
p. �

NOTATION 12.5. Let Z be a scheme, EZ a locally free sheaf on Z, p; q 2 N, and
G � ^pEZ a subbundle. Observe that the natural map

^pEZ ˝^qEZ ! ^pCqEZ;

combined with the embedding G ,! ^pEZ induces a morphism:

^G W ^qEZ ! G � ˝^pCqEZ :
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We will also consider the corresponding subsheaf

ker.^G / � ^qEZ :

We have the following.

Corollary 12.6. Let F � EZ be a subbundle of rank r and L � ^rEZ a line subbundle.
(12.6.1) If L D ^rF , then ker.^L / D F .
(12.6.2) If L � ^rEZ is such that ker.^L / � F , then L D ^rF .
(12.6.3) For any L � ^rEZ and z 2 Z, the rank of .ker.^L //z � .EZ/z is at most r .

Proof. Clearly, if L D ^rF , then ker.^L / � F , and then (12.6.1) follows directly
from (12.4.1) by restricting to fibers and setting p D 1 and q D r .

If L � ^rEZ is such that ker.^L / � F , then L and ^rF are subbundles of
the fixed locally free sheaf ^rEZ , hence we only need to prove the statement fiberwise.
Therefore we obtain that L � ^rF by (12.4.2) setting p D r and q D 1. However,
these are both line subbundles, so the containment must be an equality.

Finally, (12.6.3) is a straightforward consequence of (12.4.3) setting p D r and
q D 1. �

Proof of 12.1. Let P WD P.^rE �/ with tautological line bundle OP.1/. The dual of the
natural surjective morphism (cf. [Har77, II.7.11]),^rE �P � OP.1/ gives an embedding

OP.�1/ ,! ^rEP:

Now consider the morphism M WD ^OP.�1/ defined in (12.5). That is, twist the above
embedding by EP ˝ OP.1/ to obtain

EP ! ^rEP ˝ EP ˝ OP.1/;

which, combined with the exterior product morphism, ^ rEP ˝ EP ! ^rC1EP, yields the
natural morphism,

M D ^OP.�1/ W EP ! ^rC1EP ˝ OP.1/:

Locally, M is given by a matrix of regular functions. Let I r � OP be the ideal sheaf
generated by the r 
 r-subdeterminants of these matrices, G r � P the subscheme defined
by Ir and Kr D kerM

ˇ̌
Gr
. Note that Gr is closed in P and hence projective over S .

Observe that by (12.6.3), the rank of .kerM/x is at most r for any x 2 P. Then by
construction Kr is a locally free sheaf of rank r . In fact, it follows from the construction
that for any morphism � W Z ! P, ker.� �M/ D ��.kerM/ is a locally free sheaf of rank
r if and only if � factors through Gr .

Now let Z 2 ObSchS and F � EZ be a rank r subbundle. Then L WD ^rF is a
subbundle of ^rEZ , or equivalently there exists a surjective morphism ^ rE �Z � L �1.
This induces an S -morphism � W Z ! P such that L �1 D ��OP.1/. Therefore ��M D
^L and then it follows from (12.6.1) that F D ��Kr and hence .Gr ;Kr/ represents
GrassS .r;E /. �
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12.B The Hilbert functor

Let g W Y ! Z be a projective morphism, L a g-ample line bundle on Y and F a
coherent g-flat sheaf on Y . Then Rig�.F ˝L ˝m/ D 0 for i > 0 and m 	 0 [Har77,
III.8.8(c)], so one has that

rk.g�.F ˝L˝m//z D h0.Yz ;Fz ˝L˝m
z / D �.Yz ;Fz ˝L ˝m

z / for z 2 Z.

By the Riemann-Roch theorem the latter is a polynomial and since F is g-flat, this poly-
nomial is independent of z 2 Z [Har77, III.9.9]. In other words, there exists a polynomial
hY=Z;F ;L such that

hY=Z;F ;L .m/ D rkg�.F ˝L ˝m/ form	 0:

We will call this the Hilbert polynomial of g with respect to F and L . If there is no
danger of confusion, then we will use the notation hL WD hY=Z;OY ;L and will call hL

the Hilbert polynomial of L .
It is important that we are considering projective morphisms and not simply mor-

phisms with projective fibers. These two notions are different as shown by the following
exercise.

EXERCISE 12.7. Give an example of a proper morphism g W Y ! T such that Y b is a
projective variety for all b 2 B , but the morphism g is not projective.

Let S be a scheme and X 2 ObSchS . We define the Hilbert functor,

Hilb.X=S/ W SchS ! Sets

as follows. For anyZ 2 ObSchS ,

Hilb.X=S/.Z/ WD˚V j V � X 
S Z flat and proper subscheme overZ
�

'˚F j F ' OX�S Z
ı
I flat with proper support over Z

�
;

and for any � 2 HomSchS
.Z; Y /,

Hilb.X=S/.�/ W Hilb.X=S/.Y /! Hilb.X=S/.Z/

V 7! V 
Y Z � .X 
S Y / 
Y Z ' X 
S Z:

If L is a relatively ample line bundle on X=S and p 2 QŒz�, then we define

Hilbp.X=S/.Z/ WD
˚
F 2 Hilb.X=S/.Z/ j hXZ =Z;F ;LZ

D p
�
:

Notice that if Z is connected, then

Hilb.X=S/.Z/ D
[
p

Hilbp.X=S/.Z/:
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Theorem 12.8 [Gro62, Gro95] [Kol96, I.1.4]. Let X=S be a projective scheme, L a
relatively ample line bundle onX=S and p a polynomial. Then the functor Hilb p.X=S/

is represented by a projective S -scheme Hilbp.X=S/, called the Hilbert scheme of X=S
with respect to p.

EXERCISE 12.9. Let X=S be a projective scheme. Prove that Hilb1.X=S/ ' X=S .

REMARK 12.10. Similarly to (11.10.2-3), one observes that by the definition of repre-
sentability, idHilbp.X=S/ 2 HomSchS

.Hilbp.X=S/;Hilbp.X=S// corresponds to a univer-
sal object, or universal family, Univp.X=S/ 2 Hilbp.X=S/.Hilbp.X=S//. It follows
from the definition of Hilbp.X=S/, that Univp.X=S/ � X 
S Hilbp.X=S/ is flat and
proper over Hilbp.X=S/ with Hilbert polynomial p.

DEFINITION 12.11. We define the Hilbert scheme of X=S as follows:

Hilb.X=S/ WD
a
p

Hilbp.X=S/:

Sketch of the proof of 12.8. The idea of the construction of Hilbp.X=S/ is as follows.
Let X ,! P be an embedding into a projective space over S such that a fixed power

of L is the pull-back of OP.1/. Further let J � OP be the ideal sheaf of X � P and
m 2 N such that J ˝ OP.m/ is generated by global sections. Then the vector subspace

H 0.P;J ˝ OP.m// � H 0.P;OP.m//

determines J ˝ OP.m/ � OP.m/. By Mumford regularity [Mum66, Lecture 14] one
may choose an m that works for all X with the same Hilbert polynomial.

Therefore we obtain a naturally defined subset of GrassS .p.m/;H
0.P;OP.m///

whose points are in one-to-one relationshipwith subschemes ofPwith Hilbert polynomial
p. It can be proved that this subset is algebraic and has a natural subscheme structure cf.
[Mum66, Lecture 8].

To finish the construction one proves that for X D P the subset of the Grassmanian
with the obtained subscheme structure representsHilb p.P=S/. Then for arbitraryX , one
argues that Hilbp.X=S/ is naturally a subfunctor of Hilbp.P=S/ and thus Hilbp.X=S/

is constructed as a subscheme of Hilbp.P=S/.
For more details the reader should consult [Kol96, I.1]. �
For more on Hilbert schemes see [Mum66, Kol96, EH00].
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The construction of the moduli space

13.A Boundedness

There are several properties a moduli functor needs to satisfy in order for it to admit a
(coarse) moduli space cf. (1.A.8). We will discuss some of these in more detail. The first
one is boundedness.

DEFINITION 13.1. Let F be a subfunctor of MP . Then we say that F is bounded if
there exists a scheme of finite type T and a family .� W U ! T;L / 2 MP .T / with the
following property:

For any .� W X ! B;N / 2 F .B/ there exists an étale cover [Bi ! B and finite
type morphisms 
i W Bi ! T such that for all i ,

.� W X ! B;N /Bi
' 
�i .� W U ! T;L /:

In this case we say that .� W U ! T;L / is a bounding family for F .
If in addition .� W U ! T;L / 2 F .T /, then .� W U ! T;L / is called a locally

versal family for F .

REMARK 13.2. When using canonical polarizations, then onemay restrict to open covers
in the definition. See [Vie95, 1.15] and [Kol94].

The first major general theorem about boundedness was Matsusaka’s big theorem.
Here we only cite a special case. For themore general statement please refer to the original
article.

Theorem 13.3 [Mat72]. Fix a polynomial h 2 QŒt �. Then M smooth
h

is bounded.

In fact, in order to prove boundedness of M smooth
h

, it is enough to prove the follow-
ing:
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Theorem 13.4. Fix h 2 QŒt �. Then there exists an integer m > 1 such that !˝m
X is very

ample for all X 2 Msmooth
h

.Spec k/.

DEFINITION 13.5. Let the smallest integer m satisfying the condition in (13.4) be de-
noted by m.h/.

Assume that (13.4) holds form. Then by the Kodaira vanishing theorem (3.37)!˝m
X

does not have higher cohomology for anym � 2 and X 2 M smooth
h

.Speck/, so

(13.5.1) h0.X; !˝m
X / D �.X;!˝m

X / D h.m/:

Choose m D m.h/ as defined in (13.5), that is, m is the smallest integer satisfying
the condition in (13.4). Let N D h.m/ � 1, the dimension of the projective space
P
�
H0.X; !˝m

X /
�
Then for all X 2 Msmooth

h
.Speck/ the m-th pluricanonical map

�
!

˝m
X

W X ,! PN

is an embedding. Next define the polynomial h 0 by h0.x/ WD h.mx/ and consider T D
Hilbh0.PN =k/, U D Univh0.PN=k/ and the two projections �1 W PN 
Hilbh0.PN =k/!
PN and �2 W PN 
 Hilbh0.PN=k/ ! Hilbh0.PN=k/. Let � D �2

ˇ̌
U
W U ! T and

L D ��1 OPN =k.1/
ˇ̌
U
. Then .� W U ! T;L / gives a bounding family for M smooth

h
.

Therefore (13.4) implies (13.3).
We will see later that it is necessary to allow singular objects in our moduli functors.

This will lead to many difficulties, amongst them the fact that Matsusaka’s big theorem,
as stated, will not be strong enough for our purposes.

Recently the following more general boundedness statement was obtained through
work of Tsuji, Hacon-McKernan and Takayama.

Theorem 13.6. Fix h 2 QŒt �. Then there exists an integer m > 0 such that if X is a
canonically polarized variety (i.e., !X is ample) with only canonical singularities and
Hilbert polynomial h, then !˝m

X is very ample.

This result is a consequence of the following weaker statement combined with the
existence of canonical models.

Theorem 13.7. Let n > 0 be any positive integer, then there exists an integer rn > 0 and
a real number Vn > 0 such that if X is a smooth complex projective variety of general
type and dimension n, then:
(13.7.1) Vol.KX/ > Vn.
(13.7.2) For any r � rn the rational map �jrKX j W X Ü P.H0.OX .rKX/// is bira-

tional.

Recall that by definition, the volume of KX is given by

Vol.KX / D lim:sup:m!1
h0.OX .mKX//

mn=nŠ

where n D dimX . It is known that the above lim:sup: is in fact a limit and that X is of
general type if and only if Vol.KX/ > 0.
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Notice that the first statement in the above theorem is immediate from the second
statement. In fact, we have that if �jrnKX j is birational, then

Vol.rnKX / � deg


�jrnKX j.X/ � PH 0.OX .rnKX //

�
� 2

and so Vol.KX/ > .1=rn/
n.

By the same line of argument as above (cf. (13.4)), we have the following immediate
corollary of (13.7).

Corollary 13.8. Let n > 0 be any positive integer and M > 0 be any positive real
number. Then the set of complex projective n-dimensional varieties X such that 0 <
Vol.KX / � M is birationally bounded in the sense that there exists a projective mor-
phism of normal quasi-projective varieties (in particular of finite type over C) f W Z !
B such that for any X as above, there exists a closed point b 2 B such that the fiber Z b

is birational to X .

We also have the following more detailed corollary.

Corollary 13.9. Let n > 0 be any positive integer and M > 0 be any positive real
number, then the set of complex projective projective varieties X such that
(13.9.1) X is a canonically polarized variety with only canonical singularities;
(13.9.2) dimX D n; and
(13.9.3) Vol.KX/ �M ,

has a parameter space; i.e., there exists a projective morphism of normal quasi-projective
varieties f W X ! B such that for any X as above, there is a closed point b 2 B such
that the fiber Xb is isomorphic toX and such that any fiber Xb is a canonically polarized
variety with only canonical singularities.

Proof. Let f W Z ! B be the family given by (13.8). We may assume that B is the
disjoint union of its irreducible components. We may replaceB by the closure in B of the
set of points

fb 2 BjZb is a variety of general typeg � B:
Let � be the generic point of a component of B and let Y� ! Z� be a projective res-
olution of the singularities of the fiber over �. By (5.60), R.KY�

/ is finitely generated.
Let N� be an integer such that R.N�KY�

/ is generated in degree 1. The above resolution
extends to an open neighborhoodU D U� of � in B and we may assume thatR.N�KYU

/

is generated in degree 1. Therefore, by Noetherian induction, replacing B by a disjoint
union of locally closed subsets and replacing Z by a desingularization, we may assume
that f W Z ! B is a smooth projective morphism and that there exists an integerN such
that for any closed point b 2 B , R.NKZb

/ is generated in degree 1 and

�NKZb
W Zb Ü Z can

b Š Xb

defines a birational map to the canonical model. The statement now follows by letting
X D ProjBR.KZ =B/. �
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Proof of (13.6). Note that dimX and Vol.KX / are determined by the degree and the
leading coefficient of the polynomial h. From (13.9) and its proof it follows that there is
an integerN > 0 such thatNKX is Cartier. By (5.3), there exists an integerm (depending
only on n) such that mNKX is very ample. �

REMARK 13.10. Notice that this is enough to deal with canonical models of smooth
projective varieties of general type, in particular to construct a coarse moduli space for
Msmooth

h
. However, unfortunately, this does not lead to a compact moduli space. In or-

der to construct a moduli space for all stable varieties, one needs a similar boundedness
statement for a larger class of singularities. We will not discuss this here, the reader may
consult [Ale94], [Ale02], [AM04] and [Kol].

The rest of the present section is devoted to proving (13.7), but first we will need to
recall several important results.

Lemma 13.11. Let X be a variety of general type and Vx � X a subvariety containing
a very general point x 2 X . Then Vx is of general type.

Proof. Suppose that Vx is not of general type. Since x is general, we may assume that
the Vx are a dominating family of subvarieties of X cf. (2.G). Therefore, there is a flat
projective morphism p W V ! B of normal quasi-projective varieties and a dominating
morphism f W V ! X such that there is a dense subset B 0 � B (which we may assume
is not contained in a countable union of closed subsets) such that for any closed point
b 2 B0, the fiber Vb is isomorphic to a Vx and hence is not of general type. Cutting down
by hyperplanes, compactifying, and resolving the indeterminacies, we may assume that
f is a generically finite morphism of smooth projective varieties (p is no longer flat).

We have thatKV D f �KX CR where R is an effective divisor. Therefore, V is of
general type. By the Easy Addition Formula, it then follows that the general fibers of p
are of general type. This contradicts our assumptions. �

Lemma 13.12. Let .X;D/ be a quasi-projective Q-factorial lc pair, V a minimal center
of non-klt singularities not contained in the non-klt singularities of .X; 0/. Let H be an
ample divisor on X and assume that for a general point v 2 V , there exists a divisor
NHv �Q H jV such that multv. NHv/ > dimV , then there exists a Q-divisor G �Q ˛D C
ˇH where 0 � ˛ < 1, 0 < ˇ < 1, .X;G/ is lc on a neighborhood of v and v is contained
in a unique non-klt center V 0 of .X;G/ with dimV 0 < dimV .

Proof. Note that on a neighborhood of v, the pair .X; .1� "/D/ is klt for any 0 < " � 1.
Let f W Y ! X be a log resolution of .X;D/ and write KY C 
 D f �.KX CD/C E
as in (3.21.1). By assumption, there is a component F of 
 of coefficient 1 such that
f .F / D V . Since H is ample, by Serre vanishing, for general v 2 V , we may find a
divisor Hv �Q H such that HvjV D NHv and .X;D C Hv/ is lc on the complement
of V . Let Fv be the fiber of F over v. Since v 2 V is general, we may assume that
F ! V is smooth over a neighborhood of v and so multFv

.f �HvjF / > dimV . In
particular .F; f �HvjF / is not lc along Fv and hence .F; .
 � F C f �Hv/jF / is also
not lc. Let f 0 D f ı � W Y 0 ! Y ! X be a log resolution of .X;D C Hv/. We write
KYC
 0 D f 0�.KXC	/CE 0 as in (3.21.1) andF 0 D ��1� F . As .F; .
�FCf �Hv/jF /
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is not lc, neither is .F 0; .
 0 � F 0 C f 0�Hv/jF 0/. Thus there is a component 
 00 ¤ F 0 of
multiplicity greater than 1 in 
 0 whose intersection with F 0 dominates v. It follows that
(in a neighborhood of v), for some 0 � ˛ < 1, the pair .X; ˛D C Hv/ is klt over
X � V \ Supp.Hv/ and .X; ˛D CHv/ is not lc over a center containing v. Therefore,
there exists a number 0 � ˇ < 1 such that .X; ˛D C ˇHv/ is lc but not klt over a center
containing v. Let v 2 V 0 � V be any minimal non klt center containing v. By tie braking,
cf. [Kol07a, 8.7], for any " > 0, there exists a divisorD 0 � �.˛D C ˇHv C "H/ where
0 < � < 1 and .X;D 0/ has a unique non-klt place over V 0. The lemma now follows. �

Theorem 13.13 Kawamata’s subadjunction theorem. Let V � X be a minimal center
of non-klt singularities for a pair .X;D/ which is lc at a general point of V . Let � W
QV ! V be the normalization and let G be an ample Q-Cartier divisor on X . Then for

any rational number " > 0, there is an effective Q-divisor 	" such that

��.KX CD C "G/jV D K QV C	":

If moreover, V is a minimal non-klt center at v 2 V and .X;D/ is lc at v 2 V , then V is
normal and .V;	"/ is klt on a neighborhood of v 2 V .

Proof. See [Kol07a, 8.6]. �

Proof of (13.7). We proceed by induction on n D dimX . Note that when n D 1,
Vol.KX / � 2 and �jrKX j defines an embedding for all r � 3.
Step 1. It suffices to show that there exist positive constants A;B > 0 such that � jrKX j
is birational for all

r � A

.Vol.KX//1=n
C B:

If Vol.KX / � 1, then �jrKX j is birational for all r � A C B . If Vol.KX / < 1, then let

r0 D
l

A
.Vol.KX //1=n C B

m
. Then �jr0KX j is birational and

Vol.r0KX / D rn
0Vol.KX / <

�
A

.Vol.KX//1=n
C B C 1

�n

Vol.KX/ < .AC B C 1/n:

It follows that the closure of �jr0KX j.X/ has bounded degree and hence belongs to a
bounded family. We may therefore assume that there is a projective morphism of quasi-
projective varieties f W X ! B such that if X is any smooth complex projective variety
of dimension n and 0 < Vol.KX / < 1, then X is birational to Xb , the fiber of f over
a closed point b 2 B . By an argument similar to the one in the proof of ( 13.9), we may
assume that f is smooth. If �jrKXb

j is birational for some closed point b 2 B , then we
may assume that the same is true for any closed point b 0 in a neighborhood of b. By
Noetherian induction, there exists a constant rn such that �jrKX j is birational for any r �
rn and any X smooth complex projective variety of dimension n with 0 < Vol.KX / < 1.

Step 2. It suffices to show that there exist positive constants A;B > 0 such that for any
very general point x 2 X , there is a Q-divisor Dx �Q �KX where
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� x is an isolated point of the co-support of J .Dx/;

� � < A

.Vol.KX //1=n C B .

Letm	 0 be an integer such that jmKX j defines a birationalmap and pickmG 2 jmKX j
a very general divisor. Let .x; y/ 2 X 
 X be a very general point. In particular x and
y are very general points of X . Then x is not contained in the support of D y C G and

y is not contained in the support of Dx C G. Let t D
l

A

.Vol.KX //1=n C B
m
, then x and

y are isolated points in the co-support of J .Dx CDy C .t � 2�/G/. Let � W Y ! X

be a log resolution of .X;Dx C Dy C G/, then we may write f �G D F CM where
mM D Mob.��mKX/ is free and hence nef and big. Note that if b.t � 2�/M c D 0 then

t��KX�
�
��DxC��DyC.t � 2�/��G

˘ 
 f��DxC��DyC.t�2�/F gC.t�2�/M:
By Kawamata-Viehweg vanishing, it follows that

R1��OY .KY C t��KX �
�
��Dx C ��Dy C .t � 2�/��G

˘
/ D 0

and hence (again by Kawamata-Viehweg vanishing and an easy spectral sequence argu-
ment) that

H 1.X;OX ..t C 1/KX/˝J .Dx CDy C .t � 2�/G//
D H1.Y;OY .KY C t��KX �

�
��Dx C ��Dy C .t � 2�/��G

˘
// D 0:

But then the homomorphism

H 0.OX ..t C 1/KX //! H 0.OX ..t C 1/KX /˝ OX=J .Dx CDy C .t � 2�/G//
is surjective. In particular H 0.OX ..t C 1/KX // � 2 and we have a rational map � W
X Ü P1. Replacing X by an appropriate smooth birational model, we may assume that
� is a morphism. By induction, ifXp is the fiber over a general point p 2 P1, then jrKXp

j
induces a birational map for all r � rn�1. By [Kol86], we may choose

rn D .2

�
A

.Vol.KX//1=n
C B

�
C 1/.2rn�1 C 2/C rn�1:

Step 3. ConstructingDx .

ReplacingX by its canonical model, we may assume thatKX is ample andX has canon-
ical singularities. Since h0.OX .mKX// D vmn=nŠ C O.mn�1/ where v D Vol.KX /,
and vanishing to order k at a very general point x 2 X imposes at most k n=nŠ conditions,
for any constant 0 < v 0 < v, there exists an integerm > 0 such that for any very general
point x 2 X , we may find a divisorDx 2 jmKX j with multx.Dx/ > m.v

0/1=n. Let

� D supft > 0j.X; tDx/ is klt near xg:
Thus � � n=.m.v0/1=n/ and so �Dx �Q �KX where � � n=.v0/1=n. Let Vx be a minimal
non-klt center of .X; �Dx/ at x and let � W QVx ! Vx be the normalization. If dimVx D 0
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we are done, so we may assume that n > n0 D dimVx > 0. Since x 2 X is general, by
(13.11), we have that Vx is of general type.

Let Wx ! QVx be a resolution. By induction on the dimension, we may assume that

Vol.KWx
/ � Vn0 :

Therefore, for general w 2 Wx , there is a divisor Gw � �0KWx
such that multw.Gw / >

dimWx and �0 < n=.Vn0/1=n0

. This pushes forward to a divisor NGw �Q �0K QVx
with the

same properties. By (13.13), for any rational number " > 0 and any general pointw 2 V x ,
we may find a divisor NHw �Q �

0.KXC�DxC"KX/jVx
such that multw. NHw/ > dimWx .

By (13.12), for any general point v 2 V , there exists a Q-divisor G on X such that

G �Q �KX where � < �C .1C �C "/�0

and .X;G/ is lc on a neighborhood of v 2 X and has a unique a non-klt center V 0
containing v with dimV 0 < dimV .

Repeating this process at most dimVx times, one sees that we may assume that
there exist constants ˛; ˇ > 0 such that w is the unique non-klt center of .X;Dw/ on a
neighborhood of a general point w 2 X and that Dw �Q �KX where � < ˛�C ˇ. The
claim now follows easily as the first summand is of the form O.1=.Vol.KX //

1=n/. �

13.B Constructing the moduli space

The success of using the Hilbert scheme in order to obtain boundedness might make one
believe that the Hilbert scheme itself could work as a moduli space. However, unfortu-
nately this is not the case as the points of Hilbh.P

N =k/.k/ also parameterize subschemes
that are not in the moduli functor M smooth

h
. For example, they may be horribly singular

and the polarizing line bundle may not even be related to the canonical sheaf.
The next natural idea is to take the locus of Hilbert points that corresponds to those

subvarieties of PN that are in Msmooth
h

.Spec k/, i.e., smooth with canonical polarization.
This is a much better guess, but still not perfect. There are two fundamental problems.
First, it is not at all clear that this locus is a subscheme of Hilbh.P

N =k/, or even if its
support is a subscheme, then whether there is a natural scheme structure that is compati-
ble with the functorMsmooth

h
. This actually turns out to be a difficult technical problem re-

ferred to as local closedness and we will discuss it in more detail below. The second prob-
lem is that a single object of Msmooth

h
.Speck/ will appear several times in Hilbh.P

N=k/;
any subscheme of PN appears as a potentially different subscheme after acting upon it
by an element of Aut.PN /, but in the moduli functor we only want a single copy of each
isomorphism class.

The way to proceed is “obvious”. Assume that we can solve the local closedness
problem and indeed we can find a subscheme that consists of exactly the points that
belong to Msmooth

h
.Spec k/. (Actually we will need to worry about more than that.) Then

we get a natural action of Aut.PN / on this subscheme and taking the quotient by Aut.PN /

will yield our desired moduli space. It should be mentioned that it is not entirely obvious
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how one should go about taking this quotient, but fortunately it has been figured out and
explained in [Vie91, Kol97a, KeM97].

As we mentioned before, Msmooth
h

does not lead to a compact moduli space. As in
the case of curves, this is settled by extending the moduli functor to allow stable varieties
(cf. 13.26) instead of just smooth ones. We will only briefly touch on this extension in the
following sections, but we will at least make some remarks indicating some of the issues
and difficulties related to working with the moduli functor of stable varieties.

13.C Local closedness

We have already observed that in order to carry out the the plan laid out in 13.B we
need to identify the set of Hilbert points corresponding to the moduli functor and find a
natural scheme structure on this set. The technical condition that allows us to do this is
the following.

DEFINITION 13.14. A subfunctor F � MP is locally closed (resp. open, closed) if
the following condition holds: For every .f W X ! B;L / 2 MP .B/ there exists a
locally closed (resp. open, closed) subscheme � W B 0 ,! B such that if � W T ! B is any
morphism then

.fT W XT ! T;LT / 2 F .T / , � factors through �

T

 ��

9 ��

�
�

	

B

B 0
�

��
:

OBSERVATION 13.15. There are two main ingredients of proving that M smooth
h

is locally
closed. Let m D m.h/ as defined in (13.5). Suppose that .f W X ! B;L / 2 MP .B/.
Note that in the construction of the moduli space this L comes from OPN .1/ where
N D h.m/ � 1. Now one needs to prove that:
(13.15.1) the set fb 2 B j Xb 2 Msmooth

h
.Speck/g is a locally closed subset of B , and

(13.15.2) the condition L
ˇ̌
Xb
' !m

Xb
is locally closed on B .

At this point these conditions are not too hard to satisfy. To prove ( 13.15.1) one
observes that being projective is assumed, while being smooth is open. The canonical
bundle, !Xb

being ample is open, but this we actually do not even need as it will fol-
low from (13.15.2). The requirement on the Hilbert polynomial will also follow from
(13.15.2). In turn, (13.15.2) follows from the following lemma.

Lemma 13.16 [Vie95, 1.19]. Let f W X ! B be a flat projective morphism and K and
L two line bundles on X . Assume that h0.Xb;OXb

/ D 1 for all b 2 B . Then there exists
a locally closed subscheme � W B 0 ,! B such that if � W T ! B is any morphism then

KT �T LT , � factors through �

T

 ��

9 ��

�
�

	

B

B 0
�

��
:
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Proof. After replacing L by L ˝K �1 we may assume that K ' OX . Observe that if
L
ˇ̌
Xb

is generated by a single section, then it gives an isomorphism

OXb

'�! L
ˇ̌
Xb
:

Consider
B 00red WD

n
b 2 B j h0.Xb;L

ˇ̌
Xb
/ ¤ 0

o
D supp .f�L / :

This is closed by semi-continuity [Har77, III.12.8]. So far this is only a subset and we
need to define a (natural) scheme structure on it. However, that is a local problem, so we
may assume that B is affine. By cohomology-and-base-change [Mum70, §5] there exists
a bounded complex of locally free sheaves

E 0
ı0

�� E 1
ı1

�� : : : ın�1
�� E n

such that for any morphism � W T ! B ,

Ri.fT /�LT ' hi .E �T /:

In particular,
.fT /�LT ' kerŒı0

T W E 0
T ! E 1

T �:

By definition, B 00red D supp ker ı0. Now define the ideal sheaf I � OB as follows:

� If B 00red D Bred in a neighbourhood of a point b 2 B , then let I D 0 near b.

� Otherwise write E i D ˚ri OB near b 2 B . Since we are not in the previous case,
we must have r1 � r0. Now let I be generated by the r0 
 r0 minors of

ı0 W
r0M

OB !
r1M

OB :

Let the scheme structure on B 00red be defined by this ideal sheaf, i.e., let B 00 the scheme
with support equal to B 00red and whose structure sheaf is OB00 WD OB

ı
I .

Now if � W T ! B is such that LT �T OT , then .fT /�LT is a line bundle on T
and if ker ı0

T contains a line bundle, then the image of � �I in OT has to be zero. In other
words, � factors through B 00 ,! B .

In the final step we construct B 0 as an open subscheme of B 00. By our previous
observation we may assume that B 00 D B , in particular, f�L ¤ 0 on a dense open set.
Let

B 000 WD
n
b 2 B j h0.Xb;L

ˇ̌
Xb
/ > 1

o
:

Again, by semi-continuity, B 000 is closed. Next let Bı D B n B 000, the largest open (pos-
sibly empty) subscheme of B with f�L

ˇ̌
Bı invertible and let Z � X be the support of

cokerŒf �f�L ! L �. Finally let

B 0 WD .B n f .Z// \ Bı � B:
It is easy to check that this B 0 satisfies the required condition. �



126 Chapter 13. The construction of the moduli space

Extending local closedness to the moduli functor of stable varieties is an extremely
hard problem and has been open for a long time. It has been recently solved by Kollár in
[Kol08a]. See also [HK04].

13.D Separatedness

Boundedness and local closedness allow us to identify a subscheme of an appropriate
Hilbert scheme consisting of the Hilbert points of the schemes in our moduli problem.
This subscheme has a group action induced by the automorphism group of the ambient
projective space. This already allows the construction of the moduli space as an algebraic
space by taking the quotient by this group action. However, in order to effectively use this
moduli space we hope that it will satisfy certain basic properties. Perhaps the most basic
one is separatedness.

DEFINITION 13.17. A subfunctor F � MP is separated if the following condition
holds. LetR be a DVR and T D SpecR with general point tg ,! T and .Xi ! T;Li/ 2
F .T / two families for i D 1; 2. Then any isomorphism ˛g W ..X1/tg ; .L1/tg / !
..X2/tg ; .L2/tg/ over tg extends to an isomorphism ˛ W X1 ! X2 over T .

Separatedness of a moduli functor is a non-trivial property. Without further restric-
tions it will not hold as shown by the following examples. We learned these examples
from János Kollár.

EXAMPLE 13.18. Let Z D P1 
 A1 with coordinates .Œx W y�; t/. Let the projections to
the factors be �1 W Z ! P1 and �2 W Z ! A1. Further let L D ��1 OP1.1/, R D kŒt�.t/

(a DVR) and consider the base change by T D SpecR ! A1. With the notation f D
.�2/T , one has that .f W ZT ! T;LT / 2 MP .T /. Now let ˛ W ZT Ü ZT be the map
induced by .Œx W y�; t/ 7! .Œtx W y�; t/. This is an isomorphism over the general point of
T , but is not even dominant over the special point.

REMARK 13.19. The main problem here comes from the fact that AutP 1 is not discrete.
The good news is that by a theorem of Matsusaka and Mumford [MM64] this problem
can only occur if the fiber over the closed point is ruled.

EXAMPLE 13.20. Let Y be a smooth projective variety of dimension at least 2, Z D
Y 
 A1, � W Z ! A1 the projection to the second factor and C1; C2 � Z two sections,
i.e., curves in Z that are isomorphic to A1 via � and such that C1 and C2 intersect in a
single point, P , transversally. Assume for simplicity that �.P / D 0 2 A1.

Let Z1 be the variety obtained by first blowing up C1 and then the strict transform
of C2. Similarly, let Z2 be the variety obtained by first blowing up C2 and then the strict
transform of C1.

Let U D ft 2 A1 j t ¤ 0g. Then .Z1/U and .Z2/U are naturally identified, but this
identification between .Z1/U and .Z2/U does not extend over t D 0 2 A1. To see this,
observe that the exceptional divisors on the fibers .Z i /0 are distinguishable. If dimY D 2

then the exceptional fiber corresponding to the first blow-up has self-intersection�2while
the other one has self-intersection�1. If dimY D d > 2 then the two exceptional divisors
are not even isomorphic. The one coming from the second blow-up is isomorphic to P d�1
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while the one coming from the first is the blow-up of that at a point. On the other hand, any
extension of the identification between .Z1/U and .Z2/U would map the preimage of C i

to the preimage of Ci for i D 1; 2 and hence would have to identify the first exceptional
divisor on .Z1/0 with the second one on .Z2/0. This is obviously impossible.

To make this example more interesting, assume that A1 admits an embedding into
AutY , i.e., Y admits a one-parameter group of automorphisms. Denote these automor-
phisms by ˛t for t 2 A1 and assume that ˛0 D idY and .C2/t D ˛t ..C1/t /. In this case
the automorphisms ˛t induce an isomorphism between Z1 and Z2 including the fiber
over t D 0. Observe that the restriction of this isomorphism is the identity on the fiber
over t D 0, but different from the identity over any t 2 U .

In this exampleZ1 andZ2 are isomorphic, but not all isomorphisms overU extend
to an isomorphism over the entire A1.

EXAMPLE 13.21. This example is based on an example of Atiyah. Let � W P 1
P1 ,! Pn

be an arbitrary embedding and Y � PnC1 the projectivized cone over �.P1 
 P1/ � Pn

with vertex P . Let L � PnC1 be a general linear subspace of codimension 2. Notice
that this implies that P 62 L. Consider the projection from L to a line, PnC1 n L ! P1.
After blowing up L this extends to a morphism �L W BlLPnC1 ! P1. Let Z be the strict
transform of Y on BlLPnC1 and � D �L

ˇ̌
Z
. Then one has the following diagram:

Z

�

		�
��

��
��

�

�

��
Y ����� P1;

where � is flat projective with connected fibers and a smooth general fiber, and � is
the blowing-up of L \ Y � Y , hence birational and an isomorphism near P 2 Y . Let
zP D ��1.P /.

Next let C1 and C2 be the images via � of two general lines corresponding to the
two different rulings of P1
P1 and S1 and S2 their respective preimages on Y . Note that
by construction C1 and C2 are disjoint from L. For the rest of this example anywhere i
appears, it is meant to apply for both i D 1; 2. Let zSi D ��1Si � Z and �i W Zi D
Bl zSi

Z ! Z the blow-up ofZ along zSi . Observe, that zSi � Z is a divisor and since Z is

smooth away from zP , this implies that Zi is isomorphic to Z away from zP , in particular
.Z1/P1nfQg ' .Z2/P1nfQg whereQ D �. zP / 2 P1. On the other hand, it is easy to check

that ��1
i . zP / ' P1 is equal to the whole fiber of the blow-up BlSi

PnC1 ! PnC1. (Since
P 62 L, this computation can be done on Y ).

Z1

�1



















��

Z2

�2

����
��

��
��





Z

�

��
P1



128 Chapter 13. The construction of the moduli space

Next, we wish to determine the fiber ZQ D ��1.Q/. Let LP D hL;P i, the linear
span of L and P . Observe that LP ' Pn is a general hyperplane through P in PnC1.
Hence LP \ Y is the cone over a general hyperplane section of a smooth projective
surface, i.e., over a smooth projective curve. We conclude that ZQ is the blow-up of this
cone at its intersection with L which consists of finitely many points that are disjoint
from P as well as from S1 and S2. Therefore, .Zi /Q is a further blow-up along the strict
transform of Si .

Next suppose that � is the standard quadratic embedding of P1 
 P1 into P3. In
this case, Si ' P2 are linear subspaces of P4 contained in Y , ZQ is the blow-up at
finitely many smooth points of a quadric cone and .Z i /Q is the blow-up ofZQ along one
of the rays of the quadratic cone that miss the centers of the other blow-ups. Therefore
.Z1/Q ' .Z2/Q, but this isomorphism does not extend to an isomorphism ofZ 1 andZ2.

This leads to a moduli space that is non-separated in a quite peculiar way: the point
corresponding to the class of .Z1/Q ' .Z2/Q completes the curve P1 n fQg correspond-
ing to the family .Z1/P1nfQg ' .Z2/P1nfQg in two different way.

The result is the following 1-dimensional algebraic space. LetQ 2 P1 a point. Take
two copies of this P1 and glue them together along P1 n fQg. Then glue the two copies
ofQ together but by a separate gluing. Therefore there are two separate ways to get toQ
from the rest of the P1.

As we mentioned before, a result of Matsusaka and Mumford tells us that in our
case these pathologies do not occur.

Theorem 13.22 [MM64, Theorem 1]. Let R be a DVR and T D SpecR with closed
point ts 2 T . Further let X1=T be a proper T -scheme andX2=T a reduced T -scheme of
finite type such that .X2/ts is not ruled. Assume that X1 and X2 are birational. Then so
are .X1/ts and .X2/ts .

We may use this result to prove separatedness of M smooth
h

, but first we need an aux-
iliary theorem.

Theorem 13.23. Let S be a scheme and fi W Xi ! S two proper S -schemes, Li rela-
tively ample line bundles on Xi=S and ji W Ui ,! Xi open immersions with complement
Zi D Xi n Ui for i D 1; 2. Assume that

(13.23.1) there exists an S -isomorphism ˛ W U1=S
'! U2=S such that ˛�L2 ' L1, and

(13.23.2) depthZi
Xi � 2 for i D 1; 2 (this is satisfied if for example Xi is normal and

codim.Zi ; Xi/ � 2).
Then ˛ extends to X1 to give an isomorphism X1=S ' X2=S .

Proof. Once ˛ has an extension to X1, it is unique, so the question is local on S and
thus we may assume that it is affine. Let m be large enough that L ˝m

i is relatively very

ample. First observe that (13.23.2) implies that .ji /�


L ˝m

i

ˇ̌
Ui

�
' L˝m

i for i D 1; 2.

Therefore 

fi

ˇ̌
Ui

�
�



L˝m

i

ˇ̌
Ui

�
' .fi /�L˝m

i

ˇ̌
fi .Ui /

:
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This implies that


fi

ˇ̌
Ui

�
�



L ˝m

i

ˇ̌
Ui

�
is coherent. Let A be an ample line bundle

on S , then


fi

ˇ̌
Ui

�
�



L˝m

i

ˇ̌
Ui

�
˝ A ˝r is generated by global sections for r 	 0. As

L˝m
i is relatively very ample, this gives a surjection

f �i

 
rM

A �1

!
� L˝m

i ;

which in turn induces an embedding � i W Xi ,! Pr�1
S .

As the isomorphism ˛ in (13.23.1) gives an isomorphism between the sheaves

f1

ˇ̌
U1

�
�



L ˝m

1

ˇ̌
U1

�
'


f2

ˇ̌
U2

�
�



L ˝m

2

ˇ̌
U2

�
;

we may choose the generators defining the � i to be compatible with this isomorphism
and conclude that �1

ˇ̌
U1
D �2

ˇ̌
U2
ı ˛.

Since Ui is dense in Xi , we obtain that �i .Xi / is the Zariski closure of �i .Ui / and
hence we have

X1
'
�1

�� �1.X1/ D �1.U1/ D �2.U2/ D �2.X2/ X2:
'
�2

��

Clearly, this isomorphism restricted toU1 coincides with ˛ proving the desired statement.
�

Corollary 13.24. Msmooth
h

is separated.

Proof. Let R be a DVR and T D SpecR with general point tg ,! T . Further let
.Xi ! T;Li / 2 Msmooth

h
.T / two families for i D 1; 2 and assume that there exists

an isomorphism ˛g W ..X1/tg ; .L1/tg/! ..X2/tg ; .L2/tg/.
Let Ui � Xi be the largest open sets for i D 1; 2 such that there exists an extension

of ˛g that gives an isomorphism ˛ W U1 ! U2.
Now observe that as ˛g induces a birational equivalence between X1 and X2,

by (13.22) it extends to a birational equivalence between .X1/ts and .X2/ts and hence
these contain isomorphic open sets, which are then contained in U 1 and U2 respectively.
Therefore the conditions of (13.23) are satisfied and so ˛ extends to an isomorphism
X1=T ' X2=T . �

With this we have covered the most important properties of moduli functors, bound-
edness, local closedness, and separatedness. These properties, along with weak positivity
and weak stability (see [Vie95, 7.16]) and projectivity of complete moduli (see [Kol90a]
and (13.E)), allow one to prove the following:

Theorem 13.25 [Kol90a], [Vie95, 1.11]. There exists a quasi-projective coarse moduli
scheme for Msmooth

h
.
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For more precise statements see [Kol90a] and [Vie95, §1.2]. Other relevant sources
are [Kol85, KSB88, Vie89, Vie90a, Vie90b, Vie06].

At first sight it may seem that with the construction of this moduli scheme we have
accomplished the plan laid down earlier. However, it is not entirely so. We should def-
initely consider this an answer if we only care about smooth canonically polarized va-
rieties. After all, the moduli space does “classify” these objects. On the other hand, a
canonical model may not be smooth. So if we also care about those cases, we have to
work with singular varieties as well. Moreover, in order to obtain a compact moduli space
we have to allow singular varieties:

DEFINITION 13.26. A variety X is called stable if X is semi-log canonical, projective
and !X is an ample Q-line bundle.

Extending the definition of M smooth
h

to stable varieties is not entirely straightforward
because working with Q-line bundles and not necessarily normal singularities requires
some extra care. We will discuss some of the relevant issues in Chapter 14.

Once the moduli functor is defined, we would like to have the same properties for
this extended functor as we did for M smooth

h
. Unfortunately, the proof of (13.24) does not

extend to this case, so we need a new approach to prove that the extended moduli functor
is also separated.

Kollár and Shepherd-Barron showed that the minimal model program provides a
way to do this [KSB88]. The main idea is the following: Consider a family � W X ! B

of varieties of general type and let  W Y ! B be its ltm over B cf. (5.57). Then by the
Basepoint-free theorem (5.1) we may consider the canonical model � W Z ! B overB . If
the general fiber of � is a smooth canonically polarized variety, then the same is true for
 and �. Therefore this should be considered the typical family of stable varieties whose
general fiber is smooth. It follows from the mmp that the special fibers are also stable. In
fact this method works in full generality and was used by Kollár and Shepherd-Barron to
prove separatedness of the moduli functor of stable surfaces. For more details on this line
of argument and how separatedness of the moduli functor of stable surfaces follows from
this, see [KSB88, §5].

13.E Properness

A moduli functor being proper is not necessary for constructing a moduli space that
(coarsely) represents it, but it is necessary for that moduli space to be proper.

DEFINITION 13.27. Let F be a subfunctor of MP . F is said to be proper or complete
if it is separated, bounded and the following condition is satisfied:

Let T be the spectrum of a DVR with generic point � W tg ! T and

.fg W Xg ! Tg ;Lg / 2 F .Tg/:

Then there exist a spectrum of a DVR, eT with generic pointe� W etg ! eT , a finite and
dominant morphism � W eT ! T and

.ef W eX ! eT ; eL / 2 F .eT /
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such that
��.fg W Xg ! Tg ;Lg/ ' ��.ef W eX ! eT ; eL /:

In other words every family .fg W Xg ! Tg ;Lg/ can be extended to a family over
the closed point after a finite base change.

As mentioned above Msmooth
h

is not proper. This is exactly why we need to extend
this functor to include stable varieties. An important ingredient in proving properness of
the extended funtor is the mmp. For more on this subject see [KSB88], [Kol90b], [Kol].





CHAPTER 14

Families and moduli functors

A very important issue in considering higher dimensional moduli problems is that, as
opposed to the case of curves, when studying families of higher dimensional varieties
one must put conditions on the admissible families that restrict the kind of families and
not only the kind of fibers that are allowed. This is perhaps better understood through an
example of bad behavior.

14.A An important example

� Let R � P4 be a quartic rational normal curve, i.e., the image of the embedding of
P1 into P4 by the global sections of OP1.4/. For example take

R D fŒu4 W u3v W u2v2 W uv3 W v4� 2 P4 j Œu W v� 2 P1g:
� Let T � P5 be a quartic rational scroll, i.e., the image of the embedding of P 1 
 P1

into P5 by the global sections of OP1�P1.1; 2/. Let f1 and f2 denote the divisor
classes of the two rulings on T . For example take

T D fŒxz2 W xzt W xt2 W yz2 W yzt W yt2� 2 P5 j .Œx W y�; Œz W t �/ 2 P1 
 P1g:
� Let CR � P5 be the projectivized cone overR in P5 and CT � P6 the projectivized

cone over T in P6. For the above choices, these are represented by

CR D fŒu4 W u3v W u2v2 W uv3 W v4 W w4� 2 P5 j Œu W v W w� 2 P2g; and
CT D

˚
Œxz2 W xzt W xt2 W yz2 W yzt W yt2 W pq2� 2 P6 j

j .Œx W y W p�; Œz W t W q�/ 2 P2 
 P2 n .`1 [ `2/
�
;
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where `1 D .p D z D t D 0/; `2 D .x D y D q D 0/ � P2 
 P2 are two lines.
Notice also that the parametrization of CT given above is not generically finite.

� Let V � P5 be a Veronese surface, i.e., the image of the Veronese embedding; the
embedding of P2 into P5 by the global sections of OP2.2/. For example take

V D fŒu2 W vw W uv W uw W v2 W w2� j Œu W v W w� 2 P2g:

Another possible parameterization is obtained when the Veronese embedding is
combined with the 4-to-1 endomorphism of P2, Œu W v W w� 7! Œu2 W v2 W w2�:

V D fŒu4 W v2w2 W u2v2 W u2w2 W v4 W w4� j Œu W v W w� 2 P2g:

� Let W � P5 
 A1 be the following quasi-projective threefold:

W D ˚�
Œu4 W u3v C �.v2w2 � u3v/ W u2v2 W uv3 C �.u2w2 � uv3/ W v4 W w4�; �

�ˇ̌ˇ̌
Œu W v W w� 2 P2; � 2 A1

� � P5 
 A1:

OBSERVATIONS:

� V is a smoothing of CR. Indeed, the second projection of P5 
 A1 exhibits W as a
family of surfacesW ! P1. Both CR and V appear as members of this family. For
� D 0; 1 2 A1; W0 ' CR andW1 ' V .

� R is a hyperplane section of T . Indeed let H � P5 be a general hyperplane. Then
C WD H \ T is a smooth curve such that C � f1 C 2f2. Then by the adjunction
formula 2g.C / � 2 D .�2f1 � 2f2 C C/ � C D �2, hence C ' P1. Furthermore,
then C 2 D 4, so OT .1; 2/

ˇ̌
C
' OC .4/. Therefore C is a quartic rational curve in

H ' P4, and thus it may be identified with R.

� T is also a smoothing of CR. Indeed, both T and CR are hyperplane sections of CT .
The latter statement follows from the previous observation.

ANALYSIS:

� It is relatively easy, and thus left to the reader, to compute that CR has log terminal
singularities. In particular, this type of singularity is among those we have to be able
to handle.

� The problem this example points to is that if we allow arbitrary families, then we
may get unwanted results. For example, using the families derived from C T and
W would mean that T ' P1 
 P1 and V ' P2 should be considered to have the
same deformation type. However, there are obviously no smooth families that they
both belong to, as they are topologically very different. For instance,K 2

T D 8 while
K2

V D 9.
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� The crux of the matter is that CT is not Q-Gorenstein (cf. (3.5)) and consequently
the family obtained from it is not a Q-Gorenstein family. This is actually an im-
portant point: the members of the family are Q-Gorenstein surfaces, but the relative
canonical bundle of the family is not Q-Cartier. In particular, the canonical divisors
of the members of the family are not consistent.

� The family obtained fromW is Q-Gorenstein and consequently the canonical divi-
sors of the members of the family are similar to some extent. Among other things
this implies that K2

CR
D 9. One may also use the parameterization of CR given

above to verify this fact independently. It is interesting to note thatKCR
is Q-Cartier,

but not Cartier even though its self-intersection number is an integer.

14.B Q-Gorenstein families

We have seen that we have to extend the definition of the moduli functor (see ( 11.5)) to
allow (some) singular varieties.

The reader should be warned that here we are entering a somewhat uncharted terri-
tory. This area of research is still rapidly evolving. In particular it has not yet crystallized
what the “right” or optimal conditions to assume in the definition of the moduli functor
are. There are several different moduli functors that are being studied at this time. Ac-
cordingly, on occasion, we may assume too much or too little. This chapter is intended to
give a peek into the forefront of the research that is conducted in this area.

The example in (14.A) shows that it is not enough to restrict the kind of members
of the families we allow but we have to restrict the kind of families we allow as well.

DEFINITION 14.1. Let k be an algebraically closed field of characteristic 0 andSch k the
category of k-schemes. We define Mwst W Schk ! Sets, the moduli functor of weakly
stable canonically polarized Q-Gorenstein varieties, the following way.
(14.1.1) A morphism f W X ! B of schemes is called a weakly stable family if the

following hold:
(a) f is flat and projective with connected fibers,

(b) !X=B is a relatively ample Q-line bundle, and

(c) for all b 2 B , Xb has only semi-log canonical singularities.
(14.1.2) For an object B 2 ObSchk ,

Mwst.B/ WD ff W X ! B j f is a weakly stable familyg
.
'

where “'” is defined as in (11.5).
(14.1.3) For any morphism ˛ 2 HomSchk

.A;B/,

Mwst.˛/ WD .__/ 
B ˛:

REMARK 14.2. Note that it is not obvious from the definition that this is indeed a functor.
However, this functor (if it is a functor) is actually not yet the one we are interested in.
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We will use this to define others. The fact that those others are indeed functors will follow
from Lemma 14.4.

As mentioned above, this functor is not yet the right one. There are two additional
conditions to which we have to pay attention. The first is to keep track of the Hilbert
polynomials of the polarizations. This is straightforward, although somewhat different
from the smooth case in that now we have to also keep track of what power of the Q-line
bundle corresponds to the polarization. This is done as follows.

DEFINITION 14.3. Let k be an algebraically closed field of characteristic 0, Schk the
category of k-schemes and N 2 N. We define Mwst;ŒN � W Schk ! Sets, the moduli
functor of weakly stable canonically polarized Q-Gorenstein varieties of index N, as
the subfunctor of Mwst with the additional condition that ! ŒN �

X=B
is a line bundle:

Mwst;ŒN �.B/ WD
n
.f W X ! B/ 2 Mwst.B/

ˇ̌
!

ŒN �

X=B
is a line bundle

o
:

Now let h 2 QŒt �. Then

M
wst;ŒN �

h
.B/ WD

n
.f W X ! B/ 2 Mwst;ŒN �.B/

ˇ̌
�.Xb; !

ŒmN �
Xb

/ D h.m/
o
:

In order to use the polarization given by the appropriate reflexive power of the
canonical sheaves of the fibers, we need to know that the powers of the relative canonical
sheaf commute with base change. The following shows that for objects in M wst;ŒN �.B/,
this holds for multiples of the index.

Lemma 14.4 [HK04, 2.6]. Given a weakly stable family of canonically polarized Q-Gor-
enstein varieties of index N , f W X ! B , and a morphism ˛ W T ! B , we have

˛�X!
ŒN �

X=B
' !

ŒN �

XT =T
:

Proof. Let U � X be the largest open subset U of X such that !Ub
is a line bundle for

all b 2 B or equivalently the largest open subset U of X such that !X=B

ˇ̌
U
' !U=B is a

line bundle. Then ! ŒN �

X=B

ˇ̌
U
' !˝N

U=B
and hence

˛�X!
ŒN �

X=B

ˇ̌
˛�1

X U
' ˛�X!

˝N
U=B

' !˝N

˛�1
X U=T

' !
ŒN �

XT =T

ˇ̌
˛�1

X U
:

Now codim.Ub; Xb/ � 2 for all b 2 B (cf. (3.14)), so codim..˛�1
X U /t ; .XT /t / � 2 for

all t 2 T and hence codim.˛�1
X U;XT / � 2. Finally ˛�X!

ŒN �

X=B
and ! ŒN �

XT =T
are reflexive,

so since they are isomorphic on ˛�1
X U , they are isomorphic on XT . �

However, there is an issue that complicates the matter. It is possible that the in-
formation carried by the functor Mwst;ŒN � is not enough to encode the main topological
properties of the fibers. As a solution, Kollár suggests that we require more.

DEFINITION 14.5 : KOLLÁR’S CONDITION. We say that Kollár’s condition holds for
any family .f W X ! B/ 2 Mwst.B/, if for all ` 2 Z and for all b 2 B ,

!
Œ`�

X=B

ˇ̌
Xb
' !

Œ`�
Xb
:
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The important difference between this condition and the situation in the previous
lemma is that this condition requires that the restriction of all reflexive powers commute
with base change, not only those that are line bundles.

It is relatively easy to see using the same argument as in the proof of ( 14.4) that this
condition is equivalent to the requirement that the restriction of all reflexive powers to the
fibers be reflexive themselves.

Now we are ready to define the “right” moduli functor.

DEFINITION 14.6. Let k be an algebraically closed field of characteristic 0 and Sch k

the category of k-schemes. We define M D M st W Schk ! Sets, the moduli functor of
stable canonically polarized Q-Gorenstein varieties, as the subfunctor ofMwst with the
additional condition that a family .f W X ! B/ 2 Mwst.B/ satisfy Kollár’s condition:

M.B/ WD
n
.f W X ! B/ 2 Mwst.B/

ˇ̌ 8` 2 Z; b 2 B;!Œ`�

X=B

ˇ̌
Xb
' !

Œ`�
Xb

o
:

Finally, let h 2 QŒt � and N 2 N. Then we define M
ŒN �

h
as the subfunctor of M ŒN � with

the additional condition that for any family .f W X ! B/ 2 M ŒN �.B/, the Hilbert
polynomial of the fibers agree with h:

M
ŒN �

h
.B/ WD

n
.f W X ! B/ 2 MŒN �.B/

ˇ̌ 8b 2 B; �.Xb; !
ŒmN �
Xb

/ D h.m/
o
:

The difference between the moduli functors M
wst;ŒN �

h
and M

ŒN �

h
is very subtle. They

parameterize the same objects and as long as one restricts to Gorenstein varieties, they
allow the same families. This means that if one is only interested in the compactification
of the coarse moduli space of M smooth

h
, then the difference between these two moduli

functors does not matter as they lead to the same reduced scheme. The difference may
only show up in their scheme structure. However, the usefulness of a moduli space is
closely related to its “right” scheme structure, so it is important to find the correct one.

A somewhat troubling point is that we do not actually know for a fact that these two
moduli functors are really different in characteristic 0. In other words, we do not know
an example of a family that belongs to M

wst;ŒN �

h
, but not to M

ŒN �

h
. The following example

of Kollár shows that these functors are different in characteristic p > 0, but there is no
similar example known in characteristic 0.

14.7 KOLLÁR’S EXAMPLE. Note that the first part of the discussion (14.7.1) works in
arbitrary characteristic. It shows that a family with the required properties belongs to
M

wst;ŒN �

h
, but not to M

ŒN �

h
. In the second part (14.7.2) it is shown that in characteristic

p > 0 a family satisfying another set of properties also has the ones required in (14.7.1).
Finally, it is easy to see that the example in (14.A) admits these later properties, so we do
indeed have an explicit example for this behavior.

(14.7.1) Suppose that g W Y ! B is a family of canonically polarized Q-Gorenstein
varieties (with only semi-log canonical singularities) and assume that B D SpecR with
R D .R;m/ a DVR. Let Bn D SpecRn whereRn WD R

ı
mn and consider the restriction

of the family g over Bn, gn W Yn D Y 
B Bn ! Bn. Finally assume that !Yn=Bn
is
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Q-Cartier of index rn for all n but rn ! 1 as n!1 (recall that the index means
the smallest integer m such that the m-th reflexive power is a line bundle). Note that by
Lemma 14.4 this implies that !Y=B cannot be Q-Cartier.

We claim that gn is a weakly stable family of canonically polarized Q-Gorenstein
varieties of index rn (Definition 14.1), but it does not satisfy Kollár’s condition (Defini-
tion 14.5) for all but possibly a finite number of n.

The first part of the claim is obvious from the assumptions. For the second part
consider the following argument. If gn satisfied Kollár’s condition, then for any m <

n the restriction of ! Œrm�

Yn=Bn
to Ym (hence to Y1) would be a line bundle implying, via

Nakayama’s lemma, that ! Œrm�

Yn=Bn
itself is a line bundle. That however would further imply

that rn � rm, but since rn ! 1 as n!1, this can only happen for a finite number of
n’s.

(14.7.2) Next we will show (following Kollár) that a family such as in (14.7.1) does
exist in characteristic p > 0. It is currently not known whether such an example exists
in characteristic 0. As above, let g W Y ! B be a family of canonically polarized Q-
Gorenstein varieties with only log canonical singularities, such that B D SpecR with
R D .R;m/ a DVR. Assume that g; Y , and B are defined over a field k of characteristic
p > 0. Let Bn D SpecRn where Rn WD R

ı
mn and consider the restriction of the family

g over Bn, gn W Yn D Y 
B Bn ! Bn. For a concrete example one may consider the
smoothing of CR to T via CT (reduced over kŒx�.x/) from the example in (14.A).

Claim. !Yn=Bn
is Q-Cartier.

Proof. The question is local on Y , so we may assume that Yn is a local scheme. In par-
ticular, we will assume that all line bundles on Y1 are trivial. Let

�n W Un D .Yn n SingYn/ ,! Yn:

By assumption, Yn is normal (R1 and S2) for all n, so

!
Œm�

Yn=Bn
' .�n/�!˝m

Un=Bn

for all m.
Next, consider the restriction maps to the special fiber of the family from all the

infinitesimal thickenings:
%n W PicUn ! PicU1:

The key observation is the following: the kernel of this map is a (p-power) torsion group
(cf. [Har77, Ex.III.4.6]). In other words, any line bundle on U n whose restriction to U1 is
trivial extends to a Q-Cartier divisor on Yn.

Recall that by assumption, !Y1=B1
D !Y1

is Q-Cartier (of index r1), in particular

!
Œr1�

Y1=B1
is trivial. Therefore,

%n.!
˝r1

Un=Bn
/ D !

˝r1

Un=Bn

ˇ̌
U1
' !

˝r1

U1=B1

is also trivial. Consequently,
!
˝r1

Un=Bn
2 ker%n:
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Recall that this is a torsion group, so there exists anmn 2 N such that


!
˝r1

Un=Bn

�˝mn

is trivial. That however, implies that then so is

!
Œr1�mn�

Yn=Bn
' .�n/�!˝.r1�mn/

Un=Bn
' .�n/�OUn

' OYn
:

We conclude that !Yn=Bn
is indeed Q-Cartier. �

It is left for the reader to prove that if !Y=B is not Q-Cartier, then the index of
!Yn=Bn

has to tend to infinity. It is easy to check that this happens in the case of CT

considered as a non-Q-Gorenstein smoothing of CR as above.

REMARK 14.8. The previous example also shows an important aspect of why Kollár’s
condition is useful. Let Z be a canonically polarized Q-Gorenstein variety of index m
with only semi-log canonical singularities. If we want to find a moduli space where Z
appears, we may choose the moduli functor M

wst;Œa�m�

h
for any a 2 N (where h is the

Hilbert polynomial of ! Œa�m�
Z ). The previous example shows that the scheme structure

of the corresponding moduli space will depend on which a we choose. As a grows, the
moduli scheme gets thicker. Consequently, there is not a unique moduli scheme where
Z would naturally belong. This does not happen for the functor M

Œa�m�

h
because Kollár’s

condition makes sure that the choice of a makes no difference.

14.C Projective moduli schemes

With the definition of M
ŒN �

h
we have reached the moduli functor that should be the right

one. This functor accounts for all canonical models, even a little bit more, as well as all
degenerations of smooth canonical models.

The natural next step would be to state the equivalent of Theorem 13.25 for M
ŒN �

h
.

However, we can’t quite do that exactly.
Boundedness was proven for moduli of surfaces (i.e., degh D 2) in [Ale94] (cf.

[AM04]) A more general result was obtained in [Kar00] assuming that certain conjectures
from the Minimal Model Program were true. Fortunately these conjectures have been
recently proven in [HM07, BCHM10] and explained in Part II of this book, so this piece
of the puzzle is in place.

Separatedness follows from [KSB88] and [Kaw07].
Projectivity follows from [Kol90a].
Local closedness for M

wst;ŒN �

h
was proven in [HK04]. Hacking obtained partial re-

sults toward the local closedness of M
ŒN �

h
in [Hac04]. Local closedness of M

ŒN �

h
in gen-

eral has been proven by Abramovich and Hassett, but this result has not appeared in any
form yet at the time of this writing. Even more recently a general flattening result that
implies the local closedness of M

ŒN �

h
has been proven by Kollár [Kol08a]. Kollár’s result

essentially closes the question of local closedness for good.
So, the conclusion is that all the pieces are in place, even though the statement of

the existence of a projective coarse moduli scheme for M
ŒN �

h
has not yet appeared in print

and thus we will not formulate it as a theorem here.
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14.D Moduli of pairs and other generalizations

As it has become clear in higher dimensional geometry in recent years, the “right” formu-
lation of (higher dimensional) problems deals with pairs, or log varieties (cf. [ Kol97b]).
Accordingly, one would like to have a moduli theory of log varieties. In fact, one would
like to go through the entire Part III of this book and replace all objects with log varieties,
canonical models with log canonical models, etc.

However, this is not as straightforward as it may appear at first sight and the formu-
lation of the moduli functor itself is not entirely obvious. The good news is that as it is
shown in Part II, the necessary tools from the minimal model program are now available.
Steady work is being done in this area and perhaps by the time these words appear in
print, there will be concrete results to speak of about log varieties. For partial results in
this direction the reader should consult recent works of János Kollár [Kol07c, Kol08a,
Kol08b, Kol08c, Kol09]. A different, but very promising approach has been taken by Dan
Abramovich and Brendan Hassett in [AH09].

There are many related results we did not have the chance to mention in detail.
Here is a somewhat random sample of those results: Valery Alexeev has been particularly
prolific and the interested reader should take a look at his results, a good chunk of which
is joint work with Michel Brion: [Ale96, Ale02, Ale01, AB04a, AB04b, AB05]. A few
years ago Paul Hacking solved the long-standing problem of compactifying the moduli
space of plane curves in a geometrically meaningful way [Hac04]. Recently Hacking,
jointly with Sean Keel and Jenia Tevelev, has done the same for the moduli space of
hyperplane arrangements [HKT06] and Del Pezzo surfaces [HKT07].

In the last two chapters we will take a look at two special topics. First we will
review some recent results on the singularities of stable varieties and then some results on
the geometry of their moduli spaces.



CHAPTER 15

Singularities of stable varieties

In this chapter we will recall a few results regarding singularities that occur on stable
varieties, that is, singularities of the objects that appear on the boundary of the moduli
spaces we discussed in the previous chapter.

We have already defined rational and DB singularities cf. (3.52) and (3.57) and here
we will review some of their basic properties and some recent results connecting them to
the singularities of the mmp. As an application of the main results we will investigate the
following question: If one is only interested in stable degenerations of smooth canonically
polarized varieties, in other words in the connected components of the moduli space that
contain moduli points representing smooth varieties, then is there any additional assump-
tion one might make about the singularities that appear? It is easy to see that there are
certain properties one cannot expect to keep, such as for example being normal or Goren-
stein. However, we will see that being Cohen-Macaulay is preserved in stable families.

We will need the following definition and foundational results: LetX be a complex
scheme of finite type and let !

�

X denote the dualizing complex of X , i.e., !
�

X D f ŠC,
where f W X ! SpecC is the structure map cf. [Har66]. As introduced in (3.54), the
symbol 'qis stands for quasi-isomorphism of complexes, which is isomorphism in the
derived category setting. The next two theorems essential statement is that R�� has both
a right �Š and a left L�� adjoint.
Theorem 15.1 [Har66, VII] Grothendieck duality. Let � W Y ! X be a proper mor-
phism, then for all G � bounded complexes of OY -modules with coherent cohomology
sheaves,

R��RHomY .G
�

; !
�

Y / 'qis RHomX .R��G
�

; !
�

X /:

Theorem 15.2 [Har66, II.5.10] Adjointness. Let � W Y ! X be a proper morphism,
then for all F

�

bounded complexes of OX -modules and G
�

bounded complexes of OY -



142 Chapter 15. Singularities of stable varieties

modules with coherent cohomology sheaves,

R��RHomY .L�
�F �

; G
�

/ 'qis RHomX .F
�

;R��G
�

/:

15.A Singularity criteria

The moral of the theorems in this section can be summarized by the following principle:

The splitting principle 15.3. Morphisms do not split accidentally.

REMARK 15.4. It is customary to casually use the word “splitting” to explain the state-
ments of the theorems that follow. However, the reader should be warned that one has to
be careful with the meaning of this, because these “splittings” take place in the derived
category, which is not abelian. For this reason, in the statements of the theorems below
we use the terminology that a morphism admits a left inverse. In an abelian category this
condition is equivalent to “splitting” and being a direct component (of a direct sum). With
a slight abuse of language we labeled these as “Splitting theorems” cf. (15.5), (15.11) and
(15.18).

The first theorem we recall is a criterion for a singularity to be rational.

Theorem 15.5 [Kov00b] Splitting theorem I. Let � W Y ! X be a proper morphism
of varieties over C and % W OX ! R��OY the associated natural morphism. Assume
that Y has rational singularities and % has a left inverse, i.e., there exists a morphism (in
the derived category of OX -modules) %0 W R��OY ! OX such that %0 ı % is a quasi-
isomorphism of OX with itself. Then X has only rational singularities.

REMARK 15.6. Note that � in the theorem does not have to be birational or even gener-
ically finite. It follows from the conditions that it is surjective.

Corollary 15.7. LetX be a complex variety and � W Y ! X a resolution of singularities.
If OX ! R��OY has a left inverse, then X has rational singularities.

Corollary 15.8. Let X be a complex variety and � W Y ! X a finite morphism. If Y has
rational singularities, then so does X .

Using this criterion it is quite easy to prove that dlt singularities are rational. Here
we only deal with the case when X is log terminal, i.e., .X;	/ is klt and	 D 0. For the
more general case see [KM98, 5.22] and the references therein.

Corollary 15.9 [Elk81]. Let .X;	/ be a dlt pair. Then X has rational singularities.

Proof. By [KM98, 2.43] we may assume that .X;	/ is a klt pair. Let � W Y ! X be a
log resolution. Since .X;	/ has klt singularities,

OY ,! OY .dKY � ��.KX C	/e/:
Consider the composition

OX

% �� R��OY
%0

�� R��OY .dKY � ��.KX C	/e/ ' OX :
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The isomorphism R��OY .dKY � ��.KX C 	/e/ ' OX follows from Kawamata-
Viehweg vanishing (3.45) and the fact that dKY � ��.KX C 	/e is an effective �-
exceptional divisor cf. [KMM87, 1-3-2]. The composition % 0ı% is clearly an isomorphism
and hence the statement follows from (15.5). �

REMARK 15.10. The fact that (15.5) implies (15.9) was first shown in [Kov00b]. The
above proof is due to Karl Schwede cf. [ST07].

We also have a criterion for DB singularities that is similar to the one in (15.5):

Theorem 15.11 [Kov99, 2.3] Splitting theorem II. LetX be a complex variety. If OX !
�0

X has a left inverse, then X has DB singularities.

This criterion has several important consequences. We recall one of them now:

Corollary 15.12 [Kov99, 2.6]. Let X be a complex variety with rational singularities.
Then X has DB singularities.

Proof. Let � W Y ! X be a resolution of singularities. Then since Y is smooth the natural
map % W OX ! R��OY factors through �0

X by (3.55.6). Then, since X has rational
singularities, % is a quasi-isomorphism, so we obtain that the natural map OX ! �0

X has
a left inverse. Therefore,X has DB singularities by (15.11). �

Recently a few more critera have been found for DB singularities:

Theorem 15.13 [KSS10, 3.1]. Let X be a normal Cohen-Macaulay scheme of finite type
over C. Let � W X 0 ! X be a log resolution, and denote the reduced exceptional divisor
of � by G. Then X has DB singularities if and only if ��!X 0.G/ ' !X .

Related results have been obtained in the non-normal Cohen-Macaulay case, see
[KSS10] for details.

REMARK 15.14. The submodule ��!X 0.G/ � !X is independent of the choice of log
resolution. Thus this submodule may be viewed as an invariant that partially measures
how far a scheme is from being DB (compare with [Fuj08b]).

As an easy corollary, we obtain another proof that rational singularities are DB (this
time via the Kempf-criterion for rational singularities).

Corollary 15.15 (15.12). Let X be a complex variety with rational singularities. ThenX
has DB singularities.

Proof. SinceX has rational singularities, it is Cohen-Macaulay and normal. Then � �!X 0

D !X but we also have ��!X 0 � ��!X 0.G/ � !X , and thus ��!X 0.G/ D !X as well.
The statement now follows from Theorem 15.13. �

We also see immediately that log canonical singularities coincide with DB singu-
larities in the Gorenstein case.

Corollary 15.16. Suppose that X is Gorenstein and normal. Then X is DB if and only if
X is log canonical.

Proof. X is easily seen to be log canonical if and only if ��!X 0=X .G/ ' OX . The
projection formula then completes the proof. �
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In fact, a slightly jazzed up version of this argument can be used to show that every
Cohen-Macaulay log canonical pair is DB:

Corollary 15.17 [KSS10, 3.16]. CM log canonical singularities are DB.

We will see below that it is actually not necessary to assume CM in the previous
theorem. However, the characterization of DB singularities in (15.13) is still useful on its
own.

Theorem 15.18 [KK10] Splitting theorem III. Let f W Y ! X be a proper morphism
between reduced schemes of finite type over C. Let W � X and F WD f �1.W / � Y

be closed reduced subschemes with ideal sheaves IW
X and IF
Y . Assume that the
natural map %

IW
X %
�� Rf�IF
Y

%0

�� �
�
�

�

admits a left inverse %0, that is, %0 ı % D idIW �X
. Then if Y; F , and W all have DB

singularities, then so does X .

This criterion forms the cornerstone of the proof of the following theorem:

Theorem 15.19. Let f W Y ! X be a proper surjective morphism with connected fibers
between normal varieties. Assume that there exists an effective Q-divisor on Y such that
.Y;	/ is lc andKY C	 �Q;f 0. Then X is DB.

More generally, let W � Y be a reduced, closed subscheme that is a union of log
canonical centers of .Y;	/. Then f .W / � X is DB.

Corollary 15.20. Log canonical singularities are DB.

For the proofs, please see [KK10].

REMARK 15.21. Notice that in (15.18) it is not required that f be birational. On the
other hand the assumptions of the theorem and [Kov00b, Thm 1] imply that if Y n F has
rational singularities, e.g., if Y is smooth, then X nW has rational singularities as well.

This theorem is used in [KK10] to derive various consequences, some of which are
formally unrelated to DB singularities. We will mention some of these in the sequel, but
the interested reader should look at the original article to obtain the full picture.

15.B Applications to moduli spaces and vanishing
theorems

The connection between log canonical and DB singularities has many useful applications
in moduli theory. We will list a few without proof.

SETUP 15.22. Let � W X ! B be a flat projective morphism of complex varieties with
B connected. Assume that for all b 2 B there exists a Q-divisor Db on Xb such that
.Xb;Db/ is log canonical.

REMARK 15.23. Notice that it is not required that the divisorsDb form a family.
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Theorem 15.24 [KK10]. Under the assumptions of (15.22), we have the following state-
ments:
(15.24.1) hi .Xb;OXb

/ is independent of b 2 B for all i .
(15.24.2) If one fiber of � is Cohen-Macaulay (resp. Sk for some k), then all fibers are

Cohen-Macaulay (resp. Sk).
(15.24.3) The cohomology sheaves h i .!

�

� / are flat over B , where !
�

� denotes the relative
dualizing complex of �.

For arbitrary flat, propermorphisms, the set of fibers that are Cohen-Macaulay (resp.
Sk) is open, but not necessarily closed. Thus the key point of ( 15.24.2) is to show that this
set is also closed.

The generalization of these results to the semi-log canonical case turns out to be
straightforward, but it needs some foundational work to extend some of the results used
here to the semi-log canonical case. The general case then implies that each connected
component of the moduli space of stable log varieties parameterizes either only Cohen-
Macaulay or only non-Cohen-Macaulay objects.

Notice that this still does not mean that we can abandon the non-Cohen-Macaulay
objects. There exist smooth projective varieties of general type whose log canonicalmodel
is not Cohen-Macaulay andwewould naturally prefer to have amoduli space that includes
these. Nevertheless, it is very useful to know that if the general fiber is Cohen-Macaulay,
then so is the special fiber.

Theorem 15.24 is proved using (15.19) and the following theorem. First we need a
simple definition. Let � W X ! B be a flat morphism. We say that � is a DB family if
Xb is DB for all b 2 B .
Theorem 15.25 [KK10, 7.5]. Let � W X ! B be a projective DB family and L a
relatively ample line bundle on X . Then
(15.25.1) the sheaves h�i .!

�

� / are flat over B for all i ,

(15.25.2) the sheaves ��.h�i .!
�

� /˝L ˝q/ are locally free and compatible with arbitrary
base change for all i and for all q 	 0, and

(15.25.3) for any base change morphism # W T ! B and for all i ,�
h�i .!

�

� /
�

T
' h�i .!

�

�T
/:

DB singularities also appear naturally in vanishing theorems. As a culmination of
the work of Tankeev, Ramanujam, Miyaoka, Kawamata, Viehweg, Kollár, and Esnault-
Viehweg, Kollár proved a rather general form of a Kodaira-type vanishing theorem in
[Kol95, 9.12]. Using the same ideas this was slightly generalized to the following theorem
in [KSS10, 6.2].

Theorem 15.26 [Kol95, 9.12], [KSS10, 6.2]. Let X be a proper variety and L a line
bundle onX . Let L m ' OX .D/, whereD DP

diDi is an effective divisor, and let s be
a global section whose zero divisor is D. Assume that 0 < di < m for every i . Let Z be
the scheme obtained by taking the m-th root of s (that is, Z D XŒ

p
s� using the notation

from [Kol95, 9.4]). Assume further that

H j .Z;CZ/! H j .Z;OZ/
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is surjective. Then for any collection of bi � 0 the natural map

H j


X;L �



�
X

biDi

��
! H j .X;L �/

is surjective.

This, combined with the fact that log canonical singularities are DB yields that
Kodaira vanishing holds for log canonical pairs:

Theorem 15.27 [KSS10, 6.6]. Kodaira vanishing holds for Cohen-Macaulay semi-log
canonical varieties: Let .X;	/ be a projective Cohen-Macaulay semi-log canonical pair
and L an ample line bundle on X . Then H i .X;L �/ D 0 for i < dimX .

It turns out that DB singularities appear naturally in other kinds of vanishing theo-
rems. Here we mention just one of these.

Theorem 15.28 [GKKP10, 9.3]. Let .X;D/ be a log canonical reduced pair of di-
mension n � 2, � W eX ! X a log resolution with �-exceptional set E, and eD D
Supp

�
E C ��1D

�
. Then

Rn�1��OeX .�eD/ D 0:

15.C Deformations of DB singularities

Given the importance of DB singularities in moduli theory it is a natural question whether
they are invariant under small deformation.

It is relatively easy to see from the construction of the Deligne-DuBois complex that
a general hyperplane section (or more generally, the general member of a base point free
linear system) on a variety with DB singularities again has DB singularities. Therefore
the question of deformation arises from the following.

Conjecture 15.29 [Ste83]. Let D � X be a reduced Cartier divisor and assume that
D has only DB singularities in a neighborhood of a point x 2 D. Then X has only DB
singularities in a neighborhood of the point x.

This conjecture was proved for isolated Gorenstein singularities by Ishii [ Ish86].
Also note that rational singularities satisfy this property, see [Elk78].

We also have the following easy corollary of the results presented earlier:

Theorem 15.30. Assume that X is Gorenstein and D is normal. Then the statement of
Conjecture 15.29 is true.

Proof. The question is local so wemay restrict to a neighborhoodof x. IfX is Gorenstein,
then so is D as it is a Cartier divisor. Then D is log canonical by (15.16), and then the
pair .X;D/ is also log canonical by inversion of adjunction [Kaw07]. (Recall that ifD is
normal, then so isX alongD). This implies thatX is also log canonical and thus DB. �

REMARK 15.31. It is claimed in [Kov00b, 3.2] that the conjecture holds in full gener-
ality. Unfortunately, the proof published there is not complete. It works as long as one
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assumes that the non-DB locus of X is contained in D. For instance, one may assume
that this is the case if the non-DB locus is isolated.

The problem with the proof is the following: it is stated that by taking hyperplane
sections one may assume that the non-DB locus is isolated. However, this is incorrect.
One may only assume that the intersection of the non-DB locus of X withD is isolated.
If one takes a further general section, then it will miss the intersection point and then it is
not possible to make any conclusions about that case.

Therefore currently the best known result with regard to this conjecture is the fol-
lowing:

Theorem 15.32 [Kov00b, 3.2]. Let D � X be a reduced Cartier divisor and assume
thatD has only DB singularities in a neighborhood of a point x 2 D and that X nD has
only DB singularities. Then X has only DB singularities in a neighborhood of x.

Experience shows that divisors not in general position tend to have worse singular-
ities than the ambient space in which they reside. Therefore one would in fact expect that
if X nD andD are nice (e.g., they have DB singularities), then perhapsX is even better
behaved.

We have also seen that rational singularities are DB and at least Cohen-Macaulay
DB singularities are not so far from being rational cf. (15.13). The following result of
Schwede supports this philosophical point.

Theorem 15.33 [Sch07, Thm. 5.1]. Let X be a reduced scheme of finite type over a
field of characteristic zero,D a Cartier divisor that has DB singularities and assume that
X nD is smooth. ThenX has rational singularities (in particular, it is Cohen-Macaulay).

Let us conclude with a conjectural generalization of this statement:

Conjecture 15.34. Let X be a reduced scheme of finite type over a field of characteristic
zero, D a Cartier divisor that has DB singularities and assume that X nD has rational
singularities. Then X has rational singularities (in particular, it is Cohen-Macaulay).

Essentially the same proof as in (15.30) shows that this is also true under the same
additional hypotheses.

Theorem 15.35. Assume that X is Gorenstein and D is normal. Then the statement of
Conjecture 15.34 is true.

Proof. If X is Gorenstein, then so isD as it is a Cartier divisor. Then by (15.16)D is log
canonical. Then by inversion of adjunction [Kaw07] the pair .X;D/ is also log canonical
nearD. (Recall that ifD is normal, then so is X alongD).

As X is Gorenstein and X nD has rational singularities, it follows that X nD has
canonical singularities. ThenX has only canonical singularities everywhere. This can be
seen by observing thatD is a Cartier divisor and examining the discrepancies that lie over
D for .X;D/ as well as for X . Therefore, by [Elk81], X has only rational singularities
alongD. �





CHAPTER 16

Subvarieties of moduli spaces

In Chapters 13 and 14 our main focus was the construction of moduli spaces. In this chap-
ter we will review some recent results concerning the structure of these spaces. Moduli
theory strives to understand how algebraic varieties deform and degenerate. When study-
ing moduli spaces we are interested in the geometry of the moduli space that reflects the
behavior of the families parameterized by the given moduli space. In other words, we are
interested in the geometry of moduli stacks.

APOLOGY. For the reader uncomfortable with the language of stacks let us promise that
we will not use it much. The main point of our choice of using the word “stack” at all
is that, as mentioned above, we are interested in the geometry of the moduli space that
comes from families. There are subvarieties of a moduli space that do not come from
parametrizing a family and here we are not interested in these. When we say “a subvariety
of a moduli stack” we really mean the “image of a variety in the moduli stack” or in other
words “a subvariety of the moduli space that comes from a parameter space of a family
that belongs to the corresponding moduli functor”. Of course, to make the material more
accessible, we could in fact use this or some similar description to avoid the use of the
word “stack”. However, we decided not to do that for two main reasons. First of all, the
notion of a stack is becoming standard. In a few years, even this paragraph may seem
antiquated and completely unnecessary. Second, we are talking about subvarieties of a
moduli stack when we say so. It seems unwise to try to hide this fact. In addition, our use
of stacks is so limited that it requires no knowledge of them at all, only an open mind. We
hope that the uninitiated reader will give it a chance and the initiated one will forgive us
for not going into more serious detail.

A basic question we are interested in is whether a given moduli stack is proper, or
if it is not, then how far it is from being proper. An even simpler question one may ask
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about the geometry of a given moduli stack is whether it contains any proper subvarieties.
And if it does, is there a constraint on what kind of proper subvarieties it may contain?

Naturally, the same questions may be asked about moduli spaces. (As mentioned
above, the difference between the two is whether one is interested in any subvariety of
the moduli space or only those that come from a family that belongs to the corresponding
moduli problem.)

Consider Mg , the moduli space of smooth projective curves of genus g � 3. M g

admits a projective compactification, called the Satake compactification, with a boundary
of codimension 2 [Sat56, BB66, Oor74]. Taking general hyperplane sections on this com-
pactification one finds that Mg contains a proper curve through any point. This does not
give explicit families of smooth projective curves that induce a non-constant map from a
proper curve to Mg , but at least it shows the existence of such families as we will show
next.

Indeed, as the natural map from the moduli stack Mg to the moduli space Mg is
proper, the preimage of a general complete intersection curve through a point is a 1-
dimensional substack of Mg . Its normalization is a smooth Deligne-Mumford stack, and
so it admits a finite cover by a smooth proper curve. This proves the existence of the
image of a proper curve in Mg through any point. Pulling back the universal family gives
the required family over this curve.

If we assume that g � 4, then the statement that there exists a proper curve through
any general point of Mg is much easier to prove. The locus of curves with non-trivial au-
tomorphisms have codimension g� 2 in Mg . Therefore if g � 4, then a general complete
intersection curve will not intersect that locus and hence it is isomorphic with its preim-
age via the natural map Mg ! Mg . This way we obtain a smooth family over the same
curve that lives in Mg . In other words, the moduli map of the family is an isomorphism.

EXERCISE 16.1. Let x1; : : : ; xr 2 Mg be a finite set of points and assume that g � 3.
Prove that there exists a proper curve C � Mg such that x1; : : : ; xr 2 C .

EXERCISE 16.2. Use (16.1) to prove that for g � 3 any global regular function on M g

is constant. In particular, Mg is not affine for g � 3. Recall, for completeness, that Mg is
affine for g � 2. Prove also that Mg is not projective either (for any g > 0). [Hint: use
the facts about the Satake compactification mentioned above].

Via a different approach, Kodaira constructed such families explicitly in [Kod67],
cf. [Kas68], [BHPV04, V.14], [Zaa95], [GDH99]. On the other hand, this construction
is, in some sense, the exact opposite of the one above; the images of these curves in the
corresponding moduli stack Mg (or in the moduli space Mg ) are confined to the special
locus of curves that admit non-trivial automorphisms, so they never contain a general
point of the moduli space/stack.

These results naturally lead to the following question: Are there higher dimensional
proper subvarieties contained in someMg? The answer is affirmative.Kodaira’s construc-
tion or the Satake compactification may be used to prove the following: For any d 2 N

there exists a g D g.d/ 2 N such that Mg contains a proper subvariety of dimension d .
For details on this construction see [Mil86], [FL99, pp.34-35], [Zaa99]. These examples
are all based on the aforementioned construction of Kodaira and hence the proper sub-
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varieties constructed this way all lie in the locus of curves that admit a morphism onto
another curve of positive genus.

One may argue that the really interesting question is whether there are higher di-
mensional proper subvarieties of Mg that contain a general point of Mg cf. [Oor95]. By
the above argument, we know that this is true for curves, but unfortunately, this is still
an open question even for surfaces, i.e., it is not known whether there are proper surfaces
through a general point of Mg , for any g > 3.

Naturally, since dimMg D 3g � 3, there is an obvious upper bound on the dimen-
sion of a proper subvariety ofMg for a fixed g, but one may ask whether there is a signifi-
cantly better upper bound than 3g�3. Actually this is one of those questions when finding
the answer for the moduli space, Mg , implies the same for the moduli stack, Mg , and not
the other way around. The celebrated theorem of Diaz-Looijenga [ Dia84, Dia87, Loo95]
says that any proper subvariety of Mg has dimension at most g � 2. This estimate is triv-
ially sharp for g D 2 and in view of Kodaira’s construction mentioned above it is also
sharp for g D 3, but it is not known to be sharp for any other values of g. The known ex-
amples are very far from this bound. Recently, Faber and van der Geer [ FvdG04] pointed
out that in charp there exists a natural subvariety of Mg of expected dimension g � 2,
and hence seems a good candidate for (containing) a proper subvariety of maximal di-
mension. However, they also show that this subvariety has some non-proper components
and hence itself is not proper. On the other hand, Faber and van der Geer express hope
that it might also have proper components. This would be enough to prove that the upper
bound g � 2 is sharp.

Similar questions may be asked about other moduli spaces/stacks, for instance, re-
placing curves by abelian varieties. The reader interested in this question could start by
consulting [Oor74], [KS03], and [VZ05c].

One of the topics we are discussing in this chapter is a somewhat more sophisticated
question. On one hand, we are not only asking whether a given moduli stack contains
proper subvarieties, but we would like to know what kind of proper subvarieties it con-
tains. For instance, does it contain proper rational or elliptic curves?We can even take it a
step further and ask: If it does not contain a proper rational curve, does it contain a curve
that’s isomorphic to the affine line?

Interestingly, already the question of containing proper rational curves differentiates
between the moduli stack, Mg , and the moduli space, Mg : Parshin [Par68] proved that
Mg does not contain proper rational curves for any g, while Oort [Oor74] showed that
there exists some g such that Mg does contain proper rational curves.

Our starting point in this chapter is Shafarevich’s conjecture (16.4). This leads us
to investigate related questions and eventually to a recent generalization, Viehweg’s con-
jecture (16.45), which states that any subvariety of the moduli stack is of log general
type.

This topic has gone through an enormous transformation during the last decade and
consequently it is impossible to cover all the new developments in as much detail as
they deserve. Hence the reader is encouraged to consult other related surveys [ Vie01],
[Kov03a], [MVZ05], [Kov09].
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16.A Shafarevich’s conjecture

Let us start with the aforementioned conjecture of Shafarevich [Sha63]. Recall the defi-
nition of an admissible family from (2.17):

DEFINITION 16.3. LetB be a smooth variety over k, and	 � B a closed subset. Further
let h 2 QŒt � be a polynomial. A family f WX ! B is admissible (with respect to .B;	/
and h) if
(16.3.1) X is smooth,
(16.3.2) f WX ! B is not isotrivial,
(16.3.3) f WX n f �1.	/! B n	 is smooth, and
(16.3.4) Xb is projective, !Xb

is ample with Hilbert polynomial h.m/ D �.X;!˝m
Xb
/

for all b 2 B n	.
Two admissible families are equivalent if they are isomorphic over B n	.

16.4 Shafarevich’s conjecture. Let .B;	/ be fixed and q � 2 an integer. Then:
(16.4.1) There exist only finitely many isomorphism classes of admissible families of

curves of genus q.
(16.4.2) If 2g.B/ � 2C #	 � 0, then there exist no such families.

REMARK 16.5. Note that this statement is usually known as the function field case of
Shafarevich’s conjecture. In this chapter we will mainly concentrate on this case, so we
will omit the qualifier and refer to it simply as Shafarevich’s conjecture cf. ( 16.11).

EXERCISE 16.6. Prove that the inequality in (16.4.2) can be satisfied only if B is either
a rational or an elliptic curve:

2g.B/ � 2C #	 � 0 ,
�
g.B/ D 0 and #	 � 2;
g.B/ D 1 and 	 D ;:

Shafarevich showed a special case of (16.4.2): There exist no smooth families of
curves of genus q over P1. (16.4.1) was confirmed by Parshin [Par68] for 	 D ; and by
Arakelov [Ara71] in general.

Our main goal is to generalize this statement to higher dimensional families. In
order to do this we will have to reformulate the statement as Parshin and Arakelov did.

16.B The Parshin-Arakelov reformulation

With regard to Shafarevich’s conjecture, Parshin made the following observation. In order
to prove that there are only finitely many admissible families, one can try to proceed the
following way. Instead of aiming for the general statement, first try to prove that there are
only finitely many deformation types (2.G). The next step then is to prove that admissible
families are rigid, that is, they do not admit non-trivial deformations. Notice that if we
prove these statements for families over B n 	, then they also follow for families over
B . Now since every deformation type contains only one family, and since there are only
finitely many deformation types, the original statement follows.
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The following is the reformulation of Shafarevich’s conjecture that was used by
Parshin and Arakelov:

16.7 Shafarevich’s conjecture (version two). Let .B;	/ be fixed and q � 2 an integer.
Then the following statements hold.

.B/ (BOUNDEDNESS) There exist only finitely many deformation types of admissi-
ble families of curves of genus q with respect to B n	.

.R/ (RIGIDITY) There exist no non-trivial deformations of admissible families of
curves of genus q with respect to B n	.

.H/ (HYPERBOLICITY) If 2g.B/ � 2 C #	 � 0, then no admissible families of
curves of genus q exist with respect to B n	.

REMARK 16.8. As we discussed above, .B/ and .R/ together imply (16.4.1) and .H/ is
clearly equivalent to (16.4.2).

16.C Shafarevich’s conjecture for number fields

The number field version of Shafarevich’s conjecture played a prominent role in Faltings’
proof of the Mordell conjecture. This section is a brief detour to this very exciting area,
but it is disconnected from the rest of the chapter. The reader should feel free to skip this
section and continue with the next one.

DEFINITION 16.9. Let .R;m/ be a DVR, F D Frac.R/, and C a smooth projective
curve over F . C is said to have good reduction over R if there exists a scheme Z,
smooth and projective over SpecR, such that C ' ZF ,

C
' �� ZF

��

�� Z

��
SpecF �� SpecR

DEFINITION 16.10. Let R be a Dedekind ring, F D Frac.R/, and C a smooth projec-
tive curve over F . C has good reduction at the closed point m2SpecR if it has good
reduction over Rm.

16.11 Shafarevich’s conjecture (number field case). Let q � 2 be an integer.
(16.11.1) Let F be a number field, R � F the ring of integers of F , and 	 � SpecR a

finite set. Then there exists only finitely many smooth projective curves over F
of genus q that have good reduction outside 	.

(16.11.2) There are no smooth projective curves of genus q over SpecZ.

REMARK 16.12. Shafarevich’s conjecture in the number field case has been confirmed:
(16.11.1) by Faltings [Fal83b, Fal84] and (16.11.2) by Fontaine [Fon85].

One can reformulate (16.4.1) to resemble the above statement. Note that a curve over a
funcion field F D K.B/ is the same as the general fiber of a family of curves over B . It
is non-isotrivial if the corresponding family is non-isotrivial.
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16.13 Shafarevich’s conjecture (version three). Let q � 2 be an integer, B a smooth
complex projective curve and F D K.B/ the function field of B . Let 	 � B be a finite
subset such that B n	 D SpecR for a (Dedekind) ring R. Then there exist only finitely
many smooth projective non-isotrivial curves of genus q over F having good reduction
over all closed points of SpecR.

DEFINITION 16.14. If C is a smooth projective curve over F (an arbitrary field), then
there exists a morphism C ! SpecF . Sections, SpecF ! C , of this morphism corre-
spond in a one-to-one manner to F -rational points of C , points that are defined over the
field F . F -rational points of C will be denoted by C.F /.

EXAMPLE 16.15. The R-rational points of the complex projective curve x 2Cy2�z2 D
0 form a circle, its C-rational points form a sphere.

EXAMPLE 16.16. The projective curve x 2 C y2 C z2 D 0 has no R-rational points.

EXAMPLE 16.17. LetCn be the (complex) projective curve defined by the equation x nC
yn � zn D 0. It follows from Wiles’ theorem (Fermat’s last theorem) [Wil95a, Wil95b],
that for n � 3,

Cn.Q/ D
(
fŒ1 W 0 W 1�; Œ0 W 1 W 1�; Œ1 W �1 W 0�g ; if n is odd,

fŒ1 W 0 W 1�; Œ0 W 1 W 1�; Œ1 W 0 W �1�; Œ0 W 1 W �1�g if n is even.

As mentioned earlier, Faltings [Fal83b, Fal84] used (16.11) to prove:

16.18 Faltings’ theorem (Mordell’s conjecture). Let F be a number field and C a
smooth projective curve of genus q � 2 defined over F . Then C.F / is finite.

The function field version of this conjecture was proved earlier by Manin [Man63]:

16.19Manin’s theorem (Mordell’s conjecture for function fields). Let F be a function
field (i.e., the function field of a variety over k, where k is an algebraically closed field of
characteristic 0) and let C be a smooth projective non-isotrivial curve over F of genus
q � 2. Then C.F / is finite.

REMARK 16.20. The essential case to settle is when tr:degk F D 1, i.e., F D K.B/,
where B is a smooth projective curve over k.

16.D From Shafarevich to Mordell: Parshin’s trick

Shafarevich’s conjecture implies Mordell’s in both the function field and the number field
case by an argument due to Parshin. The first step is a clever way to associate different
(families of) curves to different sections:

16.21 Parshin’s covering trick. For every F -rational point, P 2 C.F /, or equivalently,

for every section X
�PÔ! B , there exists a finite cover of X , WP

�P�! X such that
� the degree of �P is bounded in terms of q,
� the projectionWP ! B is smooth over B n	,
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� the map �P is ramified exactly over the image of �P ,
� the genus of the fibers of WP ! B is bounded in terms of q.

For details on the construction of the covers,WP

�P�! X , see [Lan97, IV.2.1] and [Cap02,
§4]. The second step is an old result:

16.22 de Franchis’s theorem [dF13, dF91]. Let C andD be two fixed smooth projective
curves of genus at least 2. Then there exist only finitely many dominant rational maps
D ! C .

Shafarevich’s conjecture implies that there are only finitely many different W P ’s.
ViewingWP and X as curves over F , de Franchis’s theorem implies that a fixedWP can
admit only finitely many different maps to X .

Since those maps are ramified exactly over the image of the corresponding �P , this
means that there are only finitely many �P ’s, i.e., C.F / is finite, and therefore Mordell’s
conjecture follows from that of Shafarevich.

We end our little excursion to the number field case here. In the rest of the chapter
we work in the function field case and use the original notation and assumptions.

16.E Hyperbolicity and Boundedness

16.E.1 Hyperbolicity

DEFINITION 16.23. [Bro78] A complex analytic spaceX is called Brody hyperbolic if
every holomorphic map C ! X is constant.

REMARK 16.24. Another important, related analytic notion is Kobayashi hyperbolic-
ity. For its definition the reader is referred to [Kob70] and [Lan87]. Let us just mention
here that for a compact analytic space X , being Brody hyperbolic is equivalent to be-
ing Kobayashi hyperbolic. In general, if X is not compact, then Kobayashi hyperbolicity
implies Brody hyperbolicity but not vice versa.

EXERCISE 16.25. Prove that a complex analytic spaceX is Brody hyperbolic if and only
if every holomorphic map C� ! X is constant.

EXERCISE 16.26. Let T be a complex torus andX a Brody hyperbolic complex analytic
space. Prove that then every holomorphic map T ! X is constant.

We would like to define the algebraic analog of hyperbolicity motivated by this
observation. Algebraic maps are more restrictive than holomorphic ones. For instance the
universal covering map, C ! E, of an elliptic curve, E, is not algebraic. In particular,
excluding algebraic maps from C to X does not exclude maps from E to X as in the
analytic case (cf. (16.26)). The same argument goes for abelian varieties. Since there
exist simple abelian varieties (those that do not contain other abelian varieties) of arbitrary
dimension, we have to take into consideration arbitrary dimensional abelian varieties.

The following definition of algebraic hyperbolicity is an algebraic version of Brody
hyperbolicity and perhaps it should be called “algebraic Brody hyperbolicity” to empha-
size that fact. However, this is not the established terminology.
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A further complication is that there are some related, but different definitions that
are used with the same name [Dem97], [Che04]. As usual in similar cases, these differ-
ent variants were introduced around the same time and developed parallel to each other.
Hence it is hard to go back and change the terminology.We will also introduce the notion
of weak boundedness, which is closer in spirit to Demailly’s notion of hyperbolicity. As
the reader will see, the known results of hyperbolicity (as used in this chapter) follow
from weak boundedness (16.31), hence the statements actually remain true even if one
uses Demailly’s definition of algebraic hyperbolicity.

One major advantage of the definition used here is that it extends naturally to stacks,
which is exactly the context in which we would like to use it.

DEFINITION 16.27. An algebraic stack M is called algebraically hyperbolic if
– every morphism A1 n f0g ! M is constant, and
– every morphismA! M is constant for any abelian variety, A.

REMARK 16.28. The first row in the following diagram is the statement of condition
.H/. The last row shows equivalent conditions for both the assumption and the conclusion.
Recall that Mq stands for the moduli stack (of curves of genus q), so maps of the form
B n	! Mq are exactly the ones that are induced by families over B n	.

2g.B/ � 2C #	 � 0��

��

�� À f WX ! B admissible��

��
B n	 � A1 n f0g or,

	 D ; and B is an elliptic curve
À B n	! Mq

non-constant

This implies that proving .H/ is equivalent to proving that there does not exist a non-
constant morphism of the form A1 n f0g ! Mq or E ! Mq , where E is an arbitrary
elliptic curve.

Corollary 16.29. If Mq is algebraically hyperbolic, then .H/ holds.

16.E.2 Weak Boundedness

In addition to properties .B/, .R/, and .H/, there is another important property to study.
Its importance lies in the fact that it implies .H/ and if some additional conditions hold it
also implies .B/.
.WB/ (WEAK BOUNDEDNESS) For an admissible family f WX ! B , the degree of

f�!˝m
X=B

is bounded above in terms of g.B/; #	, g.Xgen/, m. In particular, the
bound is independent of f and B .

The traditional proof of hyperbolicity for curves proceeds via some form of weak
boundedness. The key point is that the upper bound obtained for degf �!˝m

X=B
has the

form

.2g.B/ � 2C #	/ � c.g.B/; #	;g.Xgen/;m/;
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where c.g.B/; #	;g.Xgen/;m/ is a positive constant depending only on the indicated
values. This proves hyperbolicity: Since detf�!˝m

X=B
is ample, its degree is positive, so

any upper bound of it is also positive.
In higher dimensions, the bounds obtained are not always of this form. However,

perhaps somewhat surprisingly, hyperbolicity follows already from the fact of weak
boundedness, not only from the explicit bound.

Theorem 16.30. .WB/) .H/.

A more precise and somewhat more general formulation is the following:

Theorem 16.31 [Kov02, 0.9] cf. [Par68]. Let F be a collection of smooth varieties of
general type, B a smooth projective curve and	 � B a finite subset of B . Let

Fam.B;	;F/D˚f WX ! B j X is smooth, f is flat and f �1.t/2F for all t 2B n	�:
Assume that Fam.B;	;F/ contains non-isotrivial families and that there existM;m 2 N

such that for all .f WX ! B/ 2 Fam.B;	;F/,

deg


f�!˝m

X=B

�
�M:

Then 2g.B/ � 2C #	 > 0.

Proof. Assume the contrary, i.e., either g.B/ D 0 and #	 � 2 or g.B/ D 1 and #	 D 0.
This allows us to assume that f W X ! B is semi-stable and non-isotrivial. Also, in both
cases there exists a finite endomorphism, � W B ! B , of degree> 1 such that � is smooth
over B n	 and completely ramified over	.

Let � W QX
 ! X
 be a resolution of singularities that is an isomorphism overB n	,
and Qf
 D f
 ı � . Then . Qf
 W QX
 ! B
 / 2 Fam.B;	;F/. In particular B
 ' B and f


is smooth over B
 n	
 ' B n	 with fibers in F.
Therefore, by assumption deg � � deg.f�!m

X=B
/ D deg.f
�!m

X� =B�
/ � M as well.

On the other hand, deg.f�!m
X=B

/ > 0 by [Kol87a], which then implies that deg � is
bounded. However, by iterating the above process, deg � can grow arbitrary large, so we
obtain a contradiction and the statement is proved. �

16.E.3 From Weak Boundedness to Boundedness

By [Par68, Theorem 1] there exists a scheme V that parameterizes admissible families
of curves of genus q. Hence .B/ is equivalent to the statement that V has finitely many
components. Therefore, in order to prove .B/, it is enough to prove that V is a scheme of
finite type.

V maps naturally to Hom..B;B n 	/; .Mq;Mq// � Hilb.B 
 Mq/. For a family
f WX ! B , let �f WB ! Mq be the moduli map. If for a fixed ample line bundle L on
Mq , one can establish that deg��

f
L is bounded on B , the bound perhaps depending on

B , 	 and q, but not on f , then one may conclude that the image of V in Hilb.B 
M q/

is contained in finitely many components and hence is of finite type.
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The final piece of the puzzle is provided by the construction of M q . For p suffi-
ciently large and divisible there exist line bundles �.p/

m on Mq such that for a family of
stable curves f WX ! B , if N�f WB ! Mq is the induced moduli map, then


det


f�!˝m

X=B

��p D N��f �.p/
m :

Hence .WB/ gives exactly the above required boundedness result and so we obtain the
following statement.

Theorem 16.32. For families of curves, .WB/ implies .B/.

REMARK 16.33. The reader might be wondering why we did not use stacks here. The
answer is simple. Using stacks would be the natural thing, but we do not really need them
here and we have promised to minimize the use of stacks.

The key point of this step is that weak boundedness is equivalent to the statement
that the pull-back of a natural line bundle from the moduli space has bounded degree.
The stacky part here is actually contained in the existence of V . Although Parshin did
not use stacks to prove this, that’s where it would be natural to use them. In fact, the
similar statement in higher dimensions had been unknown until very recently. Kovács
and Lieblich established the existence of the analogue of V for admissible families of
higher dimensional varieties in [KL06]. For more on this see (16.F.4) and (16.40).

16.F Higher dimensional fibers

Next we turn to higher dimensional generalizations. First, we will keep the assumption
that the base of the family is a curve, but allow the fibers to have higher dimensions.
Independently, or simultaneously, one can study families over higher dimensional bases,
and we will do that in the next section. Furthermore, generalizing the conditions on the
fibers naturally leads to the study of families of singular varieties. We will discuss all of
these directions.

In order to generalize Shafarevich’s conjecture to the case of families of higher
dimensional varieties, the first task is to generalize both the statement and the conditions.
The condition that a curve has genus at least 2, i.e., our assumption that g.X gen/ � 2, is
equivalent to the condition that !Xgen is ample. In higher dimensions, the role of the genus
is played by the Hilbert polynomial, so fixing g.Xgen/ will be replaced by fixing h!Xgen

,
the Hilbert polynomial of !Xgen . Therefore we have the following starting data:

� a fixed smooth curve B of genus g D g.B/,

� a fixed finite subset	 � B , and
� a fixed polynomial h.

We have made the definition of an admissible family in (2.17) so the various parts
of Shafarevich’s conjecture make sense in any dimension.
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16.34 Higher dimensional Shafarevich conjecture. Fix B;	 and h. Then
.B/ (BOUNDEDNESS) there exist only finitely many deformation types of admissi-

ble families of canonically polarized varieties with respect to B;	 and h,
.R/ (RIGIDITY) there exist no non-trivial deformations of admissible families of

canonically polarized varieties with respect to B;	 and h,
.H/ (HYPERBOLICITY) if 2g.B/ � 2 C #	 � 0, then no admissible families of

canonically polarized varieties with respect to B;	 and h exist, and
.WB/ (WEAK BOUNDEDNESS) for an admissible family f WX ! B , the degree of

f�!˝m
X=B

is bounded in terms of g.B/; #	; h andm.

Next we will discuss the state of affairs with regard to these conjectures and the many
results obtained during the past decade. Because of the interdependency of the various re-
sults it makes more sense to follow a different order than they are listed in the conjecture.

16.F.1 Rigidity

Let Y ! B be an arbitrary non-isotrivial family of curves of genus� 2, and C a smooth
projective curve also of genus � 2. Then f WX D Y 
 C ! B is an admissible family,
and a deformation of C gives a deformation of f . Therefore .R/ fails as stated.

This leads naturally to the following question.

Question 16.35. Under what additional conditions does .R/ hold?

A possible answer to this question will be given in (16.K).

16.F.2 Hyperbolicity

Migliorini [Mig95] showed that for families of minimal surfaces a somewhat weakened
hyperbolicity statement holds, namely that 	 ¤ ; if g � 1. The same conclusion was
shown in [Kov96] for families of minimal varieties of arbitrary dimension. Later .H/ for
families of minimal surfaces was proved in [Kov97b], and then in general for families of
canonically polarized varieties in [Kov00a].

Theorem 16.36 [Kov00a]. Let X ! B be an admissible family of canonically polarized
varieties with respect to B;	 and h. Then 2g.B/ � 2C #	 > 0.

Finally, Viehweg and Zuo [VZ03b] proved the analytic version of .H/:

Theorem 16.37 [VZ03b]. Mh is Brody hyperbolic.

16.F.3 Weak Boundedness

Bedulev and Viehweg [BV00] proved the following:

Theorem 16.38 [BV00]. Let f WX ! B be an admissible family with B;	; h fixed. Let
ı D #	, g D g.B/, and n D dimXgen D dimX � 1. If f�!˝m

X=B
¤ 0, then there exists a

positive integer e D e.m; h/ such that

degf�!˝m
X=B

� m � e � rkf�!˝m
X=B

� .n.2g � 2C ı/C ı/:
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This clearly implies .WB/ and as a byproduct of the explicit bound it also implies .H/.
Viehweg and Zuo [VZ01] extended .WB/ to families of varieties of general type and

of varieties admitting a minimal model with a semi-ample canonical bundle. In [Kov02]
similar results were obtained with different methods allowing the fibers to have rational
Gorenstein singularities, but restricting to the case of families of minimal varieties of
general type.

The proof of (16.31) still works in this generality, so .WB/ implies .H/ in all di-
mensions [Kov02, 0.9].

16.F.4 Boundedness

Using the existence of moduli spaces of canonically polarized varieties and the descrip-
tion of ample line bundles on them, Bedulev and Viehweg [BV00] also proved a bounded-
ness-type statement:

Theorem 16.39 [BV00]. Let B;	 and h be fixed and assume that Mh admits a modular
compactification Mh. Then there exists a subscheme of Hom..B;B n 	/; .Mh;Mh// of
finite type that contains the classes of all morphisms B ! Mh induced by admissible
families.

Unfortunately this statement does not imply .B/. However, a recent result of Kovács
and Lieblich does.

Theorem 16.40 [KL06]. Let B;	 and h be fixed. Then there exist only finitely many
deformation types of admissible families of canonically polarized varieties with respect
to B;	 and h.

16.F.5 Shafarevich’s conjecture for other types of varieties

One may ask if there is a positive answer to Shafarevich’s problem for families of other
types of varieties. There are some known results in this setting as well.

Faltings [Fal83a] studied the Shafarevich problem for families of abelian varieties
and proved that .B/ holds, while .R/ fails in general. He also gave an equivalent condition
for .R/ to hold in this case.

Oguiso and Viehweg [OV01] considered .H/ for families of non-general type sur-
faces. Their work combined with the previous results show that .H/ holds for families of
minimal surfaces of non-negative Kodaira dimension.

Recent results have been obtained by Jorgensen and Todorov [ JT02], Liu, Todorov,
Yau and Zuo [LTYZ05] and Viehweg and Zuo [VZ05b] for families of Calabi-Yau vari-
eties.

16.G Higher dimensional bases

The next natural generalization is to allow B to have arbitrary dimension. Let B be a
smooth projective variety, 	 � B a divisor with normal crossings and h a polynomial.
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The definition of an admissible family is the same as before (2.17). As before, for an
admissible family, f WX ! B , the moduli map b 7! ŒXb� is denoted by �f WB n 	 !
Mh.

Since B is now allowed to be higher dimensional, the notion of isotriviality is no
longer the best one to consider. Observe that f is isotrivial if and only if �f is constant.
Saying that f is not isotrivial would allow the family to be isotrivial in certain directions.
What we want to assume is that the family “truly” changes in any direction on B . To
express this we define the family’s variation in moduli.

DEFINITION 16.41 [Vie83a, Vie83b, Kol87b]. Varf WD dim.�f .B// .� dimB/.

We are interested in the case Varf D dimB . In (16.29), we observed that hyper-
bolicity follows if we know that the stack Mh is algebraically hyperbolic. In fact, for
hyperbolicity over a 1-dimensional base, we only needed the corresponding property of
Mh for curves. However, we would also like to know that every morphism A ! M h

induced by a family is constant, where A is an arbitrary abelian variety. This is the extra
content of the next theorem.

Theorem 16.42 [Kov97a, Kov00a]. Mh is algebraically hyperbolic.

As before, this implies that if f WX ! P1 is an admissible family, then #	 > 2

(16.31). More generally, for an admissible family f WX ! Pm with Varf D m, this
implies that deg	 > 2. However, we expect that in this case deg	 should be larger than
mC 1. This is indeed the case.
Theorem 16.43 [VZ02, Kov03c]. Let f WX ! Pm be an admissible family. Then
!Pm.	/ is ample, or equivalently deg	 > mC 1.

REMARK 16.44. Viehweg and Zuo actually prove a lot more than this in [VZ02]. Please
see the article for details.

It is now natural to suspect that a more general statement should hold. The following
statement to this effect is part of a more general conjecture of Viehweg [Vie01].

16.45 Viehweg’s conjecture. If f WX ! B is an admissible family, then !B .	/ is big.

For dimB D 1, this is simply .H/. For dimB > 1, it is known to be true for families
of curves by [Vie01, 2.6] and for B D Pn and various other special cases by [VZ02],
[Kov03b] and [Kov03c]. It was confirmed for dimB D 2 by Kebekus and Kovács in
[KK08a]. In fact, in this latter paper (16.45) was refined and the following more general
conjecture was confirmed for the case of dimB D 2:

16.46 Refined Viehweg’s conjecture [KK08a, 1.6]. Let f W X ! B be an admissible
family. Then either �.B;	/ D �1 and Var.f / < dimB , or Var.f / � �.B;	/.

Assuming that the minimal model program (1.28), including the abundance con-
jecture, works for the base, (16.46) was recently proved for the case when B is compact
(of arbitrary dimension), i.e., that 	 D ;, by Kebekus and Kovács in [KK08b]. In par-
ticular, it follows that (the refined) Viehweg’s conjecture is true for compact bases up to
dimension 3. The recent results explained in Part II of this book show that some of these
assumptions are always satisfied. The only currently missing piece is the abundance con-
jecture, especially the consequence that a smooth projective variety with negativeKodaira
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dimension is necessarily uniruled.
The methods used in [KK08a] were limited to dimB D 2 for various reasons with-

out much hope to extend the results to higher dimensions. A new approach was taken in
[KK07] that led to a different way of attacking Viehweg’s conjecture through a seemingly
unrelated problem of extending logarithmic differential forms over singularities. New re-
sults on this extension problem were recently obtained by Greb, Kebekus and Kovács in
[GKK10] and these extension results were used by Kebekus and Kovács in [KK08c] to
settle the refined Viehweg’s conjecture for arbitrary B of dimension at most 3. Further-
more, [KK08c] contains a description of the induced moduli map via Kodaira and Mori
fibrations. Please see that paper for details.

Despite the many recent advances, this question is still far from being completely
settled. The reader is encouraged to read Viehweg’s discussion of this and other related
open questions in [Vie01].

16.H Uniform and effective bounds

16.H.1 Families of curves

A finiteness result such as (16.4.1) naturally leads to the question of whether the obtained
bound depends on the actual curve, or only on its genus. In other words, is it possible to
give a uniform bound that works for all base curves B of genus g?

This question is actually more subtle than it might seem at first. Consider the ar-
gument preceding (16.32). That argument proves that .WB/ implies .B/, but it does not
shed any light on the obtained bound. Even if the bound appearing in .WB/ depends only
on the genus, it might happen that the number of deformation types still depends on the
actual curve. The argument uses the fact that a subscheme of a scheme of finite type itself
is of finite type. This means that the subscheme has finitely many components, which is
what is needed for .B/, but it says nothing about how big that finite number is. The num-
ber of components of a subscheme has nothing to do with the number of components of
the ambient scheme.

Despite these difficulties, uniform boundedness is known. The first such result was
obtained by Caporaso:

Theorem 16.47 [Cap02, Cap03, Cap04]. There exists a constant c.q; d; ı/ such that
for any smooth irreducible variety B � Pr of degree d and for any closed subscheme
	 � B of degree ı, the number of admissible families of curves of genus q with respect
to .B;	/ is at most c.q; d; ı/.

REMARK 16.48. If B is one-dimensional, then one may write c.q; d; ı/ D c 0.q; g; ı/
using g D g.B/ the genus of B instead of d .

The next question is whether the constant c.q; d; ı/ (or in the case of a base curve
c0.q; g; ı/) is computable. In other words, is it possible to give an effective uniform
bound? For families over a base curve this was achieved by Heier:
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Theorem 16.49 [Hei04]. Let B be a smooth projective curve of genus g and 	 � B a
finite subset. Then c 0.q; g; ı/ can be expressed as an explicit function of q; g and ı.

REMARK 16.50. The expression itself is rather complicated and can be found in the
original article.

16.H.2 Higher dimensional families

For higher dimensional families rigidity fails and so we cannot expect a similar finiteness
statement as above. However, one may still ask whether uniform boundedness holds and
if so, whether there is an effective bound on the number of deformation types over a base
with a fixed Hilbert polynomial.

Uniform boundedness was proved by Kovács and Lieblich.

Theorem 16.51 [KL06]. Let h be a fixed polynomial. Then the set of deformation types of
admissible families of canonically polarized varieties with Hilbert polynomial h is finite
and uniformly bounded in any quasi-compact family of base varieties B ı.

Recently Heier proved a uniformity statement where the bound depends on the di-
mension and the top self-intersection number of the canonical class of the fibers and the
total space.

Theorem 16.52 [Hei09]. The number of deformation types of admissible families f W
X ! B of canonically polarized varieties with a fixed Hilbert polynomial and fixed
numerical values KnC1

X and Kn
F , where F is the general fiber of f and n D dimF , is

no more than an explicitly computable number that depends only on the values n, K nC1
X ,

Kn
F , g.B/.

For the actual value of the bound please see the original article. Also note that it
would be interesting to see a uniformity statement where one does not have to restrict
KnC1

X .

16.I Techniques

16.I.1 Positivity of direct images

One of the most important ingredients in the proofs of the known results is an appropriate
variant of a fundamental positivity result due to the work of Fujita, Kawamata, Kollár and
Viehweg. In this section we will assume, for simplicity, that dimB D 1.

DEFINITION 16.53. A locally free sheaf, E , is ample if OP.E /.1/ on P.E / is ample.

Theorem 16.54 [Fuj78, Kaw82b, Vie83a, Vie83b, Kol87b, Kol90a]. Let f WX ! B

be an admissible family andm > 1. If f�!˝m
X=B

¤ 0, then f�!˝m
X=B

is ample on B .

Corollary 16.55. Let f WX ! B be an admissible family and m > 1. If f�!˝m
X=B

¤ 0,

then degf�!˝m
X=B

> 0.
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The methods used to prove (16.54) give a more precise estimate of the positivity of
these push-forwards as shown by Esnault and Viehweg:

Theorem 16.56 [EV90, 2.4]. Let f WX ! B be an admissible family, and L a line
bundle on B . Assume that there exists an integer m > 1 such that degL < degf�!˝m

X=B
:

Let r denote the rank of f�!˝m
X=B

. Then there exists a positive integer e D e.m; h/, such

that .f�!˝m
X=B

/
˝e�r ˝L � is ample on B .

Corollary 16.57 [Kov96, 2.15], [Kov00a, 2.1], [Kov02, 7.6]. (for 	 D ;) Let N be a
line bundle on B such that degN ˝m�e�r < degf�!˝m

X=B
where e D e.m; h/ as above.

Then !X=B ˝ f �N � is ample on X .

Proof (Sketch). As


f�.!˝m

X=B
˝ f �.N �/˝m/

�˝e�r ' .f�!˝m
X=B

/
˝e�r ˝ .N �/˝m�e�r ;

(16.56) implies that f�.!˝m
X=B

˝f �.N �/˝m/ is ample onB . Furthermore, by assumption

one has that !˝m
X=B

˝f �.N �/˝mjXgen
' !˝m

Xgen
is ample onXgen. Hence !X=B ˝f �N �

is ample both “horizontally” and “vertically”, so it is ample. For details about the last step
see [Kov02, 7.6]. �

This allows us to reduce the proof of .WB/ to finding an appropriate line bundle on
B according to the following plan.

PLAN 16.58. Find a line bundleN onB , depending only onB and	, such that!X=B˝
f �N � is not ample on X . Then we have degN ˝m�e�r 6< degf�!˝m

X=B
by (16.57). In

other words,
degf�!˝m

X=B
� m � e � r � degN :

We find such an N using vanishing theorems. The main idea is the following: we
want to find a line bundle such that twisting with the relative dualizing sheaf does not
yield an ample line bundle. Ample line bundles appear in many vanishing theorems, so
one way to prove that a given line bundle is not ample is to prove that a cohomology
group does not vanish that would if the line bundle were ample. Next we are going to
look at the needed vanishing theorems.

16.I.2 Vanishing theorems

We have already discussed some vanishing theorems in (3.H). As mentioned earlier, in
order to prove .WB/ we need a suitable vanishing theorem that is different from the ones
we have already seen. The following is a somewhat weaker statement than what is really
needed, but shows the main idea of the proof and how to apply it.

Theorem 16.59 [Kov97b, Kov00a]. Let f WX ! B be a family such that B is a smooth
projective curve. Assume that D D f �	 is a normal crossing divisor. Let n D dimXgen

and L an ample line bundle on X such that L ˝ f �.!B .	/
�/˝n is also ample. Then

HnC1
�
X;L ˝ f �!B .	/

� D 0:
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Proof. After taking exterior powers of the sheaves of logarithmic differential forms, one
has the following short exact sequence for each p D 1; : : : ; nC 1:

0 �! �
p�1

X=B
.logD/˝ f �!B .	/ �! �

p
X .logD/ �! �

p

X=B
.logD/ �! 0:

Define Lp D L ˝ f �!B .	/
˝1�p for p D 0; : : : ; n C 1. Then the above short exact

sequence yields:

0 �! �
p�1

X=B
.logD/˝Lp�1 �! �

p
X .logD/˝Lp �! �

p

X=B
.logD/˝Lp �! 0:

Lp is ample for p D 1; : : : ; nC 1 since either !B .	/ or !B.	/
� is nef. Then by (3.44)

HnC1�.p�1/.X;�
p
X.logD/˝Lp/ D 0 (recall that dimX D nC 1). Hence the map

HnC1�p


X;�

p

X=B
.logD/˝Lp

�
�! HnC1�.p�1/



X;�

p�1

X=B
.logD/˝Lp�1

�
is surjective for p D 1; : : : ; nC1. Observe that these maps form a chain as p runs through
p D nC 1; n; : : : ; 1. Hence the composite map,

H 0


X;�nC1

X=B
.logD/˝LnC1

�
�! HnC1.X;L0/;

is also surjective. However,� 1
X=B

.logD/ is of rank n, so � nC1
X=B

.logD/ D 0, and there-

foreH nC1.X;L0/ D H nC1.X;L ˝ f �!B.	// D 0 as well. �

We are finally able to prove .WB/, at least for	 D ;, by combining positivity and
vanishing: (16.55) and (16.57) with N D OB imply that !X=B is ample. Since

HnC1.X; !X=B ˝ f �!B„ ƒ‚ …
!X

/ ¤ 0;

this and (16.59) imply that !X=B˝.f �!�B/˝n cannot be ample. Then (16.57) withN D
!˝n

B implies that

degf�!˝m
X=B

� deg!˝n�m�e�r
B D m � e � r � dimXgen � .2g.B/ � 2/:

REMARK 16.60. For a complete proof of .WB/ without the assumption 	 D ;, see
[BV00], [Kov02], or [VZ02].

16.I.3 Kernels of Kodaira-Spencer maps

The essential part of the method described above was first used in [Kov96] and then it
was polished through several articles [Kov97b, Kov97a, Kov00a, BV00, OV01, Kov02].
Finally, Viehweg and Zuo [VZ01, VZ02] combined some of the ideas of this method
with Zuo’s discovery of the negativity of kernels of Kodaira-Spencer maps [ Zuo00]. This
negativity is essentially a dual phenomenon of the positivity results mentioned earlier
(16.54), (16.56).
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The Viehweg-Zuo method has a great advantage over the previous method. The
latter uses global vanishing theorems which limits the scope of the applications, while the
Viehweg-Zuo method uses local arguments and hence is more applicable. Unfortunately
this method is rather technical and so we cannot present it here. However, it is discussed in
many places. The interested reader should start by consulting Viehweg’s excellent survey
[Vie01] and then reading the full account in [VZ01, VZ02]. Applications of these results
of Viehweg and Zuo may be found in [KK07, KK08a, KK08b, KK08c].

16.J Allowing more general fibers

In the pursuit of more general results somewhat different approaches were taken by differ-
ent authors. This includes setting up the generalized problem differently, using different
techniques and not surprisingly obtaining somewhat different results. Here we discuss
the approach of [Kov02] and other papers of Kovács. For a survey on the techniques used
and results obtained in [VZ02] and subsequent papers of Viehweg and Zuo, the reader is
referred to [Vie01] and the references therein.

Our starting point is a principle that has been applied with great success in birational
geometry.

Principle 16.61. Studying an ample line bundle on a singular variety is similar to study-
ing a semi-ample and big line bundle on a smooth variety.

The traditional way to use this principle is the following. The goal is to prove a
statement for a pair, .X;L /, whereX is possibly singular, andL is ample onX . Instead
of working on X one works on a desingularization f WY ! X , and considers the semi-
ample and big line bundleK D f �L . A prominent example of this trick is the use of the
Kawamata-Viehweg vanishing theorem (3.40) in the minimal model program throughout
Part II of this book.

Here we turn the situation upside-down. Our goal is a statement for .Y;K /, where
Y is smooth and K is a semi-ample and big line bundle on Y . Instead of working on Y
we construct a pair .X;L / and a map f WY ! X , where X is possibly singular, L is
ample on X , f is birational, and K D f �L .

The motivation for this approach is that we would like to extend the previous re-
sults to the case when !Xgen is not necessarily ample but only semi-ample and big. How-
ever, a crucial ingredient of the proof is an appropriate version of the Kodaira-Akizuki-
Nakano vanishing theorem (3.42), and as Ramanujam (3.43) pointed out, (3.42) fails if
the line bundle in question is only assumed to be semi-ample and big instead of ample. On
the other hand, Navarro-Aznar et al. proved a singular version of the Kodaira-Akizuki-
Nakano vanishing theorem, so one hopes that in this way a similar proof can work in this
more general setting. For the statement of the theorem recall the definition of Du Bois’s
complex from (3.55).

Theorem 16.62 [Nav88, GNPP88]. Let X be a complex projective variety and L an
ample line bundle on X . Then

H
q
.X;�

p
X ˝L / D 0 for p C q > dimX:
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Since Du Bois’s complex agrees with the de Rham complex for smooth varieties,
this theorem reduces to the Kodaira-Akizuki-Nakano theorem in the smooth case. How-
ever, this theorem is still not strong enough in our original situation if 	 ¤ ;. We need a
singular version of Esnault-Viehweg’s logarithmic vanishing theorem ( 3.44).

Theorem 16.63 [Kov02, 4.1]. Let X be a complex projective variety and L an ample
line bundle on X . Further let D be an effective divisor on X . Then

H
q
.X;�

p
X .logD/˝L / D 0 for p C q > dimX:

To adapt the proof of .WB/ to the singular case we need a singular version of
(16.59). Besides the above vanishing theorem we also need an analog of the sheaf of
relative logarithmic differentials.

16.64 Theorem-Definition [Kov02], cf. [Kov96, Kov97c, Kov05a]. Let f WX ! B be
a morphism between complex varieties such that dimX D n C 1 and B is a smooth
curve. Let 	 � B be a finite set and D D f �	. For every non-negative integer p
there exists a natural map ^p W�p

X .logD/˝ f �!B.	/! �
pC1
X .logD/ and a complex

�
p

X=B
.logD/ 2 Ob .D.X// with the following properties.

(16.64.1) The natural map^p factors through� p

X=B
.logD/˝f �!B.	/, i.e., there exist

maps:

w00p W�p
X .logD/˝ f �!B .	/! �

p

X=B
.logD/˝ f �!B.	/ and

w0p W�p

X=B
.logD/˝ f �!B .	/! �

pC1
X .logD/

such that ^p D w0p ı w00p .

(16.64.2) If wp D w00p ˝ idf �!B .	/� W�p
X .logD/! �

p

X=B
.logD/, then

�
p

X=B
.logD/˝ f �!B .	/

w 0
p�! �

pC1
X .logD/

wpC1�! �
pC1

X=B
.logD/

C1�!

is a distinguished triangle in D.X/.
(16.64.3) wp is functorial, i.e., if �WY ! X is a B-morphism, then there are natural

maps in D.X/ forming a commutative diagram:

�
p
X .logD/ �! �

p

X=B
.logD/?y ?y

R���p
Y .log�

�D/ �! R���p

Y=B
.log��D/:

(16.64.4) � r
X=B.logD/ D 0 for r > n.

(16.64.5) If f is proper, then � p

X=B
.logD/ 2 Ob

�
Db

coh.X/
�

for every p.

(16.64.6) If f is smooth over B n	, then � p

X=B
.logD/ 'qis �

p

X=B
.logD/.

Using these objects one can make the proof along the lines explained in ( 16.I.2) work to
obtain the following theorem. It is in a non-explicit form. For more precise statements see
[Kov02, (7.8), (7.10), (7.11), (7.13)].
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Theorem 16.65. Fix B and	 � B . Then weak boundedness holds for families of canon-
ically polarized varieties with rational Gorenstein singularities and fixed Hilbert polyno-
mial admitting a simultaneous resolution of singularities over B n	. In particular,

2g.B/ � 2C #	 > 0

for these families by (16.31).

As a corollary, one obtains weak boundedness for non-birationally-isotrivial fami-
lies of minimal varieties of general type.

16.K Iterated Kodaira-Spencer maps and
strong non-isotriviality

Let us finish this chapter by revisiting rigidity. We have seen in (16.F.1) that .R/ fails as
stated in the original conjecture and we asked

Question 16.66. Under what additional conditions does .R/ hold?

This question was partially answered in [VZ03a] and [Kov05b]. Both papers gave
essentially the same answer that we will discuss below. However, one must note that this
is not the only case when rigidity holds as was shown in [VZ05a]. In other words we do
not have a sufficient and necessary criterion for rigidity.

16.1 ITERATED KODAIRA-SPENCER MAPS, CASE I: ONE-DIMENSIONAL BASES. Let
f WX ! B be a smooth projective family of varieties of general type of dimension n, B a
smooth (not necessarily projective) curve and let T m

X WD ^mTX and T m
X=B

WD ^mTX=B .
Let 1 � p � n and consider the short exact sequence,

0! T
p

X=B
˝ f �T˝.n�p/

B ! T
p
X ˝ f �T˝.n�p/

B ! T
p�1

X=B
˝ f �T˝.n�pC1/

B ! 0:

This induces an edge map,

%
.p/

f
WRp�1f�T p�1

X=B
˝ T˝.n�pC1/

B ! Rpf�T p

X=B
˝ T˝.n�p/

B :

DEFINITION 16.67 [KOV05B]. Let %f WD %
.n/

f
ı%.n�1/

f
ı� � �ı%.1/

f
WT ˝n

B �! Rnf�T n
X=B

and call f strongly non-isotrivial if %f ¤ 0.

REMARK 16.68. The rationale behind this definition is that a family as above is isotriv-
ial if and only if the Kodaira-Spencer map % .1/

f
is non-zero. The goal of strong non-

isotriviality is to capture when a family is isotrivial in every direction on the fiber. To
better understand this statement the reader is invited to analayze why rigidity fails for the
example in (16.F.1).

EXAMPLE 16.69. Let Yi ! B be admissible families of curves for i D 1; : : : ; r . Then
X D Y1 
B � � � 
B Yr ! B is strongly non-isotrivial.
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REMARK 16.70. Since TB is a line bundle and Rnf�T n
X=B

is locally free, %f ¤ 0 if and
only if it is injective. We use this observation in the definition of strong non-isotriviality
for higher dimensional bases.

16.2 ITERATED KODAIRA-SPENCER MAPS, CASE II: HIGHER-DIMENSIONAL BASES.
Let f W X ! B be a smooth projective family of varieties of general type of dimension
n, B a smooth (not necessarily projective) variety.

For an integer p, 1 � p � n, there exists a filtration
T

p
X D F0 � F1 � � � � � Fp � FpC1 D 0;

such that
F i
.

F iC1 ' T i
X=B ˝ f �T p�i

B :

In particular,
F p ' T

p

X=B

and
Fp�1=F p ' T

p�1

X=B
˝ f �TB :

Therefore one has a short exact sequence,

0! T
p

X=B
˝ f �T˝.n�p/

B ! Fp�1 ˝ f �T˝.n�p/
B ! T

p�1

X=B
˝ f �T˝.n�pC1/

B ! 0;

that induces a map

%
.p/

f
W Rp�1f�T p�1

X=B
˝ T˝.n�pC1/

B ! Rpf�T p

X=B
˝ T˝.n�p/

B :

DEFINITION 16.71 [KOV05B]. Let %f W Symn TB �! Rnf�T n
X=B

be the natural map

induced by %.n/

f
ı %.n�1/

f
ı � � � ı %.1/

f
and call f strongly non-isotrivial over B if %f is

injective.

EXAMPLE 16.72. Let Yi ! B be non-isotrivial families of smooth projective curves for
i D 1; : : : ; r . Then X D Y1 
B � � � 
B Yr ! B is strongly non-isotrivial over B .

REMARK 16.73. One could consider various refinements of this notion. For instance,
consider maps for which the composition of fewer % .p/’s is injective or non-zero. These
appear for example in the study of moduli spaces of varieties that are products with one
rigid term. One could also combine this condition with Varf , the variation of f in mod-
uli. This is a mostly unexplored area at the moment.

A partial possible answer to (16.35) is given by the following theorem:

Theorem 16.74 [VZ03a], [Kov05b]. Let f W X ! B be a smooth projective family of
varieties of general type, B a smooth variety. If f is strongly non-isotrivial over B , then
rigidity holds for f .

This, combined with (16.40), leads to a statement resembling the original Shafare-
vich conjecture. In fact, for families of curves it reduces to the original statement.

Theorem 16.75 [KL06]. Let B;	 and h be fixed. Then there exist only finitely many
strongly non-isotrivial families of canonically polarized varieties with Hilbert polynomial
h with respect to B and	.





Part IV

Solutions and hints to some of
the exercises





Solutions and hints to some of the exercises 173

1.7. Let x 2 X be a point, then OX .x/ is a very ample line bundle with h0.OX .x// D
2. �

1.8. Let x 2 X be a point, then OX .3x/ is a very ample line bundle with h0.OX .x// D
3. �

1.9. See [Har77, IV.4]. �

1.10. See [Har77, IV.5.1, IV.5.2]. �

1.11. See [Har77, IV.5.2.1]. �

1.12. See [Har77, IV.5 Ex. 5.3]. �

1.13. See [Har77, IV.3.6, IV.3.10]. �

1.14. See [Har77, IV.5 Ex. 5.2]. �

1.21. If h0.L˝m/ > 1 for some m > 0, then one sees that h0.L ˝mt / > t and hence
�.L / > 0 which is impossible. Therefore

maxm�0fh0.L ˝m/g D 1:

Let m; n > 0 and g D gcd.m; n/. It suffices to show that if h0.L˝m/ > 0 and
h0.L˝n/ > 0, then h0.L ˝g/ > 0. Let Gm (resp. Gn) be a divisor corresponding to
a non-zero section ofH 0.L˝m/ (resp.H 0.L˝n/). Since h0.L˝p/ D 1 where p is the
least common multiple ofm and n, it follows thatG D .p=m/Gm D .p=n/Gn. But then
the coefficients of G are divisible by p=m and by p=n and hence they are divisible by
p2=mn. But then, since p � mn

p2 D mn
p
D g, we have a divisor mn

p2 G corresponding to a

non-zero section ofH 0.L˝g/. �

1.22. See [Laz04a, 2.1.38]. �

2.1. If A �R B , then we have A � B D P
ri .fi / where ri 2 R and fi are rational

functions on X . Since the ri are a real-valued solution to a system of equations with
rational coefficients, then there exists a rational solution to the same system of equations,
i.e., there are numbers qi 2 Q such that A � B DP

qi .fi /. Therefore A �Q B . �

2.2. By Noetherian induction, we have \n>0Bs.nD/ D Bs.mD/ for any m > 0 suffi-
ciently divisible. The inclusion B.D/ � Bs.mD/ is clear. If x … B.D/, then there is an
R-divisorD 0 � 0 such that D �R D

0 and x … Supp.D 0/. We haveD0 �D DP
ri .fi /

where ri 2 R and fi are rational functions on X . We may assume that Supp.f i / �
Supp.D0�D/ (e.g., by assuming that ri are linearly independent overQ cf. (2.13)). Then
if qi are rational numbers with jqi � ri j � 1, we have that D 00 D D CP

qi .fi / is a
Q-divisorQ-linearly equivalent toD with the same support asD 0. Ifm > 0 is sufficiently
divisible, it then follows that x 62 Bs.mD/ as required. �
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2.4. ReplacingD by a multiple (cf. (5.68)), we may assume that jDj is basepoint-free and
so the map f W X ! Pn D PH 0.OX .D// is a morphism and OX.D/ D f �OPN .1/. We
may also assume that f is surjective with connected fibers onto a subvariety Z � P N .
Therefore, by the projection formula, H 0.OX .kD// ' H 0.OZ.k// for all k > 0. By
Serre vanishing, there exists an integer r > 0 such that H 0.OPN .rk// ! H 0.OZ.rk//

is onto for all k � 0. Since ˚k�0H
0.OPN .rk// is finitely generated,

˚k�0H
0.OX .rkD// ' ˚k�0H

0.OZ.rk//

is finitely generated. By (5.68) R.D/ is finitely generated. �
2.5. See [KM98, 2.53]. �

2.6. See [KM98, 2.49]. �
2.7. Let # W OX ! L Œm� be a section and make the same construction with this choice
of # as in (2.D). Outside the zero locus of # the resulting cover is the same as before. See
[KM98, 2.52] for more details. �
2.11. If D is big, then lim sup

�
h0.OX .mD//=m

dimX
�
> 0. Since h0.OY .mf

�D// �
h0.OX .mD//, it follows that f �D is big.

If F is an effective divisor whose support contains the exceptional divisors of f ,
then there exists a k > 0 such that f �D � f �1� D C kF . It follows that

h0.OX .mD// � h0.OY .mf
�D// � h0.OY .mkf

�1� D C F //:
Therefore, ifD is big, f �1� D C F is also big.

If G � G 0, then there are integers ni and rational functions fi on Y (and hence
on X ) such that G � G 0 D P

ni .fi /. Let X0 D X � f .Ex.f //, then .G � G 0/jX0 DP
ni .fi /jX0 . Since X � X0 has codimension � 2 in X , we have that f�G � f�G0 DP
ni .fi / and so f�G � f�G0. If G is big, then

lim sup


h0.OX .mf�G//=mdimX

�
� lim sup



h0.OY .mG//=m

dimY
�
> 0:

Let X be the surface obtained by blowing up P2 at a point and G be the strict
transform of a line f�G � P2. ThenG is a fiber of the correspondingmorphismX ! P1

and so G is not big, but f�G is big. �
2.12. See [BCHM10, §3]. �

2.13. See [BCHM10, §3]. �
2.14. If jGjQ ¤ 0, then there are rational numbers q i and rational functions fi such
that G CP

qi .fi / � 0. Therefore, there is an integer m > 0 such that mq i 2 Z and
mG CP

mqi .fi / � 0, i.e., jmGj ¤ ;.
LetGDp2.p�q/where p and q are distinct points on P1. ThenH 0.OP1.mG// D

H0.OP1.bmGc//. Since
deg.bmGc/ D

j
m
p
2
k
C
j
�mp2

k
< 0 8m > 0;
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we haveH 0.OP1.mG// D 0 for all m > 0. �

3.3. By the adjunction formula we have that

KX D .KW CX/ˇ̌
X
;

KX1
D .KW CX1/

ˇ̌
X1
;

KX2
D .KW CX2/

ˇ̌
X2
:

Therefore
KX

ˇ̌
Xi
D KXi

CX3�i

ˇ̌
Xi
: �

3.4. By the assumption on the Kodaira dimension there exists an m > 0 such that mKZ

is effective, hence so ism.KZC
/. Then by the assumption on the intersection numbers,
.KZ C 
/2 > 0, so the statement follows by the Nakai-Moishezon criterium. �

3.5. Let f W Y ! X be the resolution given by blowing up the vertex P 2 CX and
E ' X be the exceptional divisor. If CD is Q-Cartier, then f �CD �Q f

�1� CD C �E so
that 0 �Q f

�CDjE � D C �c1OX .�1/. �

3.12. It follows directly from the definition of canonical singularities and the fact that
!X is a line bundle that f �!X ,! ! zX . This implies (3.12.1). Pushing this morphism
forward we obtain a morphism � W !X ! f�f �!X ! f�! zX which is an isomorphism
on the complement of a codimension 2 subvariety. Since f�! zX is a torsion free sheaf,
we obtain that � is an injection and since !X is reflexive and � is an isomorphism on
the complement of a codimension 2 subvariety, it follows that � is an isomorphism. This
implies (3.12.2). �

3.17. See [Har77, Ex.III.3.5]. �

3.27. Let f W Y ! X be the blow-up of the vertexO 2 X andE � Y the corresponding
exceptional divisor. Then E ' P1 and E2 D �n. We write KY D f �KX C aE. By
adjunction

�2 D deg.KP1/ D deg.KY C E/jE D .KY CE/ �E D .aC 1/E2 D �n.aC 1/:

Therefore a D �1C 2=n. �

3.28. Let f W Y ! X be the blow-up of the vertexO 2 X andE � Y the corresponding
exceptional divisor. Then E is an elliptic curve and E 2 D �n for some n > 0. By
adjunction

0 D deg.KE/ D deg.KY C E/jE D .KY C E/ �E D .aC 1/E2 D �n.aC 1/:

Therefore a D �1 and X is lc but not klt. Notice that R1f�OY ' R1f�OE D CO and
so X does not have rational singularities. �
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3.29. Let f W Y ! X be the blow-up of the vertexO 2 X andE � Y the corresponding
exceptional divisor. Then E ' P1 and E2 D �n and KY D f �KX C .�1C 2=n/E cf.
(3.27). Let T D f �1� S and write f �S D T C bE . We have that 0 D .T C bE/ � E D
1 � nb so that b D 1=n. Therefore f �.KX C S/ D KY C T C .1 � 2=n C 1=n/E .
As 1 � 1=n D 1 � 2=n C 1=n < 1, it follows that .X; S/ is plt and .KX C S/jS 

.KY C T /jT 
 KT C .1 � 1=n/O . �

3.30. If we blow up the vertexO of the cusp, then strict transform of the cusp is smooth
and intersects the exceptional divisor in a point P . If we blow up P , then the strict
transform of the cusp, the strict transform of the first exceptional divisor and the new
exceptional divisor meet at a point Q (and each pair of divisors in fact meets trans-
versely). Let f W Y ! X be the morphism obtained by blowing up O , P and Q,
then f is a log resolution of .X; S/. If S 0, E1, E2 and E3 denote the strict transforms
of S , of the first and second exceptional divisors and the third exceptional divisor, then
f �S D S 0C 2E1C 3E2C 6E3 andKY=X D E1C 2E2C 4E3 so that f �.KX C tS/ D
KY C tS 0 C .2t � 1/E1 C .3t � 2/E2 C .6t � 4/E3. If t < 5=6 then each coefficient is
< 1 and if t � 5=6, then 6t � 4 � 1. �

3.31. Blow up smooth divisors contained in F and its strict transforms. �

3.32. Assume discrep:.X;	/ ¤ �1, then discrep:.X;	/ � �1 by (3.31). The inequal-
ity totaldiscrep:.X;	/ � discrep:.X;	/ is clear. Let P 2 X be a smooth codimension
2 point not contained in Supp.	/ and E be the exceptional divisor given by blowing up
P 2 X . Then a.EIX;	/ D 1 and so the last inequality follows. �

3.33. See [KM98, 2.31]. �

3.34. See [KM98, 2.43]. �

3.51. Let A D L � .KY C 
/. There exists an effective divisor 
 0 �R;X 
 C A=2 such
that .Y; 
 0/ is klt and L � .KY C 
 0/ �R;X A=2 is f -ample. �

5.7. See [KM98, §3]. �

5.8. Since 	 is big and .X;	/ is klt, there exists an R-divisor	 0 D AC B �R 	 such
that .X;	0/ is klt, B 0 � 0 and A is ample. The claim now follows from 2 of (5.4). �

5.9. We may write aD � .KX C 	/ �R;Z A C B where B � 0 is an R-divisor and
A is an ample Q-divisor. Note that then B is R-Cartier and so for any rational number
0 < "� 1 the pair .X;	C ".B C A=2// is klt. It follows that

aD � .KX C	C ".B CA=2// �R;Z .1 � "/.AC B/C "A=2
is ample overZ. Let	0 2 V be any Q-divisor sufficiently close to	C ".BCA=2/ such
that KX C 	0 is Q-Cartier. Then the pair .X;	0/ is klt and aD � .KX C 	0/ is ample
over Z and 	0 is big over Z. By (5.8) there are finitely many negative extremal rays for
KXC	0 overZ. Let V �WDivR.X/ be the smallest rational affine subspace containing
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aD. If aD0 2 V and jjD �D0jj � 1, then aD0 � .KX C	0/ is ample over Z. For any
curve C � X , we have

.KX C	0/ � C D �.aD0 �KX �	0/ � C C aD0 � C < aD0 � C:
Therefore, if aD 0 is not nef over Z, then there is a .KX C	0/-negative extremal ray Ri

overZ. Notice that as aD 0 2 V , if aD �Ri D 0, then aD0 �Ri D 0 and as jjD�D0jj � 1,
if aD �Ri > 0, then aD0 � Ri > 0. It follows that aD 0 is nef overZ. We may then write
aD DP

riDi where ri 2 R>0,Di 2 V \WDivQ.X/ and jjaD �Di jj � 1. Therefore
Di � .KX C	0/ is ample overZ andDi is nef overZ. But then it follows by (5.1) that
Di is semiample over Z. Let fi W X ! Yi be the corresponding morphism over Z, so
that Di �Q;Z f �i Hi where Hi is an ample Q-divisor over Z. Then f i is determined by
the set ofDi trivial curves over Z, i.e., by the face F i D NE.X=Z/.Di /D0

. As observed
above, Fi is spanned by finitely many KX C 	0 negative extremal rays over Z and F i

does not depend on i . Therefore aD �R;Z

P
rif

�Hi where f D fi W X ! Y D Yi ,
i.e.,D is semiample overZ. �

5.10. We may write A �R A
0 C C where A0 is a general ample Q-divisor and C is an

effective R-divisor whose support contains no non-klt center of .X;	/. For 0 < " � 1,
we then have that .X;	0 D .1 � "/	C "C / is klt cf. (3.34), D D KX C 	 is nef and
D � .KX C	0/ is ample. The claim now follows from (5.1). �

5.11. This follows easily from (5.9). �

5.12. See [Laz09, 1.5.4]. �

5.13. See [CKM88, 5.1]. �

5.31. By (5.24) and (5.25), theXi are Q-factorial and a.EIXi ; 	i / � a.EIXiC1; 	iC1/

where the strict inequality holds if E is Xi Ü XiC1 exceptional. �

5.33. If KZ C f�	 is Q-Cartier, then as f is small, KX C	 D f �.KZ C f�	/. This
contradicts the fact that �.KX C	/ is ample overZ. �

5.34. Let E1 and E2 be distinct divisorial components of Ex.f /. Since %.X=Z/ D 1,
we have E1 C aE2 
Z 0 for some 0 ¤ a 2 R. Each Ei is covered by f exceptional
curves Ci such that Ci � Ei < 0. If we may pick C1 not intersecting E2, then 0 D
.E1 C aE2/ �C1 D E1 �C1 < 0 which is impossible. Therefore, we may assume that C1

intersectsE2 and a D �.E1 �C1/=.E2 �C2/ > 0. But sinceE D E1CaE2 � 0, thenE is
covered by curves C overZ with E � C < 0. This contradicts the fact that E 
Z 0. �

5.35. Let X0 and Y 0 be open sets such that f jX0 W X0 Ü Y 0 is an isomorphism and
the codimension of X � X 0 in X and Y � Y 0 in Y is at least 2. Then

H0.OX .D// D fg 2 K.X/jD C .g/ � 0g D fg 2 K.X0/j DjX0 C .g/ � 0g
D fg 2 K.Y 0/jDjY 0 C .g/ � 0g D fg 2 K.Y /jf�DC .g/ � 0g D H 0.OY .f�D//:�
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5.36. Let �WX Ü Y be an ltm for .X;	/ overZ. Then .Y; ��	/ is klt and ��	 is big.
By the Basepoint-free theorem (5.1), it follows thatKY C ��	 is semiample overZ. Let
p W W ! X and q W W ! Y be a common resolution. Then

p�.KX C	/ D q�.KY C ��	/C F
where F � 0 is a q-exceptional Q-divisor whose support contains the divisors contracted
by �. Since B.p�.KX C	/=Z/ D B.q�.KY C��	/CF=Z/ D Supp.F /, the assertion
now follows easily. �
5.37. Let p W W ! X and qi W W ! Yi be a common resolution. Then p�.KX C	/ D
q�i .KYi

C �i�	/ C Ei where Ei � 0 is qi -exceptional and p�Ei is supported on the
set of �i -exceptional divisors. Since q�1 .KY1

C �1�	/ D q�2 .KY2
C �2�	/C E2 � E1,

q�2 .KY2
C �2�	/ is nef over Y1 and q1�.E2 � E1/ � 0, by (5.23), E2 � E1 � 0. By

symmetryE1 D E2 and the statement follows. �
5.38. The singularities ofW are locally isomorphic to cones over the Veronese surface S
given by embeddingP2 in P5 via the complete linear series corresponding toH 0.OP2.2//.
These can be resolved by blowing up the vertices b W W 0 ! W . We then have that
the exceptional divisor Ei � W 0 corresponding to the singular point w i 2 W satisfies
OEi

.Ei / ' OP2.�2/. By adjunction, OEi
.KW 0 C Ei / ' OP2.�3/. The morphism b

is given by a sequence of divisorial contractions and hence KW is Q-Cartier (this can
also be checked directly). Let li be a line in Ei . We then have 0 D b�KW � li and
so KW 0 D b�KW C 1

2

P
Ei . Since .W 0;

P
Ei/ has simple normal crossings, b is a

log resolution and W has terminal singularities. If .W m; 0/ is any ltm of .W; 0/, then by
(5.37),W m is isomorphic toW in codimension 1. IfW m were smooth, then a.Ei IW m; 0/

would be an integer. This is impossible. �

5.39. Let �i WXi Ü XiC1 be a sequence of flips and divisorial contractions forKX C	.
SinceKX C	 
 �.KX C	0/ for some � > 0, one sees thatKXi

C	i 
 �.KXi
C	0i /.

But then Xi ! Zi is a KXi
C 	i flip (resp. divisorial contraction) if and only if it is a

KXi
C	0i flip (resp. divisorial contraction). �

5.40. Similar to (5.39). �

5.41. See [Kol92, §17]. �
5.42. Let � W Y Ü Z be an ltm over U for KY C 
 C F . One sees that B�.KY C

 C F=U / contains the support of F which is therefore contracted by �. It follows that
 WD � ı f �1 W X Ü Z extracts no divisors and  �.KX C	/ D ��.KY C 
 C F / is
nef over U so that  is an ltm for KX C	 over U . �
5.43. Let C be a general ample divisor on X 0. We may assume that B.A � f �1� C/ con-
tains no non-klt centers of .X;	/ so thatA�f �1� C �Q D � 0where .X;	0 D 	C"D/
is dlt for 0 < " � 1. But then f is also a .KX C 	0/-flip and so .X 0; f�	0 D
f�	 C "f�D/ is dlt cf. (5.24). Therefore the support of f�D contains no non-klt cen-
ters of .X 0; f�	/. Since A0 D f�A �Q f�DCC , BC.A0/ contains no non-klt centers of
.X 0; 	0/. �
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5.44. Let � W X Ü XC be the flip of f . If CC is a flipped curve, then there is an
exceptional divisor E with center C C such that a.EIX/ < a.EIXC/ D 1. If X is
smooth, then a.EIX/ is an integer and hence a.EIX/ � 0. This is a contradiction (as X
is terminal). �

5.45. Y is smooth overXreg and the exceptional divisorE maps to a subvariety V � X reg

of codimension b C 1 � 2. Let v 2 V and Ev D E 
v V . Then Ev ' Pb and a line l on
Ev generates an extremal ray of NE.Y / (in fact, if H is ample on X , then l � f �H D 0

and C � f �H > 0 for any curve such that ŒC � 62 R�0Œl �). Since OEv
.E/ D OPb .�1/ and

OEv
.KV=Y C E/ D OPb .�b � 1/, we haveKV=Y � l D �b < 0. �

5.46. p W P ! X is a surjective morphism with connected fibers such that %.P=X/ D
1. Let F be a fiber, then it is easy to see that F generates an extremal ray of NE.P /
and KY � F D �2 < 0. Therefore, P ! X is a Mori fiber space. If L D OPn.a/,
then OX0

.X0/ ' OPn.�a/ and KP D OP .�2X0/ ˝ p�OPn.�a � n � 1/. Let l be a
line on X0, then KP � l D a � n � 1 < 0. If C is a curve not contained in X0, then
C � .X0 C p�OPn.a// > 0 and if C � X0 then C � .X0 C p�OPn.a// D 0. Therefore Œl �
spans a KP -negative extremal ray and hence it defines a divisorial contraction. �

5.47. f W W ! V is given by blowing up the vertex. The exceptional divisor E is
then isomorphic to the quadric defined by fwz � xy D 0g � P3. We have OE .E/ '
OP1�P1.�1;�1/. There is a projection p W W ! P1 
 P1 and W is a P1 bundle over
P1 
 P1 defined by the vector bundle OP1�P1 ˚ OP1�P1.�1;�1/. We have that E is the
negative section corresponding to the unique surjection O P1�P1 ˚ OP1�P1.�1;�1/ !
OP1�P1.�1;�1/. Let F be the section corresponding to a general surjection O P1�P1 ˚
OP1�P1.�1;�1/ ! OP1�P1 . Then jF j is free and, if L1 D p�OP1�P1.1; 2/˝ OW .E/,
then L1 is generated. Indeed, L1 D OP1�P1.0; 1/ ˝ OW .F / is the the tensor product
of two generated line bundles. If C � W is a curve, then we have that L 1 � C D 0 iff
C � E is a ruling for the first projection E ! P1 and so f1 W W ! W1 � PH 0.L1/ is
a divisorial contraction over V mapping E to a curveD1 � W1. Let Cl.V / be the group
of divisors on V modulo linear equivalence. Then Cl.V / is generated by divisors CD

given by cones over the corresponding divisor D 2 P 1 
 P1. A divisor CD is Q-Cartier
iff the class of D is a multiple of the class of OP1�P1.1; 1/ and so as KV D CK

P1�P1
,

KV is Q-Cartier. Since W1 ! V is small KW1
D g�1KV where g1 W W1 ! V is

the induced morphism and so g1 is KW1
-trivial. A similar computation holds for L2 D

p�OP1�P1.2; 1/˝OW .E/ yieldingW ! W2 ! V . We let 	1 be the divisor associated
to a small multiple of f1�L2. �

5.48. This is similar to (5.47), however KZ is not Q-Cartier. We let fi W W ! Wi �
PH0.L˝s

i / where p W W ! P1 
 P1 is the projection and L1 D p�OP1�P1.2; 3/ ˝
OW .E/ and L2 D p�OP1�P1.1; 4/ ˝ OW .E/. Since OE .E/ D OP1�P1.�1;�3/, the
morphism fi contracts the .3 � i/-th ruling of E. We have that OE .KW / D OE .KE �
E/ D OP1�P1.�1; 1/ so that KW C E=3 D f �1 KW1

and KW � E D f �2 KW2
. It follows

that a.F IW1/ < a.F IW2/ for any divisor F overW1. �
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5.50. We may assume that R.KX / is generated in degree m and so f W X Ü Xcan

is given by jmKX j. Replacing X by a log resolution of X and jmKX j, we may assume
that jmKX j D F C jM j where M is free, and there is a morphism f W X ! Xcan �
PH0.OX .M// so that f �OXcan .1/ D OX.M/. As H 0.OX .kM// D f �H 0.OXcan.k//

for all k � 0, we have that Xcan is normal and F is exceptional. Therefore, KXcan D
f�KX �Q

1
m
f�.M C F / D 1

m
f�M is Q-Cartier and as KX D f �KXcan C 1

m
F , Xcan is

canonical. �

5.51. Let FN be the ruled surface PP1.OP1 ˚ OP1.N // ! P1. Let X0 be the negative
section so that X 2

0 D �N and let F be a fiber. We blow up a point p 2 F to obtain a
morphism f W X ! X0 with exceptional divisorE. If QF is the strict transform of F , then
QF 2 D �1. If p 2 X0 (resp. p 62 X0), then QX2

0 D N � 1 (resp. QX2
0 D N ). We may now

contract the �1 curve QF to get a morphism g W X ! XN�1 (resp. g W X ! XNC1). �

5.52. Let f W Y ! X be a morphism from a smooth surface and Ymin be the ltm of Y over
X . KYmin is nef over X and Ymin is a terminal surface and hence Ymin is smooth. Suppose
now that f 0 W Y 0 ! X is a morphism from a smooth surface, then since Ymin ' Y 0min, the
rational map Y 0 ! Ymin is a morphism. �

5.53. See [KM98, 4.11]. �

5.71. Let 	 D S CP
ıi	i and set 	0 D S CP

ı0i	i where 0 < ı0i < ıi are rational
numbers such that jı 0i � ıi j � 1. It is easy to check that f is a pl-flipping contraction for
.X;	0/. �

5.72. Since Z is affine, the sheaf f�OX .S/ is generated by global sections. Let S 0 � S

be a divisor corresponding to a general section of 
.Z; f�OX.S// ' 
.X;OX.S//.
Since f is an isomorphism in codimension 1 and OX .S/ is invertible in codimension 1,
S and S 0 have no common components. �

6.17. Let f WY ! X be a log resolution of .X;	/ and V , thenM D f �D � Fix.f �V /
is a reduced irreducible smooth divisor intersecting F D Fix.f �V / transversely. Since
c < 1, we have

J	;c�V D f�OY .E � bcF c/ D f�OY .E � bc.M C F /c/ D J	;cD : �

6.18. Let f WY ! X be a log resolution of .X;	 C D/ that is an isomorphism at the
general point of each non-klt center of .X;	/. IfJ	;D D OX , thenE�bf �Dc � 0 and
in particular bDc D 0. For any exceptional prime divisor F in Y , we have a.F IX;	C
D/ D multF .E � f �D/ > �1 so that .X;	 C D/ is dlt. The reverse implication is
similar. �

6.19. Let f WY ! X be a log resolution of .X;	 C D/. Since E � 0, we have that
E � bcf �Dc is effective and f -exceptional for 0 < c � 1. Therefore J	;cD D OX .

If multx.D/ > dim.X/, let �WX 0 ! X be the blow-up of x 2 X with exceptional
divisor F . Then multF .KX 0 C .��1/�D � ��.KX C D// � 1. It follows that for any
log resolution f WY ! X dominating �, we have that E � bf �Dc is not effective and
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in fact contained in OY .�F 0/ where F 0 is the strict transform of F . Therefore J	;D �
f�OY .�F 0/ D mx . �

6.20. Let p > 0 be an integer such that JjjDjj D J 1
p �jpDj. Let f W Y ! X be a log

resolution of jpDj. ThenJjjDjj D f�OY



KY=X �

j
1
p
Fp

k�
whereFp D Fix.jpf �Dj/.

If F1 D Fix.jf �Dj/, then pF1 � Fp and so

H0.OX .D// D H 0.OY .f
�D � F1//

� H0

�
OY

�
f �D CKY=X �

	
1

p
Fp


��
D H 0.JjjDjj.D// � H 0.OX .D//:

�

6.21. For any m > 0, there exists a number k > 0 such that multZ.jmkDj/=k < 1. By
[Laz04b, 9.5.13], we have that J 1

k
�jmkDj D OX on a neighborhood of a general point

of Z. Let H be an ample Q-divisor on X . For any m > 0 sufficiently big and divisible,
OX .m.D CH//˝J 1

k
�jmkDj is globally generated cf. (3) of (6.10). �

6.23. Let f WY ! X be a log resolution of .X;	CD/. By the projection formula, we
have

J	;D D f�OY .E � bf �.bDc C fDg/c/
D f�OY .E � bf �fDgc/˝ OX.�bDc/ D J	;fDg ˝ OX.�bDc/:�

6.24. LetH be an ample divisor onX andH 0 D f�H . ThenF D f �H 0�H is effective
and �F is ample over Y . �

6.25. Since the spectral sequence E1
p;q D Rp��Rqf�F degenerates at the E1-term as

E1
p;q D 0 for q > 0. �

6.26. See [Laz04b, 1.8.5]. �

6.28. Since .X; f�„/ is canonical,KY C„ D f �.KXCf�„/CE whereE is effective
and exceptional. �

6.29. Let i W S ! X and j W T ! Y be the given inclusions. LetD 0 2 jDj be a divisor
whose support does not contain S . Then D 0 is locally defined by a rational function
g 2 K.X/. The corresponding section of H 0.T;OT .f

�D// is defined by .g ı f / ı j
whereas the corresponding section ofH 0.T;OT ..f jT /�DjS // is defined by .gıi/ıf jT .
Since i ı f jT D f ı j , the excercise follows. �

8.4. If we set T D p�1� S , then .pjT /�.KS C 	S / D .qjT /�.KS 0 C 	S 0/ C F jT :
Therefore a.EIS 0; 	S 0/ D a.EIS;	S / C multE .F / � a.EIS;	S/: We write KY C

 0 D q�.KX 0 C 	0/ so that KY C 
 0 C F D p�.KX C 	/. Then 	S D .pjT /�.
 0 C
F � T /jT and	S 0 D .qjT /�.
 0 � T /jT . Therefore

.�jS /�.	S / D .qjT /�.
 0 C F � T /jT � .qjT /�.
 0 � T /jT D 	S 0 : �
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8.5. We may assume that F is supported on a prime divisor and that �D �F � 0. Let P
be a prime divisor contained in the support of Fix.D/. From the map of linear series

jD C F jR C j�D � F jR ! j.�C 1/DjR
one sees that then

.�C 1/multP jDjR D multP j.�C 1/DjR � multP jD C F jR CmultP j�D � F jR:
If P ¤ Supp.F / (resp. P D Supp.F /), then multP j�D � F jR D multP j�DjR (resp.
multP j�D � F jR D multP j�DjR � multP .F /). Therefore multP jDjR � multP jD C
F jR (resp. multP jDjR C multP .F / � multP jD C F jR). The assertion now follows
easily. �

9.22. Let f W Y ! X be a log resolution of .X;	CH/, then since jf �	jR is free and
the coefficients of f �	0 are < 1, J .H/ D f�OY .KY=X � bf �Hc/ D f�OY .KY=X �
bf �H C f �	c/ D J .H C	0/. �

9.23. Since D is pseudo-effective, D � H dim.X/�1 D 0. Suppose that C is a curve be-
longing to a covering family of X , thenD � C � 0. ReplacingH by a multiple, we may
assume that OX.H/˝IC is generated. ThereforeH dim.X/�1 
 C C C 0 where C 0 also
belongs to a covering family ofX . It follows that 0 D H dim.X/�1 �D D .C CC 0/ �D � 0
and henceC �D D 0 for any moving curve. Repeating the above argument for an arbitrary
curve C , one sees thatD 
 0. �

10.5. Let G be a divisor whose support contains the support of any divisor in V and let
f W Y ! X be a log resolution of .X;G/. It follows that f is a log resolution of .X;	/
for any 0 � 	 2 V . We letKY C
 D f �.KXC	/. .X;	/ is klt if multF .
/ < 1where
F is any divisor in the support of G or any f -exceptional divisor on Y . Since .X;	 0/ is
klt and multF .
/ are continuous functions of	, the assertion is clear. �

10.6. By the Negativity lemma, it suffices to check that
a.F IX;	/ < a.F IX; ���	/ for all . ı �/-exceptional divisors F � X . Let p W
W ! X , q W W ! Y and r W W ! Z be a common resolution, then we have that
q�.KY C ��	/ D r�.KZ C  ���	/ C E where E � 0 is r-exceptional and that
KX C	 D p�q�.KY C��	/CG whereG � 0 is �-exceptional. ThereforeKX C	 D
p�r�.KZ C  ���	/C p�E C G where p�E C G � 0. Since Supp.q�E/ contains all
 -exceptional divisors and Supp.G/ contains all �-exceptional divisors, Supp.GCp �E/
contains all .� ı  /-exceptional divisors. �

10.7. Let � W X Ü Y be an ltm for .X;	/ overZ and � W Y ! Z be the corresponding
morphism. We must show that if jj	 � 	0jj � 1 and if � is an ltm for .X;	/ over Z
then � is an ltm for .X;	/ over U (the reverse implication is easier). Replacing 	 by
an appropriate (R-linearly equivalent over U ) divisor, we may assume that 	 D AC B

where A is ample over U . By the Cone Theorem (5.4), there are finitely many extremal
rays Ri over U corresponding to curves C i � Y such that if KY C ��	 is not nef over
U , then .KY C ��	/ � Ci < 0. Since .KY C ��	/ �R;U ��.	 � 	0/ C ��H and
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jj	 �	0jj � 1, we may assume that ��H � Ci D 0 and hence that the Ri are extremal
rays overZ. By assumptionKY C ��	 is nef overZ and hence it is nef over U . �

10.8. Let 	i be the vertices of P , then we may write 	i �U;Q 	0i C "A for all i . We
may assume that .X;	0i C "A/ is klt for all i . We define LP to be a linear function
on the affine subspace generated by P such that LP .	i / D 	0i C "A and then pick an
appropriate linear map L W WDivR.X/ ! WDivR.X/ such that LjP D LP . If 	 2 P ,
then	 DP

ri	i where ri � 0 and
P
ri D 1. But then

�.	/ D �.
X

ri	i / D
X

ri�.	i / D
X

ri .	
0
i C "A/ �U;Q

X
ri .	i / D 	:

Let F be any divisor over X , since .X;	 0
i C "A/ is klt, a.F IX;	0i C "A/ > �1. It

follows that

a.F IX; �.	// D a.F IX;
X

ri.	
0
iC"A// D

X
ria.F IX;	0iC"A/ > �

X
ri D �1:

It is easy to see that L.	/ � "A. �

11.2. See [Har77, Ex. III.12.4]. �

12.7. Let Y be Hironaka’s example for a non-singular proper variety that is not projective
explained in [Har77, B.3.4.1]. Then from the construction of Y it follows that it admits a
morphism g W Y ! T to a non-singular projective threefold T . Since both Y and T are
proper, the morphism g is also proper. However, if it were projective, then Y would also
be projective. Again from the construction we obtain that g is birational and the fibers
where it is not an isomorphism are either a smooth projective rational curve or the union
of two smooth projective rational curves intersecting transversally in a single point. All
of these are clearly projective varieties. �

12.9. The only varieties with Hilbert polynomial 1 are single points and hence the points
of Hilb1.X=S/ correspond to the points of X=S . �

16.1. The Satake compactification provides an embedding M g ,! M where M is a
projective variety and codimM .M n Mg/ D 2. Let � W fM ! M be the blow-up of
M along x1; : : : ; xr and let Ei D ��1.xi / for i D 1; : : : ; r . Further let H be a very
ample Cartier divisor onM . Then possibly replacingH with a multiple of itself, one may
assume that eH D ��H �Pr

iD1Ei is a very ample divisor cf. [KM98, 2.62]. Let eC �fM
be a general complete intersection curve corresponding to the complete linear system ofeH . Since the xi are disjoint from M n Mg , it follows that fM n ��1.Mg/ ' M n Mg ,
in particular it has codimension 2. It follows that eC � ��1.Mg/ and that eC \ Ei ¤ ;.
Therefore, C D �.eC / satisfies the requirements. �

16.2. Let g � 3 and f 2 H 0.Mg ;OMg
/ a global regular function. Let x; y 2 Mg be

two arbitrary general points. Then by (16.1) there exists a proper curve C � Mg such
that x; y 2 C . Since f

ˇ̌
C
has to be constant, f .x/ D f .y/. Therefore f is constant on

general points, but then it has to be constant everywhere.
This obviously implies that Mg is not affine.
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The Satake compactification provides an embedding Mg ,! M whereM is a pro-
jective variety and codimM .M n Mg/ D 2. This proves that Mg is not projective. (This
could be proved in many other ways.) �
16.6. If g.B/ � 2, then 2g.B/ � 2 C #	 > 0 regardless of 	. If g.B/ D 1, then
2g.B/ � 2 C #	 D #	, so it is non-positive if and only if 	 D ;. If g.B/ D 0, then
2g.B/ � 2C #	 D #	 � 2, so it is non-positive if and only if #	 � 2. �
16.25. There exist dominant holomorphicmaps C� ,! C (the usual inclusion) and C �
C� (the exponential map). Therefore there exists a non-constant holomorphic map C !
X if and only if there exists a non-constant holomorphic map C� ! X . �

16.26. If T is a complex torus of dimension n, then there exists a surjective holomorphic
map � W Cn � T . If � W T ! X is a non-constant holomorphic map, then � ı � is a
non-constant holomorphic map and henceX cannot be Brody hyperbolic. �
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